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A PERFECTLY MATCHED LAYER APPROACH
FOR THE SPECTRAL SPLIT-STEP PADE METHOD*

DANIEL WALSKENT, MATTHIAS EHRHARDT'#, AND PAVEL PETROV#

Abstract. The split-step-Padé (SSP) method is widely used to model wave phenomena in
various applications, including radio physics, optics and acoustics. In this method, the propagator
of the one-way counterpart of the Helmholtz equation is computed through its Padé approximant
and a finite-difference discretization of the transverse operator. This work develops and validates
numerically a spectral counterpart of the SSP method. A key challenge in practical applications
is inverting the transverse operator in the presence of perfectly matched layers (PMLs), which are
commonly used to truncate the computational domain. Such inversion can be accomplished using
Krylov subspace methods, which converge rapidly, provided that a suitable preconditioner is used. We
also study the analytical properties of the spectral SSP marching scheme under periodicity conditions
in the transverse variable. We validate the newly developed spectral SSP method numerically in two
realistic test scenarios from radio physics and underwater acoustics.

Key words. Split-Step Padé method, Perfectly Matched Layer, Krylov method, wide-angle
parabolic equation, Spectral discretization

MSC codes. 68Q25, 68R10, 68U05

Introduction. The propagation of waves in inhomogeneous media is a funda-
mental problem in applied mathematics and computational physics. It has numerous
applications in optics, radio physics, underwater and atmosphere acoustics, and geo-
physical exploration. The governing model is usually the Helmholtz equation, whose
direct numerical solution in large or unbounded domains is computationally expen-
sive due highly oscillatory nature of its solutions that imposes severe discretization
step restriction. A common approach to reducing computational complexity is to use
parabolic approximations of the Helmholtz equation, which were first introduced by
Leontovich and Fock [29, 55]. These models transform the original boundary value
problem into an initial value problem in a preferred propagation direction, thereby
significantly reducing computational effort. Although such reformulation neglects
back-scattered waves, it has proven to be extremely efficient in many applications,
where parabolic equations have become main computational tools [12, 26, 30, 38|,
especially after the introduction of split-step Fourier (SSF) spectral solvers (mostly
for narrow-angle parabolic equations).

However, classical parabolic equation methods are limited in their ability to accu-
rately capture wide-angle propagation effects. This limitation has been overcome by
the development of wide-angle parabolic equations (WAPEs), which approximate the
square-root operator arising from the factorization of the Helmholtz operator using
rational Padé approximants [1, 12, 13, 26, 30, 45]. It is important that WAPEs sub-
stantially improve angular accuracy while preserving computational efficiency paraxial
equations. The next major improvement of WAPEs was the invention of the split-step
Padé (SSP) method [5, 13] that aims at approximating the propagator of the operator
square root (i.e., the exponential that emerges from integration of one-way Helmholtz
equation over small step), by a Padé series. This has proven to be much more effi-

*Submitted to the editors June 30, 2026.

TApplied and Computational Mathematics, University of Wuppertal, Wuppertal, Germany
(walsken@uni-wuppertal.de, ehrhardt@uni-wuppertal.de).

fCorresponding author.

$Instituto de Matemética Pura e Aplicada, Rio de Janeiro, Brazil (pavel.petrov@impa.br).

1


mailto:walsken@uni-wuppertal.de
mailto:ehrhardt@uni-wuppertal.de
mailto:pavel.petrov@impa.br

(S, 3, G B |

T W N =

ut ot

79
80
81
82
83
84
85
86
87
88
89
90
91
92

2 D. WALSKEN, M. EHRHARDT, P. PETROV

cient than approximating the square-root operator itself, both in terms of accuracy
and computational efficiency. A particularly impressive fact about SSP method is that
in can be used with integration step of about 10 wavelengths [13, 43]. Classical SSP
methods are widely used in many areas such as optics, acoustics and radio physics
(both for solving direct and inverse problems) where they are often considered a huge
improvement as compared to SSF/WAPE [37, 38, 14, 32, 39, 41, 42, 57, 40].

Recently, it was shown that the advantages of the SSF and SSP methods could be
combined by computing Padé approximants at each step of the marching scheme via
the fast Fourier transform (FFT) [56]. Because they are more accurate for smooth
solutions, spectral methods are a good choice for solving parabolic wave equations
numerically [10, 20]. In particular, Fourier-based discretizations yield spectral (often
exponential) convergence and can be efficiently implemented using FFTs [51].

A central challenge in the numerical treatment of wave propagation problems is
the modeling of unbounded domains [21, 24, 47, 53]. Truncating the computational
domain generally leads to artificial reflections at the boundaries, which can spoil the
numerical solution due to non-physical reflections at the artificial boundaries.

Among the various approaches developed to address this issue, perfectly matched
layers (PML), introduced by Bérenger [8], have proven to be particularly effective.
PML involves surrounding the computational domain with an artificial absorbing
layer obtained via complex coordinate stretching, which leads to exponential attenu-
ation of outgoing waves without reflection at the artificial boundary. PML techniques
have been extensively studied for various wave propagation models, including the
Helmholtz and Maxwell equations [11, 25, 34] Their mathematical properties, such
as well-posedness, stability, and convergence, have been analyzed in several works,
including [4, 7, 27]. However, incorporating PML techniques into split-step Padé
methods in combination with spectral discretizations is considerably less developed,
although several important ideas have been recently proposed [2, 3].

