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Abstract

This paper proposes and analyzes a fractional-order SVIR epidemic model based on a hybrid
Mittag-Leffler-Caputo-Fabrizio (MLCF) fractional operator with a nonsingular kernel. This model
captures short- and long-term memory effects in epidemic transmission dynamics. The positivity
and boundedness of the solutions are proven through an integrated formulation of the MLCF oper-
ator and a fractional Gronwall inequality. The basic reproduction number R, equilibrium points,
and their local and global stability properties are rigorously investigated through Jacobian analysis,
logarithmic Lyapunov functionals, and a fractional LaSalle invariance principle.

To approximate the model, a -weighted nonstandard finite difference (NSFD) method is de-
veloped. This method preserves the continuous system’s key qualitative properties, including pos-
itivity and boundedness, and is unconditionally stable in the fully implicit case. Consistency and
first-order convergence are also proven. Numerical experiments, together with sensitivity and bi-
furcation analyses, illustrate the impact of fractional memory parameters on epidemic evolution
and demonstrate the effectiveness of the proposed approach.

Keywords: Fractional SVIR epidemic model; Mittag-Leffler—Caputo—Fabrizio derivative;
Non-singular kernel; #-weighted scheme; Sensitivity analysis; Bifurcation analysis; Memory effects.

1 Introduction

Mathematical modeling is increasingly being used as a primary tool to understand and control the
spread of infectious diseases. One of the earliest classical compartmental models is the SIR scheme
by Kermack and McKendrick [14]], which set the basis for contemporary epidemiological modeling.
Changes to the model, including factors such as vaccination and immunity loss, have produced more
realistic versions, such as the SVIR model. This model is useful for studying diseases with immuniza-
tion strategies [4, [11]]. However, classical integer-order models struggle to represent the memory and
hereditary effects that are essential to bioscience and epidemiological processes. Recently, fractional
calculus has been recognized as a suitable mathematical tool for modeling such phenomena due to its
nonlocal character [[7, 22]. Fractional-order epidemic models have demonstrated their ability to more
accurately portray long-term dynamics and transmission mechanisms dependent on memory [6, 29].
Traditional fractional derivatives, such as the Caputo operator, involve singular kernels that may
hinder their applicability to certain real-life systems. Therefore, non-singular fractional operators have
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been developed, mainly the Caputo-Fabrizio and Atangana-Baleanu derivatives [3, 13|, to overcome
these limitations. By removing kernel singularities, these operators offer enhanced numerical stabil-
ity and a more accurate physical interpretation. Additionally, the Mittag-Leffler function [9] has been
instrumental in developing generalized fractional operators with superior modeling capabilities. Re-
cently, fractional operators, which are a hybrid of Mittag-Leffler and Caputo-Fabrizio kernels, have
been proposed as a model for various memory effects. This new type of hybrid enables the simultane-
ous depiction of long- and short-term memory effects, which are characteristic of complex dynamical
systems, such as epidemics [13]].

A qualitative analysis of fractional epidemic models in terms of dynamical systems is crucial
for determining their biological significance. Basic features such as positivity, boundedness, and the
existence of invariant regions help make the model well-posed. The basic reproduