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A FRACTIONAL-MEMORY PHYSICS-INFORMED NEURAL
NETWORK WITH FAST HISTORY COMPRESSION FOR

TEMPERED FRACTIONAL COUPLED PHASE-FIELD SYSTEMS

SHUBHAM KUMAR∗, HIMANSHU KUMAR DWIVEDI∗, MATTHIAS EHRHARDT† , AND
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Abstract. Tempered time-fractional coupled phase-field (tTFCP) systems are used to model
interfacial phenomena involving memory-dependent transport and relaxation mechanisms. Numeri-
cal solutions to these systems are challenging due to the simultaneous presence of nonlocal temporal
operators, weak initial singularities, moving diffuse interfaces, and strongly coupled multiphysics
dynamics. In this work, we introduce FM-tfPINN (fractional-memory physics-informed neural net-
work), which is used for forward simulation and inverse parameter identification in tempered frac-
tional coupled phase-field systems. Unlike conventional fractional PINNs, which enforce memory
effects solely through residual constraints, our framework incorporates tempered fractional memory
directly into the neural representation via latent memory-source functions and a tempered fractional
integral operator.

We develop a fast shifted residual formulation based on graded temporal meshes and sum-of-
exponentials (SOE) history compression to efficiently evaluate the tempered fractional operators.
This framework combines interface-aware and residual-adaptive collocation strategies, improving
resolution near evolving diffuse interfaces. A unified, physics-informed loss formulation allows for
the forward prediction and inverse recovery of unknown physical parameters from sparse observations.

We assess the proposed method on a class of tempered fractional corrosion phase-field models,
including one-dimensional corrosion-front propagation, activation- and diffusion-controlled regimes,
two-dimensional pitting corrosion, and inverse mobility identification problems. The numerical re-
sults demonstrate the accurate recovery of coupled phase and concentration fields, the robust pre-
diction of physically relevant interface diagnostics, and the reliable estimation of parameters from
limited data. The FM-tfPINN framework efficiently and consistently learns and solves nonlinear tem-
pered fractional phase-field systems, offering a general paradigm for physics-informed computation
of nonlocal evolution equations.

Key words. Tempered time-fractional coupled phase-field systems, FM-tfPINN, deep learning,
sum-of-exponentials approximation, forward problem, inverse problem
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1. Introduction. Phase-field modeling is a powerful approach for describing in-
terfacial evolution in complex multiphysics systems. It replaces sharp moving bound-
aries with smoothly varying order parameters, thus eliminating avoiding the need for
explicit front tracking [6, 7, 10, 27]. This diffuse-interface viewpoint is widely used
in reaction-diffusion dynamics, phase separation, microstructure evolution, and re-
lated interfacial processes [19, 33]. In corrosion science, phase-field formulations are
particularly attractive because the metal surface degradation is governed not only by
the motion of the metal-electrolyte interface, the redistribution of chemical concen-
trations, and the interaction between interfacial kinetics and transport mechanisms
[2, 11, 20]. Consequently, coupled phase-field models naturally lend themselves to
studying corrosion-front propagation, pitting morphology, and concentration-driven
interfacial evolution in a unified framework. Classical integer-order phase-field models
may be insufficient when the underlying dynamics exhibit history-dependent trans-
port, anomalous relaxation, or memory-influenced interfacial kinetics. Time-fractional
models naturally describe such effects and have been widely used to represent non-
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local temporal behavior in diffusion and transport processes [17, 23, 26]. In many
practical settings, however, purely power-law memory may overemphasize very long
histories. Tempered fractional models provide a more flexible description by retaining
fractional memory effects over relevant time scales while introducing memory attenu-
ation at longer times [4, 22, 30]. This makes time-fractional modeling well-suited for
corrosion-driven phase-field dynamics, in which interfacial motion and concentration
redistribution depend on accumulated history and gradual memory decay.

The numerical treatment of tTFCP systems is challenging due to several sources of
complexity. The temporal derivative is nonlocal, requiring an accurate representation
of the accumulated history. Meanwhile, the solution may exhibit limited regularity
near the initial time [15, 21, 13, 32]. Next, the phase-field and concentration vari-
ables are strongly coupled, and the dominant dynamics are often localized near thin
diffuse-interface regions. Standard time-marching solvers thus require careful tempo-
ral grading, efficient history compression, and sufficient spatial resolution near moving
interfaces. Although fast convolution techniques based on sum-of-exponentials (SOE)
approximations have significantly reduced the cost of fractional-memory evaluation
[3, 12, 14], the construction of flexible, learning-based solvers for coupled, tempered,
fractional, phase-field dynamics remains challenging.

Physics-informed neural networks (PINNs) are a versatile, mesh-free learning par-
adigm for solving forward and inverse problems governed by differential equations.
They do this by incorporating underlying physical laws directly into the optimization
loss [28, 16]. Efficient realization of residual-driven neural discretizations is facilitated
by automatic differentiation, which enables systematic evaluation of high-order dif-
ferential operators within contemporary machine learning platforms [5, 25]. Several
neural approaches have also been proposed for PDEs exhibiting oscillatory behavior
or requiring the preservation of underlying structural properties [8]. Extending PINNs
to fractional models enables data-driven approximation and parameter estimation for
several classes of nonlocal problems [24, 29, 31]. However, direct PINN and fractional
PINN (fPINN) formulations may encounter challenges with tTFCP systems because
the memory structure is typically imposed through the residual loss, whereas the
neural representation remains independent of the fractional-history mechanism. Fur-
thermore, coupled phase-field models contain localized interfacial layers and multiple
physical scales, which can lead to an imbalance among the residual, boundary, and
data terms during training. Recent phase-field PINN studies indicate that interface-
sensitive sampling, normalization, and loss-balancing strategies are important for such
coupled systems. However, the construction of a neural representation that is intrin-
sically consistent with tempered fractional memory remains largely unexplored.

Motivated by these considerations, we propose FM-tfPINN, a physics-informed
neural network framework based on fractional memory for tTFCP systems. The
key idea is to move beyond a purely residual-based treatment of fractional memory
by generating coupled phase-field and concentration variables from latent memory-
source functions via a tempered fractional-memory mechanism. This construction
aligns the neural approximation with the history-dependent structure of the govern-
ing dynamics before minimizing the residual. The resulting framework integrates this
memory-generated representation with a fast, shifted residual on graded temporal
levels that is accelerated by a SOE, as well as interface-aware and residual-adaptive
collocation and a unified physics-informed objective for both forward prediction and
inverse identification. These components are designed to address nonlocal memory,
coupled interfacial evolution, concentration redistribution, and sparse physical ob-
servations within a single learning framework. We examine the performance of the
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proposed method through representative corrosion-driven phase-field problems, in-
cluding one-dimensional corrosion-front propagation, distinct kinetic regimes, two-
dimensional semi-circular pitting, and inverse mobility identification from physical
observations. These examples are chosen to evaluate FM-tfPINN’s ability to recover
coupled fields and physically meaningful corrosion diagnostics rather than only point-
wise solution values. The main features and contributions of this work are:

• We develop a fractional-memory neural representation for tTFCP systems,
where the solution components are constructed through latent memory-source
functions. This formulation incorporates the tempered history effect directly
into the neural approximation process.

• We develop a fast SOE-accelerated shifted residual formulation on graded
temporal levels to efficiently enforce the tempered Caputo history contribu-
tion in the physics-informed loss.

• We design interface-aware and residual-adaptive collocation strategies that fo-
cus the training process on localized diffuse-interface regions and high-residual
zones that arise in corrosion-driven phase-field dynamics.

• We formulate a unified FM-tfPINN framework for forward and inverse prob-
lems by combining coupled residual losses, boundary constraints, admissibil-
ity penalties, sparse physical observation losses for parameter identification.

• We demonstrate the framework using physically interpretable diagnostics,
including corrosion-depth evolution, interface concentration, concentration
peaks, pit geometry measures, tempered mass behavior, and inverse recovery
of mobility parameters from sparse observations.

The rest of the manuscript is organized as follows. Section 2 introduces the gov-
erning tTFCP system, with the initial and boundary settings and the associated
forward and inverse problem formulations. Section 3 describes the proposed FM-
tfPINNmethodology, covering the fractional-memory generated neural representation,
the fast SOE-accelerated shifted memory residual, the interface-aware and residual-
adaptive collocation strategy, and the physics-informed loss formulation for forward
prediction and inverse identification. Section 4 reports numerical experiments on
corrosion-driven phase-field dynamics, covering corrosion-front evolution, activation-
and diffusion-controlled regimes, semi-circular pitting and inverse mobility identifica-
tion from sparse physical observations. Finally, Section 5 concludes the manuscript
with a summary of the main findings and a discussion of future research directions.

2. Mathematical Model and Problem Setting. This section introduces the
governing tTFCP system and establishes the notation used in the proposed FM-
tfPINN framework. The formulation is written in a dimension-independent form,
allowing the same model to cover the 1D corrosion-front examples, the activation-
and diffusion-controlled regimes, the 2D semi-circular pitting problem, and the inverse
identification setting considered in the numerical section. Let Ω ⊂ Rd, d = 1, 2, be
a bounded spatial domain and let T > 0 be the final time. The phase-field variable
is denoted by ϕ(x, t), where ϕ = 1 represents the metal phase and ϕ = 0 represents
the electrolyte or pit phase. The normalized concentration field is denoted by c(x, t).

For compact notation, we write the coupled state as u(x, t) =
(
ϕ(x, t), c(x, t)

)⊤
,

(x, t) ∈ Ω× [0, T ].

2.1. Governing tTFCP System. The temporal memory in the tTFCP system
is described by the tempered Caputo derivative of order 0 < α < 1 with tempering
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parameter λ ≥ 0. For a sufficiently smooth scalar function v, it is defined by

(2.1) ∂α,λ
t v(x, t) =

e−λt

Γ(1− α)

∫ t

0

(t− s)−α
∂

∂s

(
eλsv(x, s)

)
ds.

When λ = 0, (2.1) reduces to the standard Caputo derivative. The exponential
tempering attenuates the contribution of remote history while retaining the fractional-
memory behavior near the initial time. The tTFCP system considered in this work is
given by

∂α,λ
t ϕ = 2AchemLmob

[
c− h(ϕ)(cSe − cLe)− cLe

]
(cSe − cLe)h

′(ϕ)

− Lmobwϕg
′(ϕ) + Lmobαϕ∆ϕ,(2.2a)

∂α,λ
t c = 2AchemMmob∆c− 2AchemMmob(cSe − cLe)∆h(ϕ).(2.2b)

for (x, t) ∈ Ω × (0, T ]. Here, Achem is the chemical-energy scaling parameter, Lmob

is the phase-field mobility, Mmob is the concentration mobility, wϕ is the double-well
coefficient, and αϕ is the gradient-energy coefficient. The parameters cSe and cLe rep-
resent the equilibrium concentration levels in the solid and liquid phases, respectively.
The interpolation function and double-well potential are defined by

h(ϕ) = ϕ3(6ϕ2 − 15ϕ+ 10), g(ϕ) = ϕ2(1− ϕ)2.

The initial conditions are defined as ϕ(x, 0) = ϕ0(x), c(x, 0) = c0(x), x ∈ Ω. The ini-
tial functions ϕ0 and c0 are prescribed so that they are compatible with the phase-field
configuration and the associated concentration distribution. In particular, ϕ0 repre-
sents a diffuse transition between the relevant phases, while c0 is chosen consistently
with the interpolation function h(ϕ) and the prescribed concentration regime. This
ensures that the initial state is compatible with the coupled structure of the tTFCP
system. The boundary conditions are represented by

(2.3) Bϕϕ = 0, Bcc = 0, x ∈ ∂Ω, t ∈ (0, T ],

where Bϕ and Bc denote the boundary operators associated with the phase-field and
concentration variables, respectively. This abstract notation allows the tTFCP system
to accommodate different physically relevant boundary settings, including prescribed
phase states and homogeneous no-flux constraints. The particular choice of Bϕ and
Bc is determined by the physical configuration under consideration, while the FM-
tfPINN formulation developed below treats these boundary constraints within a uni-
fied physics-informed objective. For the development of the FM-tfPINN framework,
it is convenient to rewrite (2.2a)–(2.2b) in the compact form

(2.4) ∂α,λ
t u(x, t) = F [u](x, t), (x, t) ∈ Ω× (0, T ],

where F [u] =
(
Fϕ[ϕ, c],Fc[ϕ, c]

)⊤
denotes the coupled nonlinear operator defined by

the right-hand sides of (2.2a) and (2.2b). This compact form will be used in the next
section to construct the fractional-memory generated neural representation and the
corresponding physics-informed residual.

2.2. Forward and inverse problem settings. The forward problem involves
determining the coupled fields ϕ and c when the physical parameters, initial condi-
tions, boundary conditions, and domain geometry are known. More precisely, for
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given parameters α, λ, Achem, Lmob, Mmob, wϕ, αϕ, cSe, and cLe, together with
the initial data ϕ0, c0, and the boundary operators in (2.3), the forward task is to
find the coupled state u = (ϕ, c)⊤ satisfying the tTFCP system (2.2a)–(2.2b). This
setting provides the basic prediction problem, assuming all physical parameters are
known. The inverse problem is concerned with the identification of unknown physical
parameters from limited observations of the system response.

In this work, the unknown parameter vector is taken as κ = (Lmob,Mmob)
⊤.

These parameters are selected because they govern the phase-field kinetics and the
concentration transport in the tTFCP system. Rather than assuming dense measure-
ments of the full solution fields, the inverse setting uses sparse scalar observations
associated with physically interpretable corrosion quantities. The available observa-
tion data are written as

(2.5) Dobs =
{
tm, dobs(tm), cΓ,obs(tm), cmax,obs(tm)

}Nobs

m=1
,

where dobs, cΓ,obs, and cmax,obs denote the observed corrosion depth, interface concen-
tration, and concentration peak, respectively, and Nobs is the number of observation
times. The inverse task is therefore to recover κ, together with the corresponding cou-
pled fields, while remaining consistent with the governing tTFCP system, the imposed
boundary conditions, and the sparse observation data.

This problem setting provides the mathematical foundation for the FM-tfPINN
framework, which will be developed in the next section. In the forward setting, the
trainable quantities are the neural parameters used to approximate the coupled fields.
In the inverse setting, the unknown physical parameters in κ are learned together with
the neural parameters by augmenting the physics-informed objective with the obser-
vation mismatch associated with Dobs. Thus, a unified memory-consistent learning
formulation allows the same framework to be used for solution prediction and param-
eter identification.

3. FM-tfPINN: The Proposed Framework. This section introduces the pro-
posed FM-tfPINN framework for solving the tTFCP system. The construction is
designed around four interconnected components. First, the physical variables are
represented by a tempered fractional-memory neural ansatz, in which the coupled
fields (ϕ, c) are generated from trainable latent memory-source functions. Second,
the tempered Caputo derivatives are enforced using a fast SOE-accelerated shifted
memory residual on a graded temporal grid. Third, the residual collocation strat-
egy is adapted to the localized interfacial structure of phase-field corrosion dynamics.
Lastly, the trainable parameters are determined by a physics-informed objective com-
bining the coupled residual losses, boundary constraints, admissibility penalties, and
observation terms for inverse identification, when available. Together, these compo-
nents form a memory-consistent and interface-aware learning framework for forward
prediction and parameter recovery in tTFCP systems. The subsequent subsections
detail these components and their integration into the complete FM-tfPINN training
procedure.

3.1. Tempered Fractional-Memory Neural Representation. We first in-
troduce the neural representation employed in FM-tfPINN for the tTFCP system
(2.4). The objective is to incorporate the temporal memory mechanism induced by
the tempered Caputo derivative into the trial space, while preserving sufficient flexibil-
ity for the neural network to learn the coupled interfacial and concentration dynamics.
The proposed representation is constructed so that the increments of ϕ and c are gen-
erated through the same tempered fractional-memory mechanism that appears in the



6 KUMAR ET AL.

governing tTFCP system. Using the compact form (2.4), the transformed tempered
dynamics suggest that the evolution contains a history contribution of convolution
type. In particular, the tempered fractional integral associated with the memory part
is defined componentwise by

(3.1) Iα,λt [w](x, t) =
1

Γ(α)

∫ t

0

(t− s)α−1e−λ(t−s)w(x, s) ds.

This operator represents the weakly singular and exponentially tempered accumu-
lation of a source term over past times. The factor (t − s)α−1 characterizes the
fractional-memory contribution near the initial time, while e−λ(t−s) controls the at-
tenuation of remote history. Hence, the tempering parameter λ regulates the effective
memory length of the model. In the limiting case λ = 0, (3.1) reduces to the standard
fractional integral associated with the Caputo derivative. Motivated by this tempered
memory operator, the FM-tfPINN trial function is defined by

(3.2) uθ(x, t) = ub(x, t) + ρ(x)⊙ Iα,λt [zθ](x, t),

where

uθ = (ϕθ, cθ)
⊤, zθ = (zϕ,θ, zc,θ)

⊤, ρ = (ρϕ, ρc)
⊤.

Here, zθ is a trainable latent neural field, ub = (ϕb, cb)
⊤ is a lifting function selected

according to the prescribed initial and boundary data, ρ is a componentwise boundary
mask, and ⊙ in (3.2) denotes the Hadamard product. Equivalently, (3.2) gives

ϕθ(x, t) = ϕb(x, t) + ρϕ(x)Iα,λt [zϕ,θ](x, t),(3.3)

cθ(x, t) = cb(x, t) + ρc(x)Iα,λt [zc,θ](x, t).(3.4)

Thus, the neural network does not directly parameterize the weakly regular physical
variables. Instead, it learns the latent memory-source fields whose tempered frac-
tional accumulation generates the coupled phase-field and concentration response.
The masks ρϕ and ρc are chosen according to the boundary structure of the problem.
The role of the tempering parameter is embedded directly into the representation
through the kernel in (3.1). When λ is small, the exponential factor decays slowly
and the representation retains a stronger contribution from earlier states. When λ is
larger, the effect of remote history is damped more rapidly. Consequently, the same
representation can describe both weakly tempered and strongly tempered corrosion
dynamics. This is particularly relevant for tTFCP systems, where early-time weak
regularity and finite-memory attenuation must be captured simultaneously.

The representation (3.2) does not rely on prescribing a fixed temporal profile for
the solution. The weak fractional behavior is induced by the memory operator acting
on the learned latent fields. Indeed, if zϕ,θ and zc,θ are regular near t = 0, then (3.1)
gives, for q ∈ {ϕ, c},

Iα,λt [zq,θ](x, t) =
zq,θ(x, 0)

Γ(1 + α)
tα +O(tα+1), t→ 0+.

Hence,

(3.5) qθ(x, t)− qb(x, t) =
ρq(x)zq,θ(x, 0)

Γ(1 + α)
tα +O(tα+1), q ∈ {ϕ, c}.
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The weak fractional scale is therefore generated by the tempered memory kernel, while
its spatial amplitude and later-time modulation are determined by the trainable latent
fields. This transfers the approximation task from the weakly regular variables (ϕ, c)
to the memory-source fields (zϕ,θ, zc,θ), which is more consistent with the structure
of tempered fractional evolution. The initial condition is also incorporated naturally.
Since Iα,λ0 [zθ](x, 0) = 0, (3.2) gives uθ(x, 0) = ub(x, 0). Thus, choosing ub(x, 0) =
u0(x) enforces the prescribed initial state.

3.2. Fast SOE-Accelerated Shifted Memory Residual. We next describe
the discrete memory residual used to enforce the tTFCP system in FM-tfPINN. Since
the governing equations involve tempered Caputo derivatives, the temporal residual
must represent both the weak initial singularity and the nonlocal memory contribu-
tion. Therefore we employ a graded temporal grid, a shifted high-order approximation
of the transformed Caputo history, and an SOE-based compression of the weakly sin-
gular kernel. Let 0 = t0 < t1 < · · · < tNt

= T be a power-law graded mesh:

(3.6) tn = T
( n

Nt

)r

, 0 ≤ n ≤ Nt, r ≥ 1.

We denote the local temporal step sizes and the maximum temporal step size, respec-
tively, by τn = tn − tn−1, 1 ≤ n ≤ Nt, with τ = max1≤n≤Nt τn. The shifted temporal
level is chosen as

σ = 1− α

2
, tn+σ = (1− σ)tn + σtn+1, 0 ≤ n ≤ Nt − 1.

In forward simulations, α is prescribed and hence σ is fixed. In the present work,
α is prescribed, and hence the shifted level σ = 1 − α/2 is fixed during training.
For a scalar quantity q, we write qn(x) = q(x, tn). The tempered Caputo derivative
is evaluated through the transformed variable q̃(x, t) = eλtq(x, t). Accordingly, we
define the tempered increment

(3.7) ∇λ
τ q

n+1 = q̃ n+1 − q̃ n = eλtn+1qn+1 − eλtnqn, 0 ≤ n ≤ Nt − 1.

The shifted nonuniform high-order approximation of the tempered derivative at tn+σ

can then be written as

(3.8) (λDα
τ q)

n+σ = e−λtn+σ

n∑
j=0

A
(n+1)
n−j ∇

λ
τ q

j+1, 0 ≤ n ≤ Nt − 1,

where the coefficients A
(n+1)
n−j are generated by the shifted high-order approximation

on the graded mesh [12]. The factor e−λtn+σ maps the Caputo derivative of the
transformed variable q̃ back to the tempered derivative of q. For weakly singular
solutions, the graded mesh (3.6) is essential for resolving the initial layer. Under the
usual temporal regularity assumptions, such shifted graded approximations yield the
consistency behavior O(τmin{rα,2}), cf. [32, 15].

A direct evaluation of (3.8) requires all previous temporal increments and becomes
too expensive for long-time simulations and for residual evaluation at many collocation
points. To avoid this full history summation, we approximate the weakly singular
kernel of the transformed Caputo derivative by a sum of exponentials [3, 14],

(3.9) ω1−α(t) =
t−α

Γ(1− α)
≈

Nq∑
ℓ=1

νℓe−s
ℓt, t > 0,
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where {sℓ, νℓ}Nq

ℓ=1 are the SOE nodes and weights. The tempering is therefore not
inserted into the SOE kernel itself. Instead, it is incorporated through the trans-
formed increments ∇λ

τ q
n+1 and through the multiplier e−λtn+σ in the final derivative

approximation. Using (3.9), the fast compressed-history approximation is written as
(3.10)

(λDα
τ,Fq)

n+σ = e−λtn+σ

[
a
(n+1)
0 ∇λ

τ q
n+1 +

Nq∑
ℓ=1

νℓe−s
ℓστn+1Vℓ

q(tn)

]
, 0 ≤ n < Nt.

Here Vℓ
q denotes the compressed history variable associated with the ℓ-th exponential

mode. The memory variables are initialized by Vℓ
q(t0) = 0, 1 ≤ ℓ ≤ Nq. For 1 ≤ m ≤

Nt − 1, they are updated recursively as

(3.11) Vℓ
q(tm) = e−s

ℓτmVℓ
q(tm−1) + a(m,ℓ)∇λ

τ q
m + b(m,ℓ)(ϱm∇λ

τ q
m+1 −∇λ

τ q
m),

where ϱm = τm/τm+1. The coefficients a(m,ℓ) and b(m,ℓ) are obtained by exact inte-
gration of the exponential kernels over the corresponding nonuniform time intervals
[14, 12]. Through this recursion, the full temporal history is replaced by a finite col-
lection of memory variables. As a result, only O(Nq) memory variables need to be
stored, and the evaluation of the compressed history contribution at each shifted time
level costs O(Nq) operations.

We now apply (3.10) to the FM-tfPINN approximation. For uθ = (ϕθ, cθ)
⊤, the

shifted neural values are defined componentwise by

qn+σ
θ (x) = (1− σ)qnθ (x) + σqn+1

θ (x), q ∈ {ϕ, c}.

The corresponding fast tempered derivative of the neural prediction is
(3.12)

(λDα
τ,Fqθ)

n+σ = e−λtn+σ

[
a
(n+1)
0 ∇λ

τ q
n+1
θ +

Nq∑
ℓ=1

νℓe−s
ℓστn+1Vℓ

q,θ(tn)

]
, q ∈ {ϕ, c},

where the neural history variables Vℓ
q,θ are generated from the tempered increments

of qθ through the recursion (3.11). Using the compact operator notation introduced
in (2.4), the componentwise form of the tTFCP system is written as

∂α,λ
t ϕ = Fϕ[ϕ, c], ∂α,λ

t c = Fc[ϕ, c],

where Fϕ and Fc denote the coupled phase-field and concentration operators, re-
spectively. Substituting the FM-tfPINN approximation into the shifted compressed-
history discretization gives the componentwise residuals

(3.13) Rn+σ
ϕ,θ (x) = (λDα

τ,Fϕθ)
n+σ(x)−Fϕ[ϕ

n+σ
θ , cn+σ

θ ](x),

and

(3.14) Rn+σ
c,θ (x) = (λDα

τ,Fcθ)
n+σ(x)−Fcϕ

n+σ
θ , cn+σ

θ ](x),

for 0 ≤ n ≤ Nt − 1. The pair Rn+σ
θ = (Rn+σ

ϕ,θ ,Rn+σ
c,θ )⊤ is referred to as the shifted

memory residual. Its first part contains the local transformed increment and the
compressed history contribution, while its second part enforces the coupled phase-
field and concentration dynamics at the shifted temporal level.
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3.3. Interface-Aware and Residual-Adaptive Collocation. The residuals
in (3.13) and (3.14) are evaluated on shifted temporal levels and on selected spatial
collocation points. For the tTFCP system, a uniform distribution of residual points
over the whole domain may be inefficient, since the strongest variations of ϕ and c
are concentrated near the diffuse corrosion interface. The phase transition, concen-
tration redistribution, and interface motion are all governed by this localized region.
Therefore, in addition to bulk collocation points, FM-tfPINN employs interface-aware
sampling and, for geometrically more complex settings, residual-adaptive enrichment.
Let Tσ = {tn+σ : 0 ≤ n ≤ Nt−1} denote the shifted temporal grid. The basic residual
collocation set is written as Sr = Sbulk ∪ SΓ0 , where Sbulk ⊂ Ω×Tσ contains residual
points distributed in the space-time domain, and SΓ0 denotes an enriched set near
the initial diffuse interface. For a one-dimensional corrosion front, the initial interface
band can be selected as

S1DΓ0
=

{
(x, tn+σ) : |x− xΓ,0| ≤ ηΓℓ, tn+σ ∈ Tσ

}
,

where xΓ,0 is the initial interface location, ℓ is the diffuse-interface thickness, and
ηΓ > 0 determines the width of the enriched band. For a two-dimensional curved
corrosion front, the corresponding initial interface band can be selected according
to the initial interface geometry. For instance, if the initial front is described by a
circular level set with center (xc, yc) and radius R0, one may use

S2DΓ0
=

{
((x, y), tn+σ) :

∣∣√(x− xc)2 + (y − yc)2 −R0

∣∣ ≤ ηΓℓ, tn+σ ∈ Tσ
}
.

In corrosion phase-field simulations, the largest spatial gradients and the strongest
coupling between ϕ and c occur near the diffuse interface. Enforcing the shifted mem-
ory residuals in this region improves the resolution of front propagation, concentration
depletion, and interface-induced source terms. Thus, the enriched interface band fo-
cuses the training process on the part of the domain where the coupled corrosion
dynamics are most active. Boundary collocation sets are introduced separately for
boundary conditions that are not imposed directly through the neural representation.
We denote these sets by Sb,ϕ and Sb,c.

Their use depends on the boundary structure of the problem under consideration.
If a Dirichlet-type constraint is incorporated through a lifting or masking function,
the corresponding boundary loss can be omitted. If no-flux or Neumann-type condi-
tions are prescribed, the required normal-derivative constraints are enforced through
boundary collocation points. This treatment allows the same FM-tfPINN formulation
to accommodate both hard and weak boundary enforcement without modifying the
shifted memory residual.

Moreover, the initially enriched set may not remain sufficient during training be-
cause the corrosion front evolves and the residual error may become localized away
from the initial interface. To address this issue, an additional residual-adaptive en-
richment can be used. Given a set of candidate spatial points C ⊂ Ω, we compute the
residual indicator

(3.15) ηθ(x) =
1

Nt

Nt−1∑
n=0

(∣∣Rn+σ
ϕ,θ (x)

∣∣+ ∣∣Rn+σ
c,θ (x)

∣∣), x ∈ C.