In the spectral SSP framework, introducing a PML leads to additional analytical
and numerical challenges. In particular, the complex coordinate stretching destroys
the simple diagonal structure of the differential operator in Fourier space, which is
essential for efficient inversion in the classical spectral setting. Consequently, the re-
sulting operators cannot be inverted analytically in Fourier space, therefore iterative
methods, such as Krylov subspace solvers (e.g., GMRES [46, 52]), must be employed.
This raises important questions regarding stability, efficiency, and the design of suit-
able preconditioners.

The goal of this work is to develop and analyze a spectral split-step Padé (SSSP)
method with a PML to efficiently solve mode parabolic equations. This approach
combines a Fourier spectral discretization in the transverse direction and a Padé
approximation of the propagator to achieve wide-angle capabilities. It also uses a
PML formulation to treat unbounded domains within a finite computational region.
Particular focus is placed on efficiently realizing the method numerically, including
using Krylov subspace methods and constructing effective preconditioners based on
operator splitting ideas.

From a mathematical perspective, recent advances have provided a rigorous an-
alytical foundation for these approaches. In particular, the square-root operator ap-
pearing in parabolic wave equations has been studied within the framework of pseu-
dodifferential operators, and the well-posedness of the associated evolution equations
has been established in [18]. These results justify the use of exponential propagators
and their rational approximations within the SSP framework.

We establish the stability and convergence properties of the proposed scheme.
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Specifically, we analyze the dissipativity of the PML-modified operator, prove the sta-
bility of the Padé-based marching scheme, and derive a global error estimate combin-
ing contributions from the temporal discretization, spectral approximation in space,
and PML layer truncation. These results rigorously justify the method and clarify the
interplay between the different approximation components. We demonstrate the per-
formance of the proposed method on benchmark problems from underwater acoustics,
including flat-bottom and wedge configurations. We also apply the method to radio
wave propagation in the atmosphere. The numerical results demonstrate that the
method achieves high accuracy, even on relatively coarse grids. This highlights the
effectiveness of the spectral discretization and the robustness of the PML formulation.

The remainder of the paper is organized as follows. Sections 1 and 2 introduce
the mode parabolic equation and the spectral split-step Padé method in more detail.
Section 3 presents the PML formulation and its incorporation into the spectral frame-
work. Section 3 is devoted to the analytical properties of the method, including sta-
bility and convergence. Section 4 describes the application to radiowave propagation
in the troposphere, and Section 5 deals with sound propagation in a 3D shallow-water
waveguide. Finally, Section 6 provides concluding remarks.

1. The Split-Step Padé method. The split-step Padé (SSP) method was pro-
posed to numerically integrate a one-way counterpart of Helmholtz-type elliptic equa-
tions. For the sake of clarity, we will write this equation as

(1.1) QRU+ 02U + kU =0,

where U = U(z, y) is the wavefield, and k = k(x,y) is the medium wave number. The
physical meaning of U and k depends on the area of application, e.g., it can be trans-
verse component of the electric field in a radiowave propagating in the troposphere or
the amplitude of a vertical mode in the normal mode decomposition of the acoustic
field (these two examples are considered in Section 4 and Section 5).

The following one-way counterpart of (1.1) can be obtained by a formal factor-
ization of the Helmholtz operator and by retaining only the waves propagating in the
positive direction of the = axis:

(1.2) 0:U(z,y) =i/ 02 + k*(z,y) U(z,y), =,y €[0,R] x (—00,00).

A mathematically rigorous definition of the square root of an operator for the case
when its numerical range is bounded away from the real axis from above (this is
always the case in real-world problems, as k has a positive imaginary part due to the
medium attenuation) is given in [18] together with the existence and uniqueness proof
for the initial-value problem for (1.2) in the half-space = > 0.

There are several reasons why one-way approximations Helmholtz-type equations
are generally more practical than the latter. In particular, and important advantage
from the viewpoint of scientific computing consists in the fact that a boundary-value
problem for an elliptic equation is transformed into a a Cauchy problem for an evo-
lutionary equation that can be integrated numerically by a marching scheme.

Another advantage is that the rapidly oscillating term e*o® (the principal oscil-
lation) in the propagation direction z defined by the reference wave number kg can
be canceled out by introducing a new unknown function u(z,y) = e~ *0*U(z,y). In-
troducing the operator X = (92 + kg — k?)/kg, we can write an equation for u as

(1.3) Opu(z,y) =iko(V1+ X —1)u.
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The solution of the latter equation can be computed by a marching scheme obtained
by formally integrating it along a small interval of length A in x direction, i.e.,

(1.4) u(z+h,y) = exp(ikoh(\/l +X - 1)>u($,y) = f(X)u(z,y),

where f(z) = et (VIT2-1) s defined as a scalar function of a complex variable, and
t = koh. The exponential on the right-hand side of (1.4) is called a propagator.

The Split-Step Padé (SSP) method consists in the approximation of the pseudo-
differential operator on the right-hand side of (1.4) by the [P|P] Padé approximant
Rp of the form

P P
(1.5) u(z+h,y) = Rp(X)u(z,y) = <d0+z 1_'_dzj/,r>u(x,y) = <d0u—|—z djwj) ,

j=1

where the auxiliary functions w; are calculated at each marching step in = by solving
the following equations

(1.6) (14+b6;X)w;(y) =u(z,y), ye(—o0,00), j=12,...,P.

