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Abstract

We propose and analyze a nonstandard finite difference (NSFD) scheme for nonlinear parabolic
equations involving a p-Laplacian-type diffusion operator in one- and two-dimensional spa-
tial domains. Following Mickens’ design principles, the proposed discretization employs a
nonlinear denominator function ¢(+) together with a nonlocal approximation of the nonlinear
diffusion term A,, yielding a structure-preserving discrete model. The scheme is designed
to retain key qualitative properties of the continuous problem, including positivity, bound-
edness, and stability, which may be lost by standard finite difference methods (FDMs).
We establish the well-posedness of the continuous model, derive the NSFD scheme, and
investigate its consistency, convergence, and local truncation error. Numerical experiments
confirm the theoretical results and demonstrate that, unlike the standard explicit FDM, the
proposed NSFD scheme avoids spurious oscillations and nonphysical negative solutions even
for relatively large time-step sizes.

Keywords: Nonstandard finite difference method, p-Laplacian operator, Parabolic PDE,
Nonlinear diffusion.
2020 Mathematics Subject Classification: 35K55, 32W50, 65J15.

1. Introduction

Numerical simulations have become an indispensable tool for investigating nonlinear
parabolic partial differential equations. In many applications, analytical solutions are un-
available, making numerical methods the primary means for exploring the qualitative and
quantitative behavior of these systems. This challenge is particularly pronounced for nonlin-
ear parabolic partial differential equations posed in one- or two-dimensional spatial domains,
where nonlinear diffusion mechanisms, intricate spatial interactions, and geometric effects
significantly increase computational complexity.
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Let 2 C R” be a bounded domain with smooth boundary 02, where n = 1 or 2, and let
[ be a sufficiently smooth function. We define ®,(y) = y*~2, p > 1, and A > 0. Nonlinear
parabolic equations of the form

O _ Mdiv(@,(Vul)Ve) + f(u), it =[0.T] x 2
Vu-i=0, onX=(0,T)xdQ, (1)

u(0,) =up(+), in Q,

arise in a broad range of applications including image processing [1], mathematical epidemi-
ology [2], porous medium flows [3|, and nonlinear heat conduction [4]. The case p = 2
recovers the classical linear diffusion equation, while p # 2 introduces strong nonlinearity
through the so-called p-Laplacian operator A,u = div(|Vu|P"2Vu). A fundamental require-
ment in many of these applications is that the numerical solution remain non-negative and
uniformly bounded, reflecting the physical or biological meaning of the quantity u (e.g., a
concentration or density). Standard explicit finite difference methods (FDMs) generally fail
to preserve these properties unless stringent step-size restrictions are imposed, and they may
produce spurious oscillations or nonphysical negative values for moderate time steps.

To address these shortcomings, we propose a nonstandard finite difference (NSFD)
scheme in the spirit of [5, 6]. NSFD methods replace the standard discrete derivative
(u™ —u™)k~! by a generalized counterpart involving a denominator function ¢(k), satisfy-
ing ¢(k) = k+O(k?), and treat nonlinear terms through nonlocal representations on the com-
putational grid. This approach has proven effective for positivity preservation in actuarial-
insurance models |7], convection—diffusion equations [8], epidemic reaction-diffusion systems
[9], machine learning-based epidemic modeling frameworks [10], among others.

The construction of denominator functions satisfying positivity constraints was system-
atically investigated by Mickens [5, 6]. Zinihi, Ehrhardt, et al. [7] proposed an actuar-
ial framework based on an epidemic model and employed an NSFD scheme to numeri-
cally investigate epidemic-adjusted insurance quantities and disease-driven mortality effects.
Ehrhardt and Mickens [8] extended the methodology to convection-diffusion equations using
the subequation approach. More recently, Zinihi et al. [9] developed a positivity-preserving
NSFED scheme for a reaction-diffusion epidemic model. Zinihi and Ehrhardt [10] employed
a structure-preserving NSFD scheme to generate synthetic data that ensures positivity,
boundedness, and numerical stability of the computed solutions.