Points with relatively large values of ηθ are selected to form the residual-enriched set
Sres. The residual collocation set is then updated as Sr ← Sr ∪Sres. This enrichment
directs additional residual enforcement to regions where the current approximation has
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difficulty satisfying the coupled shifted memory equations. In geometrically complex
corrosion configurations, residual-adaptive enrichment can be complemented by a self-
interface enrichment based on the current FM-tfPINN prediction. At selected training
stages, the predicted diffuse-interface region is identified by

BΓ,θ(t) = {x ∈ Ω : ϕmin < ϕθ(x, t) < ϕmax},

where typical choices are ϕmin = 0.2 and ϕmax = 0.8. Collocation points sampled
from this predicted interface band form the set Sself , and the residual set is enriched
by Sr ← Sr ∪ Sself . This procedure tracks the moving diffuse interface using only the
current FM-tfPINN approximation. It does not require reference solutions or exact
interface locations. The final residual collocation strategy is selected according to
the spatial complexity of the corrosion configuration. For problems with a simple
interface motion, the residual set can be taken as Sr = Sbulk ∪ SΓ0

. For problems
involving curved or strongly evolving interfaces, the enriched set can be written as

Sr = Sbulk ∪ SΓ0
∪ Sself ∪ Sres.

This distinction keeps the collocation strategy flexible: additional enrichment is acti-
vated only when the geometry and residual localization require it. To keep the training
cost controlled, the enriched residual set is either capped or periodically resampled.
In practice, one may impose |Sr| ≤ Nr,max, where Nr,max is a prescribed maximum
number of residual points. This prevents the adaptive enrichment from increasing the
computational cost without bound while still allowing the optimizer to focus on the
most informative regions.

3.4. Physics-Informed Loss Formulation. We now formulate the training
objective used to determine the parameters of the FM-tfPINN approximation. After
constructing the tempered fractional-memory representation and the shifted memory
residuals, the remaining task is to enforce the coupled phase-field corrosion dynam-
ics, the boundary conditions, and the physically admissible ranges of the predicted
variables. The loss is therefore assembled from the componentwise residual errors for
ϕ and c, boundary residuals, bound constraints, and, for inverse problems, mismatch
terms associated with physical corrosion observations. Using the residuals defined in
(3.13) and (3.14), we define

(3.16) Lr,ϕ =
1

|Sr|
∑

(xi,tn+σ)∈Sr

∣∣Rn+σ
ϕ,θ (xi)

∣∣2,
and

(3.17) Lr,c =
1

|Sr|
∑

(xi,tn+σ)∈Sr

∣∣Rn+σ
c,θ (xi)

∣∣2.
The total residual loss is written as Lr = ωϕLr,ϕ+ωcLr,c, where ωϕ and ωc balance the
contributions of the phase-field and concentration equations. This separation is useful
because the two equations may have different physical scales, different differential
orders, and different sensitivities near the moving diffuse interface. We define

(3.18) Lbc,q =
1

|Sb,q|
∑

(xi,tn+σ)∈Sb,q

∣∣∇qn+σ
θ (xi) · n− g n+σ

q,b (xi)
∣∣2, q ∈ {ϕ, c},
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where n is the outward unit normal and gq,b denotes the prescribed boundary flux.
For homogeneous no-flux boundaries, gq,b = 0. The total boundary contribution is
written as Lbc = ωbc,ϕLbc,ϕ + ωbc,cLbc,c. In addition to the governing equations and
boundary conditions, the corrosion variables must remain physically admissible. The
phase-field variable represents a phase indicator and is expected to remain in the
interval [0, 1], while the concentration variable should remain nonnegative and, in the
nondimensional settings used here, is also restricted to [0, 1]. Therefore we include
the bound penalty

(3.19)

Lbound =
1

|Sq|
∑

(xi,tn+σ)∈Sq

[
ReLU

(
−ϕn+σ

θ (xi)
)2

+ReLU
(
ϕn+σ
θ (xi)− 1

)2
+ReLU

(
−cn+σ

θ (xi)
)2

+ReLU
(
cn+σ
θ (xi)− 1

)2]
,

where Sq is the set of points at which the admissibility constraints are monitored.
This term is not intended to replace the physics residual. Rather, it stabilizes the op-
timization by discouraging nonphysical values of ϕθ and cθ, especially near the diffuse
corrosion interface. For inverse identification from physical corrosion observations, we
augment the forward loss by an observation mismatch term. Let Sd,ϕ and Sd,c denote
the available observation sets for the phase-field and concentration variables. The
field-data losses are defined as

(3.20) Ld,ϕ =
1

|Sd,ϕ|
∑

(xi,ti)∈Sd,ϕ

|ϕθ(xi, ti)− ϕobs
i |2,

and

(3.21) Ld,c =
1

|Sd,c|
∑

(xi,ti)∈Sd,c

|cθ(xi, ti)− cobsi |2.

In corrosion applications, observations are often available in the form of geometric
or physically aggregated quantities rather than full-field measurements. We therefore
also allow a diagnostic data term

(3.22) Ld,g =
1

Ng

Ng∑
i=1

|Gθ(ti)− Gobs(ti)|2,

where G may denote corrosion depth, interface concentration, concentration peak, pit
area, or equivalent pit radius. The total observation loss is then

(3.23) Ldata = ωd,ϕLd,ϕ + ωd,cLd,c + ωd,gLd,g.

For the forward simulations, the data weights are set to zero. In the inverse iden-
tification setting considered in this work, the unknown physical parameter vector is
taken as κ = (Lmob,Mmob)

⊤, so that the optimization is performed with respect to
(θ,κ). Combining the above contributions, the forward FM-tfPINN objective is

(3.24) LF = Lr + Lbc + ωboundLbound.

The inverse objective is obtained by adding the observation term, LI = LF + Ldata.
Thus, the same loss formulation covers both forward prediction and inverse identifica-
tion. The resulting optimization couples the compressed tempered-memory residuals,
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interfacial boundary constraints, physical admissibility of the phase and concentration
fields, and, when available, physical corrosion observations within a single FM-tfPINN
framework. The complete training workflow is given in Algorithm 3.1. All trainable
variables, namely the neural parameters θ and, for inverse problems, the unknown
physical parameters κ, are optimized using the Adam algorithm [18]. The computa-
tional implementation is performed in the TensorFlow environment [1].

Algorithm 3.1 FM-tfPINN training procedure for the tTFCP system

Require: Domain Ω, final time T , time levels Nt, grading exponent r, parameters α, λ, initial state
u0 = (ϕ0, c0)

⊤, lifting ub, masks ρ, collocation sets Sbulk,SΓ0 ,Sb,ϕ,Sb,c,Sq , optional adaptive sets
Sself ,Sres, candidate set C, maximum residual-set size Nr,max, optional observations Dobs, SOE nodes

and weights {(sℓ, νℓ)}Nq
ℓ=1, loss weights, maximum iterations Miter, tolerance εtol, learning rate ηlr

Ensure: Trained parameters θ∗, optional inverse parameters κ∗, and learned approximation uθ∗ =
(ϕθ∗ , cθ∗ )⊤

1: Initialize neural parameters θ(0) for zθ = (zϕ,θ, zc,θ)
⊤

2: if inverse identification is considered then
3: Initialize κ(0) = (L

(0)
mob,M

(0)
mob)

⊤

4: end if
5: Build tn = T (n/Nt)

r, 0 ≤ n ≤ Nt, and set σ = 1− α/2, tn+σ = (1− σ)tn + σtn+1

6: Generate shifted temporal coefficients and SOE quadrature data
7: Set the initial residual set Sr = Sbulk ∪ SΓ0
8: for it = 1, . . . ,Miter do
9: if inverse identification is considered then
10: Update the physical coefficients in the residual using the current κ
11: end if
12: if self-interface enrichment is activated at iteration it then
13: Sample Sself from {x ∈ Ω : ϕmin < ϕθ(x, t) < ϕmax} and set Sr ← Sr ∪ Sself for subsequent

residual evaluations
14: end if
15: if residual-adaptive enrichment is activated at iteration it then
16: Select Sres from C using ηθ(x) in (3.15), set Sr ← Sr ∪ Sres, and cap |Sr| ≤ Nr,max for

subsequent residual evaluations
17: end if
18: Evaluate uθ = ub + ρ⊙ Iα,λ

t [zθ ] on the active residual, boundary, admissibility, and data sets

19: Form qn+σ
θ = (1− σ)qnθ + σqn+1

θ , q ∈ {ϕ, c}
20: Compute ∇λ

τ q
n+1
θ = eλtn+1qn+1

θ − eλtnqnθ
21: Reinitialize Vℓ

q,θ(t0) = 0, q ∈ {ϕ, c}, 1 ≤ ℓ ≤ Nq , for the current network parameters

22: Recompute the SOE histories Vℓ
q,θ from the current tempered increments using (3.11)

23: Assemble (λDα
τ,Fqθ)

n+σ using (3.12)

24: Compute Rn+σ
ϕ,θ and Rn+σ

c,θ from (3.13)–(3.14)

25: Evaluate Lr, Lbc, Lbound, and, if observations are available, Ldata

26: Set L = LF for forward prediction and L = LI for inverse identification
27: if inverse identification is considered then
28: Update (θ,κ)← (θ,κ)− ηlr∇(θ,κ)L
29: else
30: Update θ ← θ − ηlr∇θL
31: end if
32: if L < εtol then
33: break
34: end if
35: end for
36: Set θ∗ = θ and, if applicable, κ∗ = κ
37: return θ∗, κ∗ if applicable, and uθ∗

4. Numerical Experiments. Here we assess the performance of the proposed
FM-tfPINN framework for forward prediction and inverse identification of the tTFCP
system. The numerical tests are designed to examine the ability of the method to cap-
ture weak initial fractional regularity, tempered memory attenuation, moving diffuse
interfaces, concentration-driven corrosion response and geometry-dependent pitting
evolution. All experiments employ the graded temporal mesh tn = T (n/Nt)

r, the
shifted levels tn+σ, the SOE-compressed tempered memory residual and the fractional-
memory generated approximation uθ = (ϕθ, cθ)

⊤. The network architecture, colloca-
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Table 1: Error measures and physical diagnostics used in the numerical experiments.