Over the years, numerous distinct varieties and extensions of the SSP framework have
been proposed in order to adapt to more demanding physical scenarios. Examples
include the high-order pseudo-differential developments by Antoine et al. [2], the
multi-dimensional and electromagnetic wide-angle adaptations by Lu [36], the energy-
conserving and reciprocity-preserving one-way wave formulations of Godin [22], and
the vector/coupled-mode extensions in curvilinear domains by Petrov et al. [42].

Remark 1.1 (Computation of Padé coefficients). In this work, the coefficients of
the Padé approximant are computed using the classical matrix method. This method
involves solving the linear system associated with matching the Taylor coefficients of
the propagator. While this approach is straightforward and widely used, it is well
known that computing Padé approximants can lead to numerical ill-conditioning,
particularly for higher approximation orders. Convergence and stability issues are
discussed in detail in [17, Section III].

Several more robust alternatives have been proposed in the literature. In par-
ticular, Chebyshev-Padé techniques combine rational approximation with Chebyshev
expansions to provide improved numerical behavior [16, Section 9.1.]. Furthermore,
singular value decomposition (SVD)-based approaches can substantially improve ro-
bustness by mitigating the effects of nearly singular systems and eliminating spurious
pole-zero pairs (Froissart doublets), see [23].

From a theoretical perspective, the convergence behavior of Padé approximants
is closely related to fundamental questions in rational approximation theory. One of
the most prominent examples is the Baker-Gammel-Wills conjecture, which concerns
the convergence of diagonal Padé approximants to analytic functions. Although the
conjecture is known to be false in full generality, it has motivated extensive research on
the localization of poles and the convergence properties of Padé sequences. Since the
SSP method relies on comparatively low approximation orders, the classical matrix
method was sufficient for all numerical experiments reported in this paper.

In particular, numerical instabilities may manifest as spurious poles, the location
of which can significantly impact the stability of the resulting rational propagator, cf.
Section 3.1 and in particular Conjecture 3.3.
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The above formulation provides an efficient forward propagation scheme. How-
ever, in this basic form, the treatment of unbounded domains remains an open issue.
In Subsection 1.1, we introduce a perfectly matched layer (PML) to avoid artificial
reflections at the boundaries. This work follows the notation of Antoine et al. [2].

Note that the proper definition of the square root ,/ 85 + k2, let alone the math-

ematical properties of (1.2), is non-trivial. A rigorous definition of such operators
and existence, uniqueness, and well-posedness for equations of the form (1.2) were
established in a recent paper [18].

1.1. Perfectly Matched Layer. In wave propagation, a common computa-
tional problem is that the wave field on an unbounded, open domain {lopen has to
satisfy the Sommerfeld radiation boundary condition [49].

One of the more recent and computationally simplest methods is the introduc-
tion of a perfectly matched layer (PML), developed by Berénger [8] and applied to
a parabolic wave equation by Levy [31]. The eponymous PML is a buffer domain
Qpwmr, around the truncated (physical) domain Qphys, in which the physical coor-
dinates are stretched and the field is dampened. In Cartesian coordinates for the
simple case of a one-dimensional, symmetric domain of interest, this involves trun-
cating the open domain Qopen O Qphys = [—LZ, LZ] and introducing a layer Qpyp, =
[~Ly,—L;]U[Ly, L,] around the physical domain (the domain of interest). The prob-
lem is then numerically solved on the computational domain Qcomp = m U QpmL.-
To ensure that boundary interactions do not propagate into the physical domain, the
coordinate is stretched in the PML

, y

J=y+eV / o(s)ds, o(s)=0 ifs € Qppys.
Ly

Here 9, € (0, §) is a real constant and o(s) is the real-valued absorbing function. This

coordinate transform applied to the operator D = D(z,y) yields the PML operator

Dpur, = b + Sly 8@,(51?/%)

from the chain rule, where

1, ly| < L7,
1.7 S, =S = ) Yy
(1.7) Yy y(Y) {1 +eo(lyl - L), L <yl < Ly.

Note here, that the operator remains unmodified inside the physical domain, is only
changed by the introduction of dampening in the PML. In case of the time step of
SSP, one can now write the operator X as

k? — kg + S, 10,(S,10,)
kg

(1.8) Xpyr =

The use of a classical SSP method, i.e., solving the subproblems (1.6) using finite
differences, has already been discussed in the context of radio physics [31]. The PML
formulation modifies the differential operator while preserving the structure of the
problem as a whole. Next, we will discuss how to incorporate this modified operator
into the spectral SSP framework.
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2. Spectral SSP Method. The main goal of this work is to develop a spectral
version of the SSP marching algorithm, as described by Equations (1.5) and (1.6) in
Section 1, which is compatible with PML. The complication in this case consists in
the solution of the equations

(2.1) (1 +bjXpmw)w;(y) = u(z,y),y € [-L, L],

with periodic boundary conditions imposed at y = £L (replacing Equation (1.6) on
the infinite interval).

Observe that the differential part of the operator Xpyy, in (1.8) can be computed
in the Fourier domain separately from the algebraic part by the formula

Sy—lay (Sy—layu) =F YISy nl*a — insy—lay(sljl)a} ,

where 1 denotes the dual variable to y and @ = a(n) = F{u} is the Fourier-
transformed function u. The solution of (2.1) therefore becomes a trivial task in
the Fourier domain if 0k*(y) = k*(y) — k¢ =0 and S, = 1.