The standard FDM for (1), which motivates the present work, considers a uniform dis-
cretization of the spatial domain Q. Let (z;,y;), i =0,...,N,, j = 0,..., N, denote the
grid points with uniform mesh size h, = h, = h. The temporal interval is discretized using
a time step k, and the approximation of u(t,,, z;, y;) at time ¢,, = mk is denoted by uiy. The
nonlinear coefficient @, is evaluated using central-difference approximations of the gradient.
For convenience, we introduce the centered and forward difference quotients
(S
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and define
Ah@“ﬁl/lj = Dg/z,x (uﬁuz,j (I)Z,L,z'+1/2,j>a with Cbpmm = (I)p(\/(DO ha Zl) + (Dg,yu?;)2>7
+ ®™.)/2. The quantities D,[; DJr ™ and

and the averages 7', ., o, = (), ; i N ugy,
Ap yujy are defined analogously. The resulting explicit FDM discretization of (1) i 1s given by

DZUT = A(Dh/g xAh zu + Dh/2 yAh yU ) + f(u;?)’

1.e.
m+1 m k m m m m m
Uy = U+ )‘E Ah,mui+1/2,j - Ah,muiq/mj + Ah,yui,jﬂn - Ah,y“i,jq/z + kf(“ij)?
= uj; + M’(( Uy Py — Ul Oply) = (G Oy — i B ) (2)

(U O = @) — (@ — s @) ) (),

with the parabolic mesh ratio r = k/h%. The homogeneous Neumann boundary conditions
are discretized using second-order central finite differences as

m S m m S m m _ m m S m
U_y 1 =U11, UN,+1,-1 = UN,—11> U—1nN,41 = U N1 UN,41N,+1 = UN,—1N,—1>

m _ m m _ m y

u =, uN = uN, gy, V=0, N, (3)
m _ m m _ m y

Uy = Upy, Uiy, 41 = U N, 1 Vi=0,...,N,.

Although the scheme (2)—(3) is consistent with the continuous problem, it does not nec-
essarily preserve positivity. In particular, for sufficiently large time steps, the coefficient
associated with the central node ;; may become negative, potentially leading to nonphysi-
cal oscillations and violations of the discrete maximum principle. This observation motivates
the development of an NSFD scheme capable of preserving the qualitative properties of the
underlying continuous model.

The goal of this paper is to construct an NSFD scheme that (i) is explicit and easy
to implement, (ii) unconditionally preserves positivity and boundedness, (iii) is consistent
with the continuous PDE, and (iv) outperforms (FDM) on coarse time grids. The paper
is organized as follows. Section 2 presents the NSFD scheme. Section 3 establishes its
theoretical properties. Section 4 provides numerical experiments.

2. Nonstandard Finite Difference Scheme

This section outlines the fundamental principles of NSFD schemes. These methods are
designed to preserve the key qualitative properties of the underlying differential equations,
such as positivity and conservation laws. Consequently, the numerical solutions remain
bounded and stable. Under standard regularity assumptions on f and wug, problem (1)
admits a unique nonnegative weak solution

w € C(0, ], L*(Q)) N L7 (0, T; Wy (),
see [11, pp. 5-7]. For further details, we refer the reader to [12].
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2.1. The Denominator Function

We briefly review the main principles of NSFD schemes, as introduced by Mickens [5];
see also [9, p. 6]. A finite difference scheme is an NSFD scheme if it satisfies at least one of
Mickens’s nonstandard discretization rules. First, the order of the discrete derivative must
coincide with that of the corresponding continuous derivative. First-order derivatives are
commonly approximated by

du um™t —ym
dtle=,, ~ (k)

where the denominator function ¢(k) > 0 satisfies ¢(k) = k + O(k?), thereby ensuring
consistency while improving the qualitative behavior of the numerical solution.

Second, nonlinear terms are often discretized using nonlocal representations involving
values at different time levels. For instance, u?(t,,) ~ u™u™" or u3(t,,) ~ (u™)?u™"'. Fi-
nally, the discrete model should preserve the essential qualitative properties of the continuous
problem, such as positivity, boundedness, equilibrium points, and their stability.

NSFD schemes approximate the time derivative by a generalized difference quotient

d_u _ um-i—l o w(k>um
dt le=t,, o(k) ’

where ¢ (k) = 1+ O(k). A typical choice is ¢(k) = (el* — 1)L, where L > 0 is a Lipschitz
constant of the right hand side of (1).