Category Quantity Used in

Field accuracy Eq
2 = ∥qθ−qref∥2

∥qref∥2
, Eq

∞ = ∥qθ−qref∥∞, and

q ∈ {ϕ, c}.
All forward examples

One-dimensional cor-
rosion response

Corrosion depth d(t), interface concen-
tration cΓ(t), and concentration peak
cmax(t).

Examples 4.1 and 4.2

Tempered-memory
behavior

Ordinary concentration mass Mc(t) and
tempered mass eλtMc(t).

Memory-consistency
check

Two-dimensional pit-
ting response

Pit area Apit(t) and equivalent radius
Req(t).

Example 4.3

Inverse identification Absolute parameter error |κj−κj,ref |, rel-
ative parameter error |κj −κj,ref |/|κj,ref |,
and observation mismatch Eobs.

Example 4.4

tion size, loss weights, training iterations, and example-specific physical parameters
are reported separately for each test. The error measures and physical diagnostics
used throughout the numerical section are summarized in Table 1.

4.1. Tempered fractional Pencil-Electrode Corrosion.

4.1.1. Problem Statement. We first consider a one-dimensional tempered
fractional pencil-electrode corrosion problem on Ω = (−Hs, Hl). The two coupled
unknowns are the phase-field variable ϕ(x, t) and the normalized concentration field
c(x, t). In this test, ϕ = 1 corresponds to the metal region, whereas ϕ = 0 corresponds
to the electrolyte region. For 0 < α < 1, λ ≥ 0, the governing tTFCP system reads

(4.1)



∂α,λ
t ϕ = 2AchemLmob

[
c− h(ϕ)(cSe − cLe)− cLe

]
(cSe − cLe)h

′(ϕ)

− Lmobwϕg
′(ϕ) + Lmobαϕϕxx,

∂α,λ
t c = 2AchemMmobcxx − 2AchemMmob(cSe − cLe)(h(ϕ))xx,

x ∈ (−Hs, Hl), t ∈ (0, T ],

ϕ(x, 0) = ϕ0(x), c(x, 0) = c0(x), x ∈ [−Hs, Hl],

ϕ(−Hs, t) = 1, ϕ(Hl, t) = 0, t ∈ [0, T ],

cx(−Hs, t) = 0, cx(Hl, t) = 0, t ∈ [0, T ].

Here, Achem denotes the chemical-energy scaling factor, while Lmob and Mmob specify
the mobilities associated with the phase-field and concentration equations, respec-
tively. The parameter wϕ controls the double-well energy contribution, and αϕ denotes
the gradient-energy coefficient. The quantities cSe and cLe represent the equilibrium
concentration levels corresponding to the solid and liquid phases, respectively. The
interpolation function and double-well potential are chosen as

h(ϕ) = ϕ3(6ϕ2 − 15ϕ+ 10), g(ϕ) = ϕ2(1− ϕ)2.

The initial diffuse interface is centered at x = 0 and is prescribed by

(4.2) ϕ0(x) =
1

2

[
1− tanh

( x√
2 ℓ

)]
, c0(x) = h(ϕ0(x))cSe, ℓ =

√
αϕ

wϕ
.
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The Dirichlet boundary conditions for ϕ fix the metal and electrolyte states at the
two ends of the computational interval, while the homogeneous Neumann conditions
for c impose zero concentration flux through the boundary. This example provides a
physical forward test for FM-tfPINN, since the method must resolve a moving diffuse
corrosion front, concentration redistribution, weak fractional-memory behavior near
the initial time, and the finite-memory attenuation induced by the tempering factor.

4.1.2. Implementation Details. The numerical treatment of this problem is
carried out using the FM-tfPINN procedure described in Algorithm 3.1. In accor-
dance with the fractional-memory construction introduced in Section 3.1, the neural
approximation is written in the form

(4.3) ϕθ(x, t) = ϕ0(x) + ρϕ(x)Iα,λt [zϕ,θ](x, t), cθ(x, t) = c0(x) + Iα,λt [zc,θ](x, t),

where the spatial mask for the phase-field component is chosen as

ρϕ(x) = (x+Hs)(Hl − x).

This construction incorporates the initial profiles directly, since Iα,λt [·] = 0 at t = 0.
In addition, the factor ρϕ vanishes at both endpoints of the computational interval, so
the boundary values of the phase-field lifting are retained throughout training. For the
present choice of ϕ0, these endpoint values are consistent with the prescribed metal
and electrolyte states up to negligible truncation error. The concentration equation is
treated with the same memory-generated form, while its homogeneous no-flux bound-
ary condition is imposed through the boundary loss. Since the present test is a forward
prediction problem, no observation term is included in the objective. A reference so-
lution is computed with a fast SOE-accelerated shifted finite-difference discretization
of the same tempered fractional coupled phase-field model. The FM-tfPINN residual
is evaluated at the shifted temporal levels {tn+σ}Nt−1

n=0 , where σ = 1 − α/2, and at
spatial collocation points consisting of bulk samples together with additional points
concentrated near the initial diffuse interface. The main computational parameters
used in this experiment are given in Table 2.

4.1.3. Results and Discussion. We now examine the predictive accuracy and
physical consistency of FM-tfPINN for the tempered fractional pencil-electrode cor-
rosion problem. Figure 1 compares the learned profiles with the reference solution
at representative time levels. The predicted phase-field ϕθ accurately follows the
reference interfacial transition, while the concentration field cθ captures the coupled
redistribution induced by the moving corrosion front. The agreement is maintained in
the interfacial region, where the spatial gradients are strongest and where the coupling
between ϕ and c is most pronounced. This confirms that the fractional-memory neural
representation can resolve the coupled tempered dynamics without using observation
data in the forward setting.

The quantitative results are summarized in Table 3. The relative L2 errors for
both components are of order 10−3, which indicates that the proposed method gives an
accurate global approximation of the coupled solution. The maximum errors remain
localized and are mainly associated with the diffuse-interface transition, where small
spatial shifts in the interface location can produce larger pointwise deviations. The
physical corrosion-depth error is also small, showing that FM-tfPINN captures not
only the field variables but also the derived moving-interface quantity. In addition,
the tempered concentration-mass drift remains below 10−3, providing a memory-
consistency check for the learned solution.
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Table 2: Implementation details for Example 4.1.

Item Setting

Configuration FM-tfPINN forward prediction

Computational domain Ω = (−1, 1), with Hs = Hl = 1

Final time T = 0.2

Fractional order and tempering α = 0.8, λ = 1

Shifted level σ = 1− α/2 = 0.6

FM-tfPINN temporal grid Nt = 32, r = (3− α)/α

Reference temporal grid Nref
t = 800, rref = 2

Memory-integral quadrature 8-point Gauss–Legendre rule

Residual spatial points 30 bulk points and 30 initial-interface enriched points

Interface band width 3ℓ, where ℓ =
√

αϕ/wϕ

Neural network 3 hidden layers with 15 neurons per layer

Network input and output (x, t) 7→ (zϕ,θ, zc,θ)

Activation function tanh

Physical parameters Achem = 1, Lmob = Mmob = 10−3, wϕ = 1, αϕ = 10−3

Equilibrium concentrations cSe = 1, cLe = 0.036

Optimizer Adam

Learning rate 10−4

Training iterations 3.0× 104

Loss weights ωϕ = 1, ωc = 1, ωbc,c = 1, ωbound = 5× 10−2, ωd = 0

Table 3: Quantitative diagnostics for Example 4.1.

Diagnostic quantity Value

Relative L2 error of the phase field, Eϕ
2 1.960235e−03

Relative L2 error of the concentration field, Ec
2 1.997110e−03

Maximum error of the phase field, Eϕ
∞ 1.065786e−02

Maximum error of the concentration field, Ec
∞ 1.195869e−02

Relative error of the corrosion depth, d(t) 5.597786e−03
Predicted final corrosion depth, dθ(tNt−1+σ) 1.052768e−02
Reference final corrosion depth, dref (tNt−1+σ) 1.058363e−02
Maximum tempered concentration-mass drift 4.798906e−04

Figure 2 further reports the physical diagnostics associated with corrosion-front
motion and tempered mass behavior. The predicted corrosion depth dθ(t) closely
follows the reference depth dref(t) throughout the computational time interval. This is
a nontrivial validation because the depth is extracted from the learned diffuse interface
and is not imposed directly during training. The result therefore demonstrates that
the learned solution preserves the physically relevant interface motion generated by
the coupled tTFCP dynamics.
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Fig. 1: Profile comparison for Example 4.1. Subfigure (a) shows the phase-field profile
ϕθ(x, t) against the reference solution. Subfigure (b) shows the concentration profile
cθ(x, t) against the reference solution.
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Fig. 2: Physical diagnostics for Example 4.1. Subfigure (a) compares the predicted
corrosion depth dθ(t) with the reference depth dref(t). Subfigure (b) shows the tem-
pered concentration-mass drift eλtMc,θ(t)−Mc,θ(0).
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The tempered concentration-mass diagnostic in Figure 2 provides an additional
check on the memory-aware structure of the approximation. The small drift of
eλtMc,θ(t) − Mc,θ(0) indicates that the learned concentration field remains consis-
tent with the expected tempered-memory response. Overall, this example shows that
FM-tfPINN can simultaneously approximate the coupled phase-field and concentra-
tion variables, recover corrosion-front motion and maintain a stable tempered-memory
diagnostic for a one-dimensional pencil-electrode corrosion process.