Recently it was shown [56] that for the case of non-homogeneous medium §k?(y) #
0 (albeit without the PML) a spectral counterpart of the SSP method can be con-
structed using a truncated Neumann series expansion of the functions w;(y)

WE

(=b;(1+0;00) " 6k*) ™ (1 +b;02)'u

wj; =

m=0

Q
NE

(= (1 +b;02)"'0k*)™ (1 + b;07) u,

3
g

which can be easily computed using a Fourier-domain representation of (1 + bjas)’l.
However, this technique cannot easily be generalized to the case of a PML since
there does not seem to be a computationally efficient way to evaluate the inverse of
(14,579, (5;,,)).

The second possible option is to use a Krylov subspace method to solve (1.6) for
the weights of the Padé series. Consider the PML subproblems

(2.2) (]I + l;jész(y) + Eﬂ))wj (y) = u(y),

in which the differential operator D is defined by

1 1
Du=—9 (—a ) ,
Sy(y) "\ Sy(y) ™
and I refers to the identity operator. On the domain y € (—L,, L,), the differential
operator dyu can be evaluated in Fourier space

oo

Oyu(y) = Z in; iij eV,

j=—c0

—imj

with the discrete Fourier wave numbers 7; = z—j Let for this @; = f_Lz u(y)e v ¥ dy
Y Y

be jth Fourier coefficient of u. The perturbation of the wave number due to medium
effects 0k? = k3 — k? is treated as a multiplication operator. The pth coefficient of
the Padé expansion, divided by the squared reference wave number, is referred to
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as Bp = b,/k3. Numerically, the Fourier Series is truncated, introducing a spectral
discretization

N/2-1

(6yu)n = Z i’l]j ’l]j ein]‘yn .

j=—N/2

The problem (2.2) can then be solved iteratively using a Krylov subspace method with
a suitable initial guess. Suitable options are GMRES [46] and Bi-CGSTAB [54]. In
practice, Bi-CGSTAB is easier to use, because it does not require tuning of a restart
period for optimal performance and runs slightly faster.

3. Analytical Properties of the PML-SSP Method. In this section, we es-
tablish the stability and convergence properties of the spectral split-step Padé (SSSP)
method combined with a PML. The analysis is performed in a periodic setting that
is consistent with the Fourier discretization employed in the numerical scheme. More
precisely, we will prove that Padé approximant Rp(X) in (1.5) acting on a Sobolev
space ngr(—L, L) of periodic functions defined on the interval y € [—L, L] has spec-
tral radius p(Rp(X)) < 1. On the discrete level this implies the decreasing of the
norm at each step of the marching scheme.

For the sake of simplicity let us assume that the reference wave number is purely
real, and that the medium is homogeneous, i.e., k(z,y) = ko = const. Clearly,
this simplification does not substantially affect the properties of the PML-modified
operator Xpyy,. In our case the latter reduces to

1 1 d 1 du
Xpmr, = Du = *7*(7*) ;
kg Sy(y) dy \ Sy(y) dy
where the stretching function S, (y) satisfies (1.7) and Re Sy(y) > 1, Im Sy (y) > 0 in
Q. The remainder of this section is dedicated to the analysis of the properties of the
operator Rp(D).

3.1. The poles of the Padé approximant are located on the lower half-
plane. In this section we study the properties of the Padé approximant of the function
f(2) defined in (1.4). The principal result that we require for investigation of the
stability of the marching scheme is that all the poles of the denominator of its [P/P]-
Padé approximation are located below the real axis.

We start with two preparatory results.

LEMMA 3.1. The coefficients cj, of the power series expansion f(z) =Y pey crz”
of the propagator function satisfy the following identity

(3.1) E ¢k €e = dom
k+£4=m,
k>0, £>0

where §;; denotes the usual Kronecker delta, and the overbar denotes complex conju-

gation.

Proof. Let us note that the function f(z) is holomorphic on Q = C\ (—oo, —1],
and so is the function f(z). For z € RN we also have

F(z) = f(z)F) -1 =0.

Since the function F(z) defined by the latter equality is also holomorphic on Q and
identically zero on R, it also vanishes for all z € Q, hence f(z)f(z) = 1 on this domain.
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Let us now expand the functions on the left-hand side of the last equality into
power series at z = 0

@ = @ o*) =1

Multiplying and combining the terms with identical powers of z, we arrive at the
formula

mi:( Z ckég>zm1,

k+l=m

from which the condition in the Lemma statement follows. 0

Consider now the [P/ P]-Padé approximant Rp(z) = Tp(2)/Qp(2) (with deg Tpr =|j
P, deg Qp = P), computed from the first 2P + 1 coefficients ¢; of the Taylor series of
f(2z) at z = 0. Note that the coefficients of Tp(z), @p(z) are found from the linear
system obtained by comparing the terms of the powers 2°, ..., 22F in the asymptotic
equality Q(2)f(z) — T(z) = O(22F+1). Its solution is unique up to a common scalar

factor whenever the Hankel determinant det(cpyi—;));—, is nonzero, cf. [6].