2.2. Nonlocal Reaction Discretization

When the right-hand side of (1) is linear, its discretization coincides with the clas-
sical FDM approximation. In the nonlinear case, since the function f is not specified,
several NSFD discretizations can be constructed; see, for example, [7, pp. 11-13] and |9,
p. 6]. In most applications the source function f is positive and thus one can simply use
fu(xj,yj,tm)) =~ f(uf}). However, to ensure positivity in the general case, the arbitrary
function f is decomposed into its positive and negative parts at u;;, with f*(u;]”) is treated
explicitly and the negative part is approximated nonlocally as f~ (u?}“) ~ f(uf}) ug-‘“ Juiy.
Consequently, the proposed NSFD scheme for (1) is given by

ug ™ — NS 1
W:ADh uiy + f(uy) — f(ug ), (4)
where DY denotes the nonstandard discretization of the p-LaplacianA,,.

Additionally, the discretization of the nonlinear diffusion operator must be modified
according to Mickens’s NSFD principles. To this end, we introduce a nonlocal (two time
levels) approximation to the discrete fluxes by evaluating the central node at the future
time level while retaining the neighboring nodes at the current time level. Specifically, the
standard forward difference quotients D} and D,J;y in (2) are replaced by their two time



levels counterparts, denoted by D;;CNS and D,J{’NS

m+1

, which are obtained by substituting —u;;

with —u;] Thus, this nonstandard, ’skew’ spatial discretization reads

NS m_ NS m NS, m NS, m
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(5)

The two-level representation (5) preserves the dissipative character of the p-Laplacian opera-
tor and yields a discrete diffusion term that is a convex combination of neighboring values.
Consequently, the resulting NSFD scheme inherits important qualitative properties of the
continuous problem, such as positivity preservation and a discrete maximum principle. Fur-
thermore, these properties are obtained without the restrictive time-step constraints usually
necessary for the standard finite difference approximation. However, as a drawback, the or-
der in time is reduced from 2 to 1, compared to a standard Crank-Nicolson FDM. A recent
paper [13| provides strategies for overcoming this order reduction.

2.3. Interior and Boundary Schemes

Using the two-level flux approximation introduced above, the proposed NSFD scheme (4)
can be written as

m+l 1
S 1+ qr i+ Ay @

[ ;?+)‘T¢<u§11,j(bp Z+1]+u2 IJCDZTZ 1,5
P (6)

U P U O )+ SR (),

subject to the homogeneous Neumann boundary conditions (3), where 74 = ¢(k)/h? denotes
the generalized (updated) parabolic mesh ratio and ¢™ ,; = (k) f~ (uf}) /uj}

Remark 1. In one space dimension, the NSFD scheme (6) simplifies to

bt _ U AT (ut @y +uy ) 4 (k) f(u) 0

3. Theoretical Analysis of the proposed Scheme

In this section, we establish the main qualitative properties of the proposed NSFD
scheme. Throughout, we assume that the exact solution and its discrete approximations
remain positive, and that the reaction term satisfies the one-sided growth condition

f(s) < Ls, Vs>0,
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for some constant L > 0. This assumption is natural in many reaction—diffusion settings
and will be used in the proof of the boundedness result in Theorem 3.

First, we show that (6) preserves positivity. Recall that the denominator function ¢
satisfies ¢(k) > 0 for all £ > 0, and that ®,(s) = s?~2 > 0 for all s > 0 and p > 1. Thus, the
mesh ratio r, = ¢(k)/h? is strictly positive. Furthermore, the splitting f = f* — f~ ensures

ffw)>0 and f(u)>0 forall u,

so that both the reaction contribution ¢(k)f*(uj}) > 0 and the penalty term ¢, =
o(k)f~(uf})/ui} > 0 are nonnegative. Assuming u;; > 0 at all grid points, the neighbor
term

Arg ity ; Privy;  and  Arguie, O vy

are strictly positive, making the entire numerator of (6) strictly positive. The denominator
satisfies

pi 2 1>0,

+

so the ratio u;} ! is strictly positive, as stated in the following theorem.

Theorem 1 (Positivity Preservation). Assume that we have uj} > 0 for all grid points (i, j)
at time level m. Then, the NSFD scheme (6) satisfies ug‘“ > 0, for all grid points (i, j).

Next we investigate whether (6) preserves the steady states of the continuous problem (1).
The following theorem summarizes the result.

Theorem 2 (Constant Equilibrium Preservation). Let u* be a constant equilibrium of (1),
i.e., f(u*) = 0. Then the NSFD scheme (6) preserves this equilibrium exactly. More pre-
cisely, if ui; = u* for all grid points (i, j), then u?}“ = u*.