4.2. Activation- and Diffusion-Controlled Corrosion Regimes.

4.2.1. Problem Statement. We next consider a regime-dependent corrosion
test governed by the same tTFCP system introduced in Example 4.1. The purpose
of this experiment is to examine whether FM-tfPINN can resolve two qualitatively
different corrosion mechanisms within the same coupled phase-field formulation. The
first case represents an activation-controlled regime, where the phase-field mobility is
small and the interfacial reaction is comparatively slow. The second case represents
a diffusion-controlled regime, where the phase-field mobility is increased so that the
concentration transport becomes the dominant limiting mechanism. Thus, the model
equations, interpolation function h(ϕ), double-well potential g(ϕ), initial diffuse in-
terface, and boundary conditions are kept identical to those in (4.1)–(4.2), while the
corrosion mechanism is distinguished through the mobility pair

(4.4) (Lmob,Mmob) =

{
(10−4, 10−3), activation-controlled regime,

(5× 10−1, 10−3), diffusion-controlled regime.

In both cases, the concentration mobility Mmob is fixed, while the phase-field mobility
Lmob is varied to produce distinct corrosion responses. This configuration provides a
more demanding validation than a single-regime forward test, since the method must
capture not only the coupled evolution of ϕ and c, but also the changes in corrosion
depth, interface concentration, and concentration peak induced by the underlying
kinetic regime.

4.2.2. Implementation Details. The numerical implementation follows the
FM-tfPINN procedure in Algorithm 3.1. Since the governing equations, boundary
conditions, and initial profiles are inherited from Example 4.1, the same fractional-
memory neural representation in (4.3) is used for both regimes. In particular, the
phase-field component is represented with the endpoint-vanishing mask ρϕ(x), and
the concentration component is represented through the tempered fractional-memory
increment. The Dirichlet boundary conditions for ϕ are therefore imposed while the
homogeneous no-flux condition for c is imposed through the boundary loss. No ob-
servation data are used in this forward experiment.

For each regime, a corresponding reference solution is generated using the same
fast SOE-accelerated shifted finite-difference solver used in Example 4.1. The FM-
tfPINN residual is evaluated on the shifted temporal levels tn+σ, with σ = 1 − α/2,
and the residual collocation set includes both bulk points and points concentrated
near the initial diffuse interface. In addition to the field errors Eϕ

2 , Ec
2, Eϕ

∞, and
Ec
∞, this example reports the corrosion depth d(t), the interface concentration cΓ(t),

and the concentration peak cmax(t), which are the relevant physical diagnostics for
distinguishing the two regimes. The settings are summarized in Table 4.

4.2.3. Results and Discussion. We now compare the performance of FM-
tfPINN for the activation-controlled and diffusion-controlled regimes. The objective
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Table 4: Regime-dependent implementation details for Example 4.2. The remaining
model functions, initial profiles, boundary conditions, optimizer, and neural represen-
tation are the same as in Example 4.1.

Item Activation-controlled regime Diffusion-controlled regime

Configuration FM-tfPINN forward prediction FM-tfPINN forward prediction

Tempering parameter λ = 1 λ = 1

Fractional order α = 0.8 α = 0.8

Phase-field mobility Lmob = 10−4 Lmob = 5× 10−1

Concentration mobility Mmob = 10−3 Mmob = 10−3

Shifted level σ = 1− α/2 = 0.6 σ = 1− α/2 = 0.6

FM-tfPINN temporal grid Nt = 20, r = (3− α)/α Nt = 20, r = (3− α)/α

Main diagnostics d(t), cΓ(t), cmax(t) d(t), cΓ(t), cmax(t)

Training iterations 3.0× 104 3.0× 104

Data weight ωd = 0 ωd = 0

is to determine whether the same fractional-memory neural representation can resolve
the coupled phase-field and concentration dynamics when the kinetic mechanism is
changed through the phase-field mobility. Figure 3 shows the predicted profiles for
both regimes. In each case, the learned phase field ϕθ follows the reference diffuse
interface, while the learned concentration cθ reproduces the concentration redistribu-
tion across the interfacial region. The agreement is especially relevant near the moving
front, where the phase transition and concentration gradient are strongly coupled.

The quantitative diagnostics are summarized in Table 5. In both regimes, the
concentration field is recovered with relative L2 accuracy of order 10−3, while the
phase-field relative error remains at the order of 10−2. More importantly, the phys-
ical diagnostics d(t), cΓ(t), and cmax(t) are reproduced with small relative errors in
both regimes. This confirms that the learned solution retains the physically relevant
corrosion observables, not only the pointwise field values.

Table 5: Quantitative diagnostics for Example 4.2.

Diagnostic quantity Activation Diffusion

Relative L2 error of ϕ, Eϕ
2 2.037352e−02 2.167774e−02

Relative L2 error of c, Ec
2 1.747944e−03 2.089513e−03

Maximum error of ϕ, Eϕ
∞ 2.748618e−02 1.963470e−02

Maximum error of c, Ec
∞ 6.914768e−03 8.201043e−03

Relative error of corrosion depth d(t) 3.412541e−03 3.467779e−03
Relative error of interface concentration cΓ(t) 4.317552e−04 7.307622e−04
Relative error of concentration peak cmax(t) 4.098336e−04 5.774832e−04
Final predicted corrosion depth dθ 1.049582e−02 2.089889e−02
Final reference corrosion depth dref 1.050628e−02 2.081510e−02
Final predicted interface concentration cΓ,θ 3.335405e−01 3.861993e−01
Final reference interface concentration cΓ,ref 3.337007e−01 3.860398e−01
Final predicted concentration peak cmax,θ 4.892262e−01 5.039443e−01
Final reference concentration peak cmax,ref 4.895047e−01 5.039606e−01
Maximum tempered concentration-mass drift 2.715188e−04 7.776297e−04

The physical diagnostics are shown in Figure 4. The corrosion depth dθ(t) agrees
closely with the reference curve in both regimes. The diffusion-controlled case pro-
duces a larger corrosion depth than the activation-controlled case, which is consistent
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Fig. 3: Profile comparison for Example 4.2. Subfigures (a) and (b) show the phase-field
profile ϕθ(x, t) and concentration profile cθ(x, t) in the activation-controlled regime.
Subfigures (c), (d) show the corresponding profiles in the diffusion-controlled regime.

with the increased phase-field mobility and the faster interfacial advancement. The
interface concentration cΓ,θ(t) and concentration peak cmax,θ(t) are also accurately
reproduced. These quantities are sensitive to the coupling between interface motion
and concentration transport, and therefore provide a stronger physical validation than
field errors alone.

The comparison between the two regimes demonstrates that FM-tfPINN is not
restricted to a single kinetic setting. With the same memory-generated representation
and shifted residual construction, the method captures both the slower activation-
controlled response and the faster diffusion-controlled front propagation. The small
errors in the regime-sensitive diagnostics further show that the proposed framework
can recover physically meaningful corrosion observables from the coupled tempered
fractional dynamics.

4.3. Semi-Circular Pitting Corrosion.

4.3.1. Problem Statement. We next consider a two-dimensional semi-circular
pitting corrosion problem. This example extends the preceding one-dimensional tests
to a curved moving interface and is designed to assess whether FM-tfPINN can resolve
localized pitting growth in a two-dimensional geometry. The unknowns are again the
phase-field variable ϕ(x, y, t) and the concentration field c(x, y, t), where ϕ = 1 denotes
the metal phase and ϕ = 0 denotes the electrolyte or pit region. For 0 < α < 1 and
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Fig. 4: Physical diagnostics for Example 4.2. Subfigures (a)–(c) show the corro-
sion depth d(t), interface concentration cΓ(t), and concentration peak cmax(t) in the
activation-controlled regime. Subfigures (d)–(f) show the corresponding diagnostics
in the diffusion-controlled regime.

λ > 0, the two-dimensional tTFCP system is given by

(4.5)



∂α,λ
t ϕ = 2AchemLmob

[
c− h(ϕ)(cSe − cLe)− cLe

]
(cSe − cLe)h

′(ϕ)

−Lmobwϕg
′(ϕ) + Lmobαϕ∆ϕ,

∂α,λ
t c = 2AchemMmob∆c− 2AchemMmob(cSe − cLe)∆h(ϕ),

ϕ(x, y, 0) = ϕ0(x, y), c(x, y, 0) = c0(x, y), (x, y) ∈ Ω,

∇ϕ(x, y, t) · n = 0, ∇c(x, y, t) · n = 0, (x, y) ∈ ∂Ω, t ∈ [0, T ],

where n denotes the outward unit normal on ∂Ω. The interpolation function h(ϕ) and
the double-well potential g(ϕ) are the same as those used in Example 4.1. The initial
pit is represented by a diffuse semi-circular interface attached to the lower boundary.
Let rp(x, y) =

√
(x− xc)2 + (y − yc)2, where (xc, yc) is the center of the initial pit

and R0 is its initial radius. The initial phase field is prescribed by

ϕ0(x, y) =
1

2

[
1 + tanh

(rp(x, y)−R0√
2 ℓ

)]
, ℓ =

√
αϕ

wϕ
.