LEMMA 3.2 (Conjugate symmetry). The numerator and the denominator of the
Padé approximant Rp(z) are related by the following formula

Qr(z) =Tp(2), z €L
In particular, this implies |Rp(z)| =1 for z € RN Q.

Proof. Consider the polynomials T'(z) := Qp(z) and Q(z) := Tp(z). Taking
the complex conjugate of the defining relation Qpf — Tp = O(22P+1) and using the
equality f(Z) = 1/f(z) from the proof of Lemma 3.1, we obtain Qf — T = O(z2F'+1).

Since [P/ P]-Padé coefficients are unique up to a constant scalar factor, it can be
concluded that

TZ)\TP andQ:)\Qp

for some \ € C. Now for z € R we have

PRI G C o i i I
(2) QrQr()  QrQr(z)  QpP
Finally, normalizing Qp(0) = 1 forces A = 1. Hence Qp(2) = Tp(2). For y € R this
gives | Rp(2)| = [Tr()]/1Qr(2)] = 1. :

Conjgecture 3.3. For all values of ¢ and P, all zeros z; of Qp are located below the
real axis, i.e., @p(z;) = 0 implies Im(z;) < 0.

This conjecture can be easily proven analytically for P < 4 by computing the
coefficients dependent on ¢ using the matrix method (using symbolic algebra systems).
For higher Padé orders, direct computations for a typical range of values ¢ € (0.4, 200)
provide numerical evidence that the roots of Qp lie below the real axis. The results
for P =5 and P = 9 are displayed in Figure 1. We note that due to the inherent
instability of Taylor-to-Padé computations, higher orders P may exhibit roots with
slightly positive imaginary part, as described in Remark 1.1.
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(a) (b)

0.5

Fig. 1: 500 numerically computed poles of the Padé expansions of (1.4) for both P =5
((a) and (¢)) and P =9 ((b) and (d)) provide justification for Conjecture 3.3. The
poles were computed for ¢ € [0.4,0.8,...,200] via the matrix-method. The lower row
((c) and (d)) provides a zoomed-in view for clarity.

PROPOSITION 3.4. From Conjecture 3.3 it follows that |Rp(2)| <1 for all z such
that Im(z) > 0 with the equality achieved exclusively for z € R.

Proof. Assume that {z,},p=1,..., P are zeros of @ p. It follows from Lemma 3.2
that {Z,} are zeros of Tp. Assuming the Conjecture 3.3, we have Im(z,) < 0 and,
accordingly, Im(Zz,) > 0.

Let us now rewrite Rp in the following way

Z—Zp

P
(3.2) Rp=s]]

9,
zZ—Z
p=1 P

where || = 1 since |Rp(z)| = 1, z € R. Let us explicitly introduce real and imaginary
parts of the numbers z = £ +in and z, = &, +in,. Then the magnitudes of the factors
in (3.2) can be estimated as

|z — zp|2 =(£— gp)Q + +77p)2a
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|z — Zp|2 = (£~ 5p)2 +(n— 77;0)2-

Assuming now 7 > 0 and recalling that 1; < 0 we observe that |7 —n,|*> > [+ np|?,
which implies [z — Z,| < |z —2,|. In other words, each factor in (3.2) satisfies | = Z” | <
1, and the equality is fulfilled if and only if nn = 0. 0

3.2. Sesquilinear Form and the Spectrum of D. In the previous subsection
we showed that the poles of the symbol of the propagator’s Padé approximation
(1.5) are located in the lower half-plane. If we could prove that the spectrum (or,
say, numerical range) of the operator X is restricted to the upper half-plane, the
inequality from the Proposition 3.4 would guarantee non-increasing of the norm by
the SSP marching scheme (1.5). In order to achieve this objective, we follow roughly
the same path as the authors of [27] in our periodic setting.

Let us consider the following non-Hermitian bounded sesquilinear form

(3.3) uvs—/ S(y)u(y)v(y) dy

on H2,.(—L, L) that satisfies the property (u,v)s = (u,v)z.

per

PROPOSITION 3.5. Every eigenvalue \ of the operator D defined on Hper( L,L)
has the positive imaginary part, i.e. Im(\) > 0.

Proof. Assume that \ is an eigenvalue of D, and u,(y) its eigenfunction, i.e.,
'D’U,)\:A’U,)\, U)\#O

We substitute both sides of this equality into (-, uy)s. On the left-hand side we have

g I
(Dux,ur)s = / S(y) Dux(y)ay dy = —/ ay(—ayuk)m dy
-L

=) kg

171 b 1 [F1 by def

=— |:3yUAﬂA|EL */ 6 U)\a U dy:| 7/ ‘a u)\|2 yEe a+if.
ks LS LS kg J_
Observing that + = 11;% (where o(y) is real and non-negative), we conclude that
|0yual* uA\Z 1 /L o|Oyun|?
=—— y<0 = — ———dy > 0.
/ 1+02 ’ p k¢ J_, 1402 v=

At the same time, on the right-hand side we obtain

L 5, by def '
(Aun, ur)g = )\/ Slul*dy "= AMp+iv),
L

where p > 0, v > 0. Equality (Duy,ux)s = (Aux,ur)s therefore implies that

y o atif_ (a+iB)(u—iv)
Coptiv 12+ v2 '

Since both pf and —va are non-negative, it is clear that Im(A) > 0. O
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3.3. Spectral Radius of Rp(D). To conclude this section, we emphasize that
our iterations given by (1.5) transform the functions from H2,, (—L, L) to the functions
from the same space. This fact follows from regularity theorems [19] that are usually
formulated for the case of Dirichlet boundary conditions but can be also proven in

the periodic case without any substantial reformulation.