Proof. Let u* be a constant equilibrium of (1). Suppose that uj = u* for all grid points
(4,7). Since the solution is spatially uniform, all discrete differences vanish:

0 m __ 0 m __
Dy uij = Dy yuij =0,

and therefore @', = ®,(0) = 0, so all diffusion terms drop out. Since f(u*) = 0, the
decomposition f = ft — f~ yields f*(u*) = f~(u*). Denoting this common value by

f*(w*) > 0 and setting ¢* = ¢(k)f~(u*)/u*, substituting u;} = u* into (6) yields

e WO ) (L o) f ) )
g T+q L olt) [ e

Therefore, the constant equilibrium u* is preserved exactly by the scheme (6). O

We now establish an a priori ¢>° bound for the discrete solution generated by (6). The
key feature of the scheme is that the negative part of the reaction term is incorporated into
the denominator, while the positive part remains in the numerator.
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Theorem 3 (Boundedness). Assume that the initial data uzj are bounded. Then the solution

of the NSFD scheme (6) remains bounded in the discrete (>°-norm.

Proof. According to Theorem 1, the numerical solution remains positive for all time levels.
Let
U™:=maxu; and @ :=maxd,

max 7,
1,7 (] piij”

m
max)’

Since ufy < U™ for all neighboring nodes and <I>p < <o we have

m m m mgm
z—l—l,]q)pz-i-l,] U;— IJ(I)pz 1]+uz]+1q)p13+1+u2] l(prJ 1 <4U (I)max

Since the denominator satisfies 1 + ¢, + 4Ary @ > 1, it follows that

U™ < (14 4@, ) U™ + (k) S (U™).

Using Theorem 1, we have f*(uj}) = max(f(uj}),0) < max(Luj},0) = Luj}. Thus

YR
Untt < omu™,  where O™ :=1+4\rg®"  + Lo(k). (8)

We now propagate this bound by induction to the next time level. At m = 0, the initial
data are bounded by assumption, so U = max; u . < 00.

Suppose U™ < oo for some m > 0 and let us show that U™l < 00. Note that C™ depends
only on A, r4, @7 . L, and ¢(k), all of which are finite since U™ < co. Therefore, applying
(8) gives

max’

Urtl < cm U™ < .

Applying the recursive inequality (8) repeatedly from level 0 to level m gives
m—1
Um < (H cf) U,
=0

On a finite time interval [0, 7] with m < |T/k|, each factor satisfies C* < C, where C' :=
1+ 47y Prax + Lo(k) and oy = sup,, P17,.. Since the product contains exactly m factors,
we conclude

Um<cmut < oMy < oo,

where C™ denotes the m-th power of the uniform constant C'. This shows that the discrete
(>°-norm remains bounded on [0, 7. O

Remark 2. The proof shows that the updated scheme (6) is not only positivity-preserving
but also ¢*°-stable. In particular, the incorporation of f~ into the denominator prevents
the reaction term from producing unbounded growth through the negative part, while the
positive part is controlled by the Lipschitz bound on f.

Next, we examine the consistency of (6). Proposition 4 shows that the scheme approxi-
mates (1) with first-order accuracy in time and second-order accuracy in space.
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Proposition 4 (Consistency). The NSFD scheme (6) is consistent with the continuous
problem (1). In particular, its local truncation error satisfies 7.7 = O(k + h?), V(i, j).

Proof. Let u be a sufficiently smooth solution of (1). Substituting the exact solution into
the FDM (4) and measuring the residual defines the local truncation error 7;}'.
1. Temporal term. Since ¢(k) = k + O(k?), a Taylor expansion in time gives

u(mia Yjs tm + k) - U(.Z'i, Yj, tm) o kut(ajia Yjs tm) + O(k2)
(k) k+O(k?)

- ut<$i> Yj, tm) + O(k)

2. Spatial term. A Taylor expansion of each neighbor value in (5) gives
D}jzvsu(xia Yy, tm) - Ap U(I’Z‘, Yj, tm) + O(hQ)a

since the centered five-point stencil approximates the p-Laplacian A, to second order in h.
3. Reaction term. Since u(z;, y;, tm +k) = w(x;, y;, tm) + O(k) for smooth solutions, we have

f+ (U(.I'Z, Yj, tm)) - fﬁ (U(.CL’“ Yj, Im + k)) - f+ (U(.TZ, Yj, tm)) - fﬁ (U(.Tl, Yj, tm)) + O(k>
— (i, g, tw)) + O(R).
Combining the above steps and comparing with (1), we obtain 77 = O(k+-h?), which proves
first-order accuracy in time and second-order accuracy in space. O

The standard explicit FDM (2) is structurally simpler but generally less robust. In par-
ticular, the reaction term is treated explicitly, and the coefficient associated with the central
node may become negative for sufficiently large time steps. Consequently, the standard
scheme may fail to preserve positivity and may produce spurious oscillations.