Thus, the region inside the semi-circular pit corresponds to the electrolyte phase,
while the exterior corresponds to the metal phase. The initial concentration is chosen
consistently with the phase interpolation,

c0(x, y) = cLe + h(ϕ0(x, y))(cSe − cLe).

This experiment therefore complements the one-dimensional tests by evaluating FM-
tfPINN in a genuinely two-dimensional interfacial setting, where the corrosion front is
curved, spatially localized, and coupled to concentration transport in both coordinate
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directions. It provides a geometric validation of the proposed framework for resolving
semi-circular pitting evolution governed by tempered fractional-memory dynamics.

4.3.2. Implementation Details. The computation is performed according to
the FM-tfPINN training procedure summarized in Algorithm 3.1. In contrast to Ex-
ample 4.1, the present two-dimensional pitting problem involves homogeneous no-flux
conditions for both coupled variables. Hence, no endpoint-vanishing Dirichlet mask
is introduced for the phase-field component. The memory-generated approximation
is therefore written as
(4.6)

ϕθ(x, y, t) = ϕ0(x, y) + Iα,λt [zϕ,θ](x, y, t), cθ(x, y, t) = c0(x, y) + Iα,λt [zc,θ](x, y, t).

The initial state is embedded in the approximation by the fractional-memory rep-
resentation, since the tempered fractional integral vanishes at the initial time. The
homogeneous no-flux boundary conditions are enforced weakly through the boundary-
loss terms, and the data-mismatch contribution is omitted because this test is per-
formed in the forward-prediction setting. A reference solution is computed using
the SOE-accelerated shifted finite-difference discretization employed in the preceding
tests, extended here to the two-dimensional system (4.5). The FM-tfPINN residual
is evaluated on the shifted temporal levels tn+σ, with σ = 1 − α/2, and on spatial
collocation points distributed in Ω.

To enhance the resolution of the localized pitting front, the residual set is enriched
by points sampled from the initial diffuse-interface band and from the predicted in-
terfacial region

{
(x, y) ∈ Ω: ϕmin < ϕθ(x, y, t) < ϕmax

}
. Additional residual-adaptive

points are selected from regions where the coupled residuals are relatively large. This
sampling strategy is well suited to the present 2D pitting problem, where the dom-
inant dynamics are concentrated around a curved moving front, while a large part
of the domain remains close to a slowly varying bulk state. Besides the field errors
Eϕ

2 , E
c
2, E

ϕ
∞, and Ec

∞, we use two geometry-based diagnostics to quantify the learned
pitting evolution. The pit area is defined by

(4.7) Apit(t) =
∣∣∣{(x, y) ∈ Ω: ϕ(x, y, t) < 0.5

}∣∣∣,
and the corresponding equivalent semi-circular radius is computed as

Req(t) =

√
2Apit(t)

π
.

These quantities provide physically interpretable measures of pit growth and allow
the accuracy of the learned two-dimensional interface motion to be assessed beyond
pointwise field errors. The implementation settings are reported in Table 6.

4.3.3. Results and Discussion. We now evaluate the proposed FM-tfPINN
framework for the 2D semi-circular pitting corrosion problem. This example is in-
tended to test whether the memory-generated approximation can resolve a localized
curved interface and recover geometry-dependent corrosion observables under the tem-
pered fractional dynamics. Figure 5 shows the learned phase-field and concentration
distributions at representative shifted time levels. The predicted phase field ϕθ(x, y, t)
preserves the semi-circular pit morphology and captures the evolution of the curved
diffuse interface. The concentration field cθ(x, y, t) evolves consistently with the pit-
ting region, indicating that the coupled interfacial and concentration dynamics are
learned simultaneously in the 2D setting.
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Table 6: Implementation details for Example 4.3.

Item Setting

Configuration FM-tfPINN forward prediction for two-dimensional pitting

Computational domain Ω = (−1, 1)× (0, 1)

Initial geometry Semi-circular diffuse pit attached to the lower boundary

Fractional order and tempering α = 0.8, λ = 1

Shifted level σ = 1− α/2 = 0.6

FM-tfPINN temporal grid Nt = 20, r = (3− α)/α

Boundary condition Homogeneous no-flux conditions for ϕ and c

Neural representation (x, y, t) 7→ (zϕ,θ, zc,θ) through (4.6)

Collocation strategy Bulk, initial-interface, self-interface, and residual-adaptive points

Self-interface band ϕmin < ϕθ < ϕmax

Physical diagnostics Pit area Apit(t) and equivalent radius Req(t)

Observation data Not used, ωd = 0
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Fig. 5: FM-tfPINN prediction for Example 4.3. Subfigure (a) shows the phase-field
distribution ϕθ(x, y, t). Subfigure (b) shows the concentration distribution cθ(x, y, t).

The corresponding absolute-error distributions are displayed in Figure 6. The
phase-field error remains small and is concentrated around the evolving semi-circular
interface, which is the most sensitive region of the computation. The concentration er-
ror is also localized primarily near the pit boundary and the associated concentration-
gradient region. This behavior is expected for a moving-interface phase-field problem,
since small geometric shifts in the diffuse front produce localized pointwise deviations
even when the global field errors remain small. The error contours therefore provide
additional evidence that FM-tfPINN resolves the two-dimensional pitting morphology
without introducing spurious global errors across the bulk region.

The quantitative diagnostics are summarized in Table 7. The relative field errors
remain small for both components, with the phase-field error below 10−3 and the
concentration error of order 10−3. More importantly, the final pit area and equivalent



FM-TFPINN FOR TTFCP SYSTEMS 23

−1 0 1
x

0.0

0.5

1.0

y

t=0.000

−1 0 1
x

0.0

0.5

1.0 t=0.035

−1 0 1
x

0.0

0.5

1.0 t=0.080

−1 0 1
x

0.0

0.5

1.0 t=0.144

0.00000
0.00316
0.00631
0.00947
0.01263

Absolute error in φ

(a)

−1 0 1
x

0.0

0.5

1.0

y

t=0.000

−1 0 1
x

0.0

0.5

1.0 t=0.035

−1 0 1
x

0.0

0.5

1.0 t=0.080

−1 0 1
x

0.0

0.5

1.0 t=0.144

0.00000
0.01104
0.02208
0.03312
0.04416

Absolute error in c

(b)

Fig. 6: Absolute-error contours for Example 4.3. Subfigure (a) shows |ϕθ − ϕref |.
Subfigure (b) shows |cθ − cref |.

radius computed from the learned phase field agree with the reference values on the
shifted evaluation grid. This confirms that FM-tfPINN recovers not only the field
variables, but also the geometric quantities that characterize the growth of the pitting
region.

Table 7: Quantitative diagnostics for Example 4.3.

Diagnostic quantity Value

Relative L2 error of the phase field, Eϕ
2 7.043799e−04

Relative L2 error of the concentration field, Ec
2 1.508610e−03

Maximum error of the phase field, Eϕ
∞ 1.262852e−02

Maximum error of the concentration field, Ec
∞ 1.415560e−02

Predicted final pit area, Apit,θ(tNt−1+σ) 1.106250e−01
Reference final pit area, Apit,ref (tNt−1+σ) 1.106250e−01
Predicted final equivalent radius, Req,θ(tNt−1+σ) 2.653791e−01
Reference final equivalent radius, Req,ref (tNt−1+σ) 2.653791e−01

Figure 7 further compares the physical pitting diagnostics obtained from FM-
tfPINN with the reference solution. The predicted pit area Apit(t) follows the refer-
ence curve throughout the simulation interval. The equivalent radius Req(t), which
converts the learned pit area into a geometry-based radius measure, also agrees with
the reference result. Since both diagnostics are extracted from the learned diffuse in-
terface and are not directly imposed as training constraints, their agreement provides
a strong validation of the proposed interface-aware and residual-adaptive FM-tfPINN
formulation.

Overall, this example demonstrates that FM-tfPINN can accurately resolve two-
dimensional pitting corrosion with a curved moving interface. The agreement of the
learned phase-field and concentration distributions, the localized structure of the ab-
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Fig. 7: Geometry-based pitting diagnostics for Example 4.3. Subfigure (a) compares
the pit area Apit(t). Subfigure (b) compares the equivalent pit radius Req(t).

solute errors, and the recovery of the pit area and equivalent radius show that the
proposed framework is effective not only for one-dimensional corrosion-front propaga-
tion but also for localized two-dimensional interface evolution governed by tempered
fractional memory.

4.4. Inverse Identification from Physical Corrosion Observations.

4.4.1. Problem Statement. We finally consider an inverse problem for identi-
fying hidden kinetic parameters in the tTFCP system from sparse physical corrosion
observations. The computational domain is Ω = (−Hs, Hl), and the coupled vari-
ables are the phase-field variable ϕ(x, t) and the normalized concentration c(x, t). In
contrast to Example 4.1, the present inverse setting is formulated with homogeneous
no-flux boundary conditions for both variables. The governing problem is
(4.8)

∂α,λ
t ϕ = 2AchemLmob

[
c− h(ϕ)(cSe − cLe)− cLe

]
(cSe − cLe)h

′(ϕ)

−Lmobwϕg
′(ϕ) + Lmobαϕϕxx,

∂α,λ
t c = 2AchemMmobcxx − 2AchemMmob(cSe − cLe)(h(ϕ))xx,

ϕ(x, 0) = ϕ0(x), c(x, 0) = c0(x), x ∈ [−Hs, Hl],

ϕx(−Hs, t) = ϕx(Hl, t) = 0, cx(−Hs, t) = cx(Hl, t) = 0, t ∈ [0, T ].