3.4. Discrete Fourier Stability. We now investigate the stability of the fully
discrete scheme from the perspective of its Fourier representation. Because the spa-
tial discretization is based on a Fourier spectral method, analyzing the behavior of
individual Fourier modes is a natural approach. To this end, we express the numerical
solution at a fixed range step in terms of its discrete Fourier series,

N/2-1 )

N ims )
UN(y) = E Uj e"’fy, nj = f
j=—N/2 Y

In this representation, differentiation with respect to y corresponds to a multiplication
by in;, allowing us to interpret the action of the differential operators mode by mode.

Without a PML, the second derivative operator acts diagonally in Fourier space,
with eigenvalues —/@?. The presence of the PML modifies this structure via the com-
plex stretching function S, (y). This formally leads to a modified symbol of the form
—Ii? / Sg(y), which introduces a complex-valued damping factor. Since Re Sy(y) > 1
and Im Sy (y) > 0, the real part of this expression is non-positive, indicating that the
PML induces attenuation of the Fourier modes, particularly for large wave numbers.

Combining this with the bounded contribution of the wave number term k?(y),
we obtain an effective symbol for the operator Apyg, of the form

k2 _k2_ 252
() = (y) Okg n;/ y(y).

The behavior of the numerical scheme can thus be understood by examining how each
mode propagates under the Padé approximation.

For a single propagation step, each Fourier mode is multiplied by an amplification
factor of the form

d;
G, = ikoh I § : J
J ¢ ( 0 - 1—|—bj>\p>.
j=1

The exponential prefactor has unit modulus and therefore does not affect stability.
The remaining expression depends on the location of A, in the complex plane.

As discussed earlier, the real part of A, is bounded due to the dissipative contri-
bution of the PML. Specifically, the damping term —n7/S7(y) shifts high-frequency
modes further into the stable region of the complex plane. Since the Padé coefficients
satisfy Reb, > 0, the denominators 1 4 b,), remain bounded away from zero, and
the amplification factor remains finite.

This implies that the magnitude of G}, does not grow uncontrollably with p. More
precisely, there exists a constant C' such that |Gp| < 14+ Ch, uniformly in p and N, for
sufficiently small step size h. Thus, the discrete solution satisfies the stability bound

lun™ llez < (1+ Ch) [uf ez,

where the norm is defined via the Fourier coefficients.
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We observe that the presence of the PML stabilizes the scheme by introducing
additional damping for high-frequency components. This prevents the accumulation
of unresolved oscillations, thereby contributing to the robustness of the method in
practical computations.

4. Radiowave Propagation in the Troposphere. Wide-angle parabolic
equations based on the Padé expansion of an operator square root exponential appear
in the literature in several different contexts. In the first example, we address the
problem of tropospheric radiowave propagation. In this case, equation is solved on a
vertical half-plane (z, z coordinates, z is the altitude, z = 0 is the Earth’s surface).

4.1. The Problem Statement. In two-dimensional Cartesian coordinates, the
horizontally polarized, time-harmonic (monochromatic) electric field component
Ey(z,z) = ¢(z,z) can be described by the 2D Helmholtz equation

(4.1) 2t + 020 + kgm* = 6(2)Q(z)

where ko is the wave number of the vacuum, and m?(z,2) = 1 + 2n(z, z) + 2z/R.
Here, n(x, z) is the variable refractive index, R is the curvature radius of the Earth’s
surface, and Q(z) models the geometry of the antenna. This problem setup is very
common across the radio physics community [30, 41, 39, 40].

Assuming that back-scattering in the horizontal direction is negligible, one can
replace the BVP for (4.1) by a Cauchy problem for its one-way counterpart

Opu = ik;(\/l + X - 1)u, U|z—0 = uo(2),

where u(z, z) = e **0%4)(z, 2) is an envelope function of a rapidly oscillating electric
field, and the Cauchy data ug(z) is defined through Q(z).

The ground can be represented by a homogeneous Dirichlet boundary condition.
Due to changes in the refractive index, the radio field is usually partially reflected at
the boundary between atmospheric layers. The rest of the field then escapes into the
higher layers of the atmosphere. Efficient simulation requires one-sided truncation of
the domain, which was achieved using a PML. In this scenario, homogeneous Dirichlet
boundary conditions can be addressed by extending the domain with a mirror domain,
as described by Smith and Tappert [48].

4.2. Numerical Results. The computation is an example of a radio wave with
a frequency of 300 MHz emitted from a parabolic antenna and propagating through
the lower atmosphere. We use the initial condition is modeled as

2,2
o (Z) _ kOB efiko0oz 87%@720),
2mlogy(2)
with 8 = 10°, 8y = 10° and kg = é"—o = 27m~'. The modified refractive index is
defined via

250 —1/2 if z € {0,100
0 else
This setting was chosen to show the method’s capability to reproduce reflections
caused by discontinuities in the equations coefficients representing media interfaces.
A PML with a width of 10 meters was used above z = 200m. Both the spectral as
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Fig. 2: Radio wave propagation. (a) shows a reference field computed by Finite
Difference SSP, (b) shows the field computed by SSSP and (c) shows a comparison
along a slice at z = 30m. All fields are displayed in dB re. 1m.

well as the finite difference method were run for P = 1 with the step size of 0.1m in
x as well as 2048 points in z. For the SSSP simulation, BiCGStab was employed to
solve the system, using a multiplicative preconditioner Xy ' = (14 kgn?)~1(1+02)~!
and a relative tolerance of 1079 as stopping criterion.