In contrast, the NSFD scheme (6) incorporates the reaction contribution through a non-
local denominator, thereby better capturing the growth and decay mechanisms of the con-
tinuous model (1). This feature plays a key role in ensuring the preservation of positivity
and boundedness.

4. Numerical Results

We illustrate the theoretical properties through numerical experiments in two spatial
dimensions. All simulations are performed on the unit square Q = [0,1]* with the lo-
gistic reaction term f(u) = wu(l — u), diffusion coefficient A = 0.1, and initial condition
uo(z,y) = 0.5+ 0.4sin(mx) sin(my). Homogeneous Neumann boundary conditions are im-
posed throughout. We adopt the denominator function ¢(k) = (e’* — 1)L~1, as described
in Section 2.2 (see, e.g., |8, 9]), where L € (0,1) is a Lipschitz constant associated with the
right-hand side of (1).

The exponent p > 1 is the defining parameter of the p-Laplacian operator. The linear
diffusion case p = 2 serves as a natural baseline, while p < 2 and p > 2 correspond,
respectively, to singular and degenerate nonlinear diffusion, two qualitatively distinct regimes
with markedly different analytical properties [3, 4]. To probe the full range of qualitative
behaviors, we select two complementary families of values:
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e Half-integer increments: p € {1.5, 2.5, 3.5, 4.5, 5.5}. These values straddle the classi-
cal case p = 2 and increase the degree of nonlinearity in uniform steps of 0.5, providing
a systematic picture of how both schemes respond as diffusion becomes increasingly
degenerate.

o Integer values: p € {2, 3,4, 5, 6}. These are the standard reference points in the
p-Laplacian literature and include the linear diffusion case p = 2.

We emphasize that both selections are, in a certain sense, arbitrary: no particular physical
or analytical argument singles out these values over any other choice of p > 1. At the
same time, they are canonical in that they are regularly spaced, cover both the singular and
degenerate regimes, and include the classical linear case. The qualitative conclusions drawn
from these experiments are expected to hold for any p > 1.

We compare the standard explicit FDM (2) and the proposed NSFD scheme (6) with
the spatial step size h = 0.025 combined with time steps k& € {0.01, 0.05, 0.10}, and all 10
values of p from both families described above. The minimum and maximum values of the
numerical solution at the final time 7" = 1 are reported in Table 1. The table merges both
p-families into a single display for ease of comparison. For each parameter triple (h, k,p),
we report four quantities: the minimum and maximum of ™ at T' = 1 for the FDM and
for the NSFD scheme. The FDM status column records either ’positive’” when the scheme
completes without incident, or “blow-up ¢t = t*’, when the solution first exceeds [|u™||o, > 10
or becomes non-finite at time ¢t = t*. At that point, the time loop is halted, and the last valid
state is recorded, making the instability visible and quantifiable rather than masking it with
silent NaN propagation. The NSFD status column consistently reads ’positive’, and the
solutions remain bounded throughout, confirming the theoretical results computationally.

On the finest spatial grid, the FDM is unstable for all ten values of p and all three time
steps considered. For the smallest time step k& = 0.01, blow-up occurs as early as t* = 0.010
for p = 1.5 and t* = 0.020-0.090 for the remaining values. The extrema of the FDM solution
at the last recorded step reach values of order 102-10% in magnitude for moderate k, and order
103-10* for k = 0.10, entirely inconsistent with the continuous solution, which remains in
the interval [0, 1]. The NSFD scheme, by contrast, produces a positive and bounded solution
in every single case. Its minimum values remain strictly positive, and its maximum values,
while sometimes transiently large (a feature of the nonlinear diffusion operator for large p),
are consistent with the qualitative dynamics of the continuous problem.