The interpolation function h(ϕ), the double-well potential g(ϕ), and the interface
thickness ℓ are the same as in the preceding forward examples. The initial phase field
is chosen as

ϕ0(x) =
1

2

[
1− tanh

( x√
2 ℓ

)]
, ℓ =

√
αϕ

wϕ
.

To generate an inverse setting based on concentration-deficient corrosion data, the
initial concentration is prescribed in the undersaturated form

c0(x) = cLe + η0h(ϕ0(x))(cSe − cLe), η0 = 0.55.

The inverse task is to recover the mobility vector κ = (Lmob,Mmob) from a sparse set
of physical observations. The true parameters used to generate the reference data are
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denoted by κ† = (L†mob,M
†
mob). The memory parameters α and λ are kept fixed in this

inverse test. This choice isolates the recovery of the kinetic and transport mobilities,
which directly influence the corrosion-front motion and concentration redistribution.
The observation data are not taken from dense solution snapshots. Instead, they
consist of sparse physical corrosion measurements at selected observation times Tobs =
{tmj
}Nobs
j=1 ⊂ (0, T ]. The observation set is

(4.9) Dobs =
{(

tmj
, dobs(tmj

), cΓ,obs(tmj
), cmax,obs(tmj

)
)}Nobs

j=1
,

where d(t) is the corrosion depth extracted from the diffuse interface, cΓ(t) is the
concentration near the interface and cmax(t) is the concentration peak. This observa-
tion design leads to a physically interpretable inverse problem, in which the unknown
mobility parameters are identified from measurable corrosion diagnostics rather than
from dense full-field solution data.

4.4.2. Implementation Details. The computation follows Algorithm 3.1 with
the inverse objective LI . Since the present problem uses homogeneous no-flux condi-
tions for both ϕ and c, the endpoint-vanishing phase-field mask used in Example 4.1
is not introduced. The memory-generated approximation is therefore written as

(4.10) ϕθ(x, t) = ϕ0(x) + Iα,λt [zϕ,θ](x, t), cθ(x, t) = c0(x) + Iα,λt [zc,θ](x, t).

The initial state is incorporated through the vanishing of the tempered fractional
integral at t = 0. The no-flux boundary conditions are imposed weakly through the
boundary-loss terms for both components. The unknown mobilities are treated as
positive trainable parameters. To preserve positivity during optimization, we use the
logarithmic parametrization

Lmob = eηL , Mmob = eηM ,

where ηL and ηM are optimized together with the neural-network parameters θ. The
full trainable set is therefore (θ, ηL, ηM ). A reference solution is generated using the
SOE-accelerated shifted finite-difference solver applied to (4.8) with the true param-
eters κ†. The sparse observations in Dobs are extracted from this reference solution.
During inverse training, only the physical observations dobs, cΓ,obs, and cmax,obs are
used in the data-mismatch loss. The full reference fields are retained only for post-
training validation. The data loss is defined by

(4.11) Ldata = ωdLd + ωΓLΓ + ωmaxLmax,

where

(4.12) Ld =
1

Nobs

Nobs∑
j=1

∣∣dθ(tmj )− dobs(tmj )
∣∣2,

(4.13) LΓ =
1

Nobs

Nobs∑
j=1

∣∣cΓ,θ(tmj )− cΓ,obs(tmj )
∣∣2,

and

(4.14) Lmax =
1

Nobs

Nobs∑
j=1

∣∣cmax,θ(tmj )− cmax,obs(tmj )
∣∣2.
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The inverse objective is then LI = LF + Ldata. In the implementation, differentiable
approximations of dθ(t), cΓ,θ(t), and cmax,θ(t) are used during training so that the
physical observation loss can be optimized by automatic differentiation. The main
settings for this inverse experiment are summarized in Table 8.

Table 8: Implementation details for Example 4.4.

Item Setting

Configuration FM-tfPINN inverse identification

Computational domain Ω = (−1, 1), with Hs = Hl = 1

Boundary condition Homogeneous no-flux conditions for ϕ and c

Fixed memory parameters α = 0.8, λ = 1

Unknown parameter vector κ = (Lmob,Mmob)

True parameters L†
mob = 10−3, M†

mob = 10−3

Trainable parametrization Lmob = eηL , Mmob = eηM

Initial concentration mode Undersaturated, with η0 = 0.55

Observation data dobs(tm), cΓ,obs(tm), cmax,obs(tm)

Number of observation times Nobs = 10

Reference solver SOE-accelerated shifted finite difference

FM-tfPINN representation (x, t) 7→ (zϕ,θ, zc,θ) through (4.10)

Training objective LI = LF + Ldata

4.4.3. Results and Discussion. We now assess the inverse capability of FM-
tfPINN for identifying the mobility parameters in the tTFCP system from sparse
physical corrosion observations. The inverse training uses only scalar corrosion obser-
vations at a small number of time instances, whereas the full reference fields are used
only for post-training validation. Figure 8 shows the convergence history of the iden-
tified mobility parameters. Both Lmob,θ and Mmob,θ converge toward their reference
values during training. The phase-field mobility is recovered with very high accuracy,
while the concentration mobility is also identified with a small relative deviation.
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Fig. 8: Parameter-identification history for Example 4.4. The curves show the learned
mobilities Lmob,θ and Mmob,θ, while the horizontal reference lines indicate L†mob and

M†mob.

The quantitative inverse diagnostics are reported in Table 9. The identified phase-
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field mobility is nearly identical to the true value, and the concentration mobility is
recovered with a relative error of order 10−2. The field-reconstruction errors are
also small, particularly for the phase-field component. The physical diagnostic errors
for the corrosion depth, interface concentration, and concentration peak remain at a
moderate level, which is acceptable for an inverse problem trained from sparse scalar
observations rather than from full-field data.

Table 9: Inverse-identification diagnostics for Example 4.4.

Diagnostic quantity Value

True phase-field mobility, L†
mob 1.000000e−03

Identified phase-field mobility, Lmob,θ 9.999741e−04
Relative error in Lmob 2.594749e−05
True concentration mobility, M†

mob 1.000000e−03
Identified concentration mobility, Mmob,θ 1.015251e−03
Relative error in Mmob 1.525107e−02
Relative L2 error of the phase field, Eϕ

2 1.066528e−03
Relative L2 error of the concentration field, Ec

2 9.578217e−03
Maximum error of the phase field, Eϕ

∞ 4.935226e−03
Maximum error of the concentration field, Ec

∞ 2.218152e−02
Relative error of the corrosion depth, d(t) 1.660202e−02
Relative error of the interface concentration, cΓ(t) 7.476640e−03
Relative error of the concentration peak, cmax(t) 2.468731e−02

Figure 9 provides a post-training validation of the recovered parameters at repre-
sentative time levels. The reconstructed phase field ϕθ agrees closely with the reference
profiles and accurately captures the diffuse corrosion front. The concentration field
cθ also follows the reference behavior, including the interfacial redistribution induced
by the corrosion process.
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Fig. 9: Post-identification field validation for Example 4.4. The reconstructed phase-
field profile ϕθ(x, t) and concentration profile cθ(x, t) are compared with the reference
solution at representative time levels.

Overall, this inverse experiment shows that FM-tfPINN can recover hidden mobil-
ity parameters from limited physical corrosion observations while preserving accurate
field reconstruction. The result extends the forward predictive capability demon-
strated in the preceding examples to an inverse setting, where the trainable neural
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representation and the unknown corrosion parameters are identified simultaneously
under the same tempered fractional-memory residual.

5. Conclusion and Future Perspectives. In this work, we have developed
FM-tfPINN as a fractional-memory generated physics-informed neural framework for
tempered time-fractional coupled phase-field systems. The central idea has been to
construct the neural approximation through latent memory-source fields whose tem-
pered fractional integrals generate the coupled variables uθ = (ϕθ, cθ)

⊤.
The framework has combined four complementary components in a unified man-

ner. The first component is the tempered fractional-memory neural representation,
which embeds the initial state and generates the subsequent evolution through Iα,λt .
The second component is the fast SOE-accelerated shifted memory residual on graded
temporal levels tn+σ, which enables efficient enforcement of the tempered Caputo his-
tory contribution. The third component is the interface-aware and residual-adaptive
collocation strategy, which concentrates learning effort near the diffuse interface and in
regions with larger coupled residuals. The fourth component is the physics-informed
objective, which incorporates the coupled residual losses, boundary constraints, ad-
missibility penalties, and, in the inverse setting, sparse physical observation losses.

The effectiveness of FM-tfPINN has been demonstrated through representative
forward and inverse experiments for corrosion-driven phase-field dynamics. The nu-
merical results show that the proposed framework can resolve coupled phase-field and
concentration evolution, capture interface-sensitive corrosion observables, and recover
geometry-dependent pitting quantities within a unified memory-generated learning
structure. The inverse study further indicates the potential of the method for iden-
tifying unknown mobility parameters from sparse physical observations, such as d(t),
cΓ(t), and cmax(t), when full-field measurements are unavailable. Overall, these re-
sults suggest that FM-tfPINN provides a memory-consistent, interface-aware, and
physically interpretable approach for forward prediction and inverse identification in
tTFCP systems.

Future work will focus on extending the proposed framework to more complex
coupled phase-field configurations, including three-dimensional pitting, multi-ion elec-
trochemical transport, and experimentally measured corrosion data. Further develop-
ments will also consider adaptive loss balancing, uncertainty quantification for noisy
and sparse physical observations, and more efficient long-time memory propagation
for large-scale tempered fractional phase-field systems.
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