The radio signal gets focused into the upper atmosphere by the gradient in the
refractive index in the lower troposphere. The discontinuity at z = 100 m introduces
reflections of the field back towards the Earth’s surface z = 0.

As shown in Fig. 2, the SSSP solution is in excellent agreement well with the
finite difference SSP, even at comparably small number of points in z.
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5. Sound Propagation in a 3D Shallow-Water Waveguide. The second
case is related to the propagation of acoustic waves in a three-dimensional shallow
water environment. This problem can be reduced to solving several one-way counter-
parts of the 2D Helmholtz equation within the framework of adiabatic normal modes
[26, 43]. A domain truncation issue naturally arises because the area of interest is typi-
cally a small part of the ocean, and reflection-free transmission through its boundaries
is essential in practical problems.

5.1. Mode Parabolic Equations. We consider the stationary acoustic field
p = p(x,y, z) produced by a time-harmonic point source of the frequency f is located
at x = 0,y = 0,z = z,, that can be described by the three-dimensional Helmholtz
equation [26]
2

2 2 2 wro _ ;
(5.1) Opp+0yp+0:p+ 5P = 6(z,y,2 — z5), inQ,

p|Z:H:07 p|z:0:O7

in the domain Q = (—o0,00) X (—00,00) x [0, H], where z = 0 is the sea surface,
z = H is lower boundary of computational domain (typically taken to be sufficiently
large in order to incorporate one or several layers of sediments). It is also assumed
that a suitable Sveshnikov-type radiation boundary condition is imposed for r =
Va2 +y? = oo in order to guarantee uniqueness of the solution of Eq. (5.1) (see,
e.g., [33]). Here, w = 2rf is the angular frequency, and ¢(z,y, z) denotes the speed of
sound.
One then employs the modal expansion ansatz

N,
(5.2) p(w,y,2) = Y Aj(,y) ¢;(z52,y)

j=1

where ¢;(z;z,y) are mode functions computed from the media parameters at the
point (z,y), and A;(x,y) are the corresponding mode amplitudes.

Under adiabatic assumption it can be shown [26] mode amplitudes satisfy a two-
dimensional Helmholtz equation

(5:3) 0pAj + Oy A; + kjA; = =0(2)(y) ¢’$zs) :
The one-way counterpart of Eq. (5.3) is called pseudodifferential mode parabolic equa-
tion (MPE)

(5.4) e Aj =11/02+ K3 Aj, 2,y € (0, max) X (—Ly, L),

which identical to Eq. (1.2).

It has been shown recently that SSP method is particularly efficient for solving
Eq. (5.4) [43, 44] as was already mentioned in Sec. 1. In this section we that its
spectral counterpart is also excels in this task.

5.2. Test scenarios. In the framework of the mode parabolic equations theory,
we consider two scenarios of sound propagation in shallow water.

First, we examine a Pekeris-type waveguide with a flat bottom to verify the capa-
bilities of the PML (see Fig. 3a). Then, we address the classic issue of sound propaga-
tion in a coastal wedge [26], i.e., a shallow sea with a sloping bottom (see Fig. 3b). In
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(b)

Fig. 3: The domains of the mode parabolic equation in underwater acoustics. The
dashed box contains the computational domain Qcomp = (0, R) x (=L, Ly) x (0, H)
consisting of the physical domain Qpnys = (0, R) x (—=Ly, Ly) x (0, H) represented by
the continuously drawn box and a perfectly matched absorbing layer in y. An initial
impulse emitted by the source at (0,0, z5) is propagated in x direction. The results
are presented at the plane z = z,., shown in red. (a) displays the general setting, while
(b) shows the specific wedge test case, with the bottom slope across the propagation
direction z.

both scenarios, our waveguide consists of an upper layer representing seawater (with
a sound speed of ¢ = 1500m/s and a density p = 1g/cm?®) and a bottom sediment
(sound speed ¢ = 1700m/s, density p = 1.5g/cm?®). The computational domain is
chosen as Qpnys = {(2,9,2)|0 <2 < 25km, —4km <y < 4km, 0 < 2z <400m}. The
acoustic field p(z,y, z) is computed using Eq. (5.2), and the normal modes ¢;(z, z, y)
and their wavenumbers k;(z,y) are obtained using the ac_modes solver [43]. The
proposed SSSP method is then used to solve equations (5.4) with initial conditions
A;(0,y), which are obtained using the so-called ray starter [43]. 400 m-wide PMLs
are added on both sides of the domain (at y = £Lj).

In both cases, we compute the acoustic field due to a point source of the frequency
f = 25Hz, located at z; = 100m, ys = Om, zs = O0m. We compare and visualize
the computational results for the horizontal plane z = z, = 30m. A [9/9]-Padé
approximation is used in both cases, and NV, = 8 modes are taken into account.

To solve the linear system for all numerical simulations, the BiCGStab method
used a multiplicative preconditioner X5 ' = (1 + 6k?)~ (1 + 92)~". The method was
run up to a relative tolerance of 10~2, though higher tolerances yield accurate results,
both qualitatively and quantitatively.