Coarsening the spatial grid from A = 0.025 to h = 0.05 does not prevent the FDM
from blowing up; this occurs for all 10 p-values at every time step. The blow-up times are
generally larger than those at h = 0.025, reflecting the fact that the parabolic mesh ratio
r = k/h? decreases as h increases for a fixed k, slightly relaxing the stability constraint.
Nevertheless, the FDM remains globally unstable. For & = 0.10 the FDM blow-up times
extend to t* = 0.600 for p = 2, a relatively late failure, yet it still prevents the scheme from
reaching 7" = 1. The NSFD scheme remains positive and bounded in all cases.

The NSFD scheme is positive and bounded in all 30 cases without any time-step restric-
tion, while standard FDM is always unstable. These results provide compelling computa-
tional evidence for the unconditional positivity stated in Theorem 1 and the boundedness

9



Table 1: Minimum and maximum values of the numerical solution at 7' = 1 for mesh size h = 0.025. For
each pair (k,p) we report min«™ and maxu™ for both schemes. The FDM status column records the first
blow-up time (when ||u™|o > 10 or the solution becomes non-finite); the NSFD remains always positive.

FDM NSFD

k D . m m o m FDM status NSFD status
min u max u min u max u

1.5 0.500 0.900 0.500 0.900 blow-up ¢t = 0.010 positive

2 —671.5 871.2 0.580 0.827 blow-up ¢ = 0.090 positive

2.5 —3246.9 4124.9 123.7 3903.3 blow-up ¢t = 0.040 positive

3 —57.2 67.9 0.087 4122.3 blow-up ¢t = 0.030 positive

0.01 3.5 —368.5 437.5 0.257 31.1 blow-up ¢ = 0.030 positive
4 —4136.9 4645.3 0.100 2758.7 blow-up ¢t = 0.030 positive

4.5 —0.678 1.739 0.078 5041.3 blow-up ¢ = 0.020 positive

5 —0.917 1.967 0.397 3.702 blow-up ¢t = 0.020 positive

5.5 —1.168 2.207 0.404 15.5 blow-up ¢t = 0.020 positive

6 —1.437 2.461 0.431 86.6 blow-up ¢ = 0.020 positive

1.5 0.500 0.900 0.500 0.900 blow-up ¢t = 0.050 positive

2 —596.8 898.5 0.517 0.880 blow-up ¢ = 0.250 positive

2.5 —201.0 220.5 0.913 114.5 blow-up ¢t = 0.150 positive

3 —3778.9 4878.1 0.095 994.1 blow-up ¢t = 0.150 positive

0.05 3.5 —3.213 4.457 0.121 2341.3 blow-up ¢ = 0.100 positive
4 —4.361 5.575 0.576 419.5 blow-up ¢t = 0.100 positive

4.5 —5.516 6.693 0.586 474 blow-up ¢t = 0.100 positive

5 —6.709 7.837 0.128 61.6 blow-up ¢ = 0.100 positive

5.5 —7.965 9.033 0.237 68.7 blow-up ¢ = 0.100 positive

6 —9.312 10.304 0.375 644.5 blow-up ¢t = 0.100 positive

1.5 0.500 0.900 0.500 0.900 blow-up ¢ = 0.100 positive

2 —371.1 233.1 0.508 0.890 blow-up ¢t = 0.400 positive

2.5 —1107.1 1237.7 0.216 121.4 blow-up ¢ = 0.300 positive

3 —4.611 6.574 0.088 2838.5 blow-up ¢t = 0.200 positive

0.10 3.5 —6.958 8.413 0.442 2.710 blow-up ¢t = 0.200 positive
4 —9.254 10.650 0.428 5596.9 blow-up ¢t = 0.200 positive

4.5 —11.564 12.886 0.587 227.0 blow-up ¢t = 0.200 positive

5 —13.949 15.175 0.021 496.3 blow-up ¢ = 0.200 positive

5.5 —16.462 17.567 0.257 646.9 blow-up ¢t = 0.200 positive

6 —19.156 20.108 0.188 909.1 blow-up ¢t = 0.200 positive

established in Theorem 3. For completeness, Figures 1-6 are presented in Appendix A,
showing the two-dimensional solution at the final time 7" = 1 for all parameter combina-
tions.

Conclusion and Future Work

In this work, we have proposed and analyzed an NSFD scheme for a class of nonlinear
parabolic equations involving the p-Laplacian diffusion operator in one- and two-dimensional
spatial domains. The theoretical contributions of this paper are threefold. First, we proved
that the NSFD scheme (6) preserves positivity unconditionally (Theorem 1): if the solution
is positive at one time level, then it remains positive at the next time level for any time
step size k > 0 and any spatial mesh h > 0. Second, we demonstrated that every constant
equilibrium u* of the continuous problem is reproduced exactly by the scheme (Theorem 2), a
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property that standard explicit methods generally fail to maintain on coarse meshes. Third,
we derived an a priori ¢>° bound on the discrete solution (Theorem 3) and proved that
the local truncation error satisfies 7/ = O(k + h?) (Proposition 4), confirming first-order
accuracy in time and second-order accuracy in space.

The numerical experiments corroborate all three results across a comprehensive set of
parameter combinations, covering two families of exponents (p € {1.5,2.5,3.5,4.5,5.5} and
p € {2,3,4,5,6}), and three time steps (k € {0.01,0.05,0.10}). Out of the 30 parameter
combinations tested, the standard explicit FDM produced nonphysical negative values and
blew up within a small number of time steps in all cases, while the NSFD scheme remained
positive, bounded, and convergent.

The proposed NSFD scheme has several practical advantages. It is fully explicit, requiring
no iterative solver at each time step. Thus, its computational cost per step is comparable to
that of standard FDM. The positivity and boundedness guarantees eliminate the need for
ad hoc clipping or postprocessing of the numerical solution. The NSFD scheme continues to
produce qualitatively correct solutions on coarse temporal grids where the standard FDM
is unusable. This makes the NSFD scheme particularly attractive for long-time simulations
or parameter studies where large time steps are necessary for economic reasons.

The results of this paper open several natural lines of investigation.

1. Higher-Order NSFD Schemes. Building on the generalized second-order frame-
work introduced in [13], it would be interesting to construct a second-order-in-time
positivity-preserving NSFD scheme for the p-Laplacian equation, overcoming the or-
der reduction identified as a limitation above.

2. Fractional and Nonlocal Diffusion. A natural extension is to replace the p-
Laplacian operator with a fractional p-Laplacian or a nonlocal diffusion kernel, as
in anomalous diffusion models and peridynamics [3|. Designing structure-preserving
NSFED schemes in this setting presents new analytical and computational challenges.

3. Reaction-Diffusion Systems. The epidemic and actuarial models studied in |2, 7|
involve systems of coupled parabolic equations with p-Laplacian-type diffusion. An
important direction for applications in mathematical epidemiology is extending the
present NSFD framework to such systems while preserving the positivity of each com-
ponent and the conservation structure of the system.

4. Machine Learning Integration. Recent work [10] has demonstrated that NSFD
schemes can generate structure-preserving synthetic data for training physics-informed
neural networks (PINNs). Applying this paradigm to the p-Laplacian equation offers
a promising approach to data-driven surrogate modeling that retains the qualitative
guarantees of the underlying numerical scheme.

We hope that the framework developed here will serve as a foundation for structure-preserving
numerical methods for a broader class of nonlinear degenerate parabolic equations arising
in science and engineering.
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Appendix A Additional Numerical Illustrations

Figures 1-6 display the two-dimensional solution at the final time T" = 1 for all parameter
combinations. The figures are organized as follows:

e Figures 1, 3, and 5 correspond to the half-integer family p € {1.5,2.5,3.5,4.5,5.5} for
h € {0.025,0.05,0.1}, respectively.

e Figures 2, 4, and 6 correspond to the integer family p € {2,3,4,5,6} for the same
sequence of mesh sizes.

Each figure contains five rows (one for each value of p) and six columns, which are arranged
in three column-pairs, with one pair per time step k£ € {0.01,0.05,0.10}. Within each pair,
the left panel shows the FDM solution and the right panel shows the NSFD solution.

The FDM panels showing blow-up are displayed with a diverging red-blue color map
centered at zero, to make spurious sign changes visible. The title of each blow-up panel
indicates the blow-up time t*, and the plotted field corresponds to the last valid state before
blow-up. The NSFD panels uniformly use the viridis color map, indicating that the solution
remains positive throughout.

Several physical features are clearly visible in the NSFD panels. For small p (close to
or below 2), the diffusion operator is singular, and the solution profile retains the spatial
structure inherited from the initial condition. It slowly converges toward the uniform steady
state u* = 1. For large p, the diffusion is strongly degenerate, producing flatter interior
profiles with steeper gradients concentrated near the domain boundary, a well-known quali-
tative feature of the p-Laplacian equation [4]. However, none of these features are visible in
the FDM solutions, which are dominated by numerical artifacts.
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