5.2.1. Flat Bottom. In the first numerical experiment acoustic field is com-
puted for a shallow-water Pekeris waveguide, displayed with the constant water depth
of hy = 200m (i.e., with flat horizontal bottom, see Fig. 3a). The domain was dis-
cretized into 512 points in y, corresponding to the mesh size 17.187m, or a bit less
than 4 points per wavelength and into 500 points in x, corresponding to the step size
h =50m.

The resulting acoustic field at exhibiting a typical circular interference pattern
is displayed in Fig. 4 (we do not present reference solution, but it ideally coincides
with the one obtained using SSSP). Note that the utilized discretization step in y is
coarser than a finite difference method permits [44].
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Fig. 4: Acoustic pressure in dB re 1 m at z. = 30m in the Pekeris waveguide.

5.2.2. Wedge. In the coastal wedge benchmark problem [26] the water depth is
a function of y:

hy = hy(y) = hyo + tan(a)y,

where hy o = 200m, and the bottom slope angle is a ~ 2.86°.

A step size of 50 m was used again, and to demonstrate numerical convergence of
the discretization in y, the resulting fields are displayed for 512 and 4096 y points,
corresponding to discretization constants of 17.1875m and ~ 2.15m, respectively.

The acoustic field in the wedge exhibits a remarkably different interference pattern
due to the horizontal refraction effect, which causes acoustic energy to propagate
towards the deeper part of the sea area. Consequently, the field is no longer symmetric
with respect to the z-axis, as shown in Fig. 5. In particular, the water-borne modes
experience a cutoff around z ~ 30, thus producing a silent zone near the coast. The
displayed fields agree qualitatively and quantitatively with the reference solution by
the source image method [15], as shown in Fig. 5¢, even when a coarse grid is used.

Despite not considering mode interactions, the SSSP method produces a highly
accurate field with a small number of discretization points.

6. Conclusion. This study presents a spectral SSP algorithm for wave propa-
gation modeling problems in the frequency domain. This marching numerical scheme
integrates one-way counterparts of the Helmholtz equation, though it can be used for
other elliptic problems, such as Lamé equations in elasticity theory or a coupled sys-
tem of equations for normal mode amplitudes. The novelty of the proposed method
consists in the fact that it uses a spectral representation (via FFT) to compute deriv-
atives, whereas standard SSP-based solvers use finite differences for this purpose. In
the presence of perfectly matched layers, the inversion of the transverse differential
operator is accomplished using the iterative Bi-CGSTAB method. Although similar
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Fig. 5: Acoustic field (in dB re 1 m) in the wedge at 2, = 30m. (a) using 4096 points
along y, (b) only using 512 points along y and (c) comparing the field (b) with the
method of source images.

approaches have been proposed in the literature for certain classes of PDEs [2, 3],
SSSP method proposed here is the first one to deal with a pseudodifferential equa-
tion (1.4). The capabilities of the developed approach are demonstrated through two
examples of realistic propagation scenarios from underwater acoustics and radiowave
theory (see the GitLab repository https://git.uni-wuppertal.de/walsken /sssp-pml).
Theoretically, evaluating one Padé term wj, is of order O(N). For example,
the second-order finite-difference approximation of the transverse operator X requires
O(N log(N)) operations, whereas evaluating one Padé term requires only O(N). Thus,
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one might question the pursuit of making the SSP method spectral. However, this
superficial complexity estimate applies only to traditional multi-core or single-core
architectures based on serial CPUs. In the context of highly parallel computing sys-
tems, including modern GPUs and FPGAs, FFT libraries that are optimized to use
massive concurrent threads can easily outperform traditional sequential algorithms
for sparse matrix inversion. At the same time, the spectral accuracy of the derivative
approximation within the SSSP method allows one to achieve lower computational
errors with fewer discretization points, as shown in [56], especially in cases of continu-
ous variation of the media parameters. This is particularly evident in mode parabolic
equations in underwater acoustics, where the ocean environment typically exhibits
slow and smooth variations in the z and y dimensions. The situation differs when
a wide-angle parabolic equation is solved in the vertical plane (i.e., in the z and z
coordinates). Although media parameters are expected to vary slowly in deep-water
propagation scenarios, finite differences are much more practical in shallow-water
geoacoustic waveguides with multiple interfaces where sound velocity has disconti-
nuities. Thus, the presented approach could excel in specific problem classes and
computational architectures rather than being a jack of all trades.

On the other hand, we find that the question of whether SSP can be combined
with spectral discretization in some way is also of theoretical interest, at least. In our
opinion, this study provides a positive answer.

A promising direction for future work is developing quantum-compatible variants
of the proposed spectral split-step Padé (SSSP) framework. The exponential prop-
agator underlying the method is structurally analogous to quantum time evolution
and can be approximated using operator-splitting techniques, such as Trotter-Suzuki
decompositions [50] or modern Hamiltonian simulation methods [35]. In particular,
the separation into Fourier-diagonal and multiplicative operators naturally aligns with
quantum algorithms based on the quantum Fourier transform and the linear combi-
nation of unitaries approach [9]. However, a key challenge remains: the treatment of
the non-Hermitian PML operator would require extensions to open-system quantum
simulation frameworks [28].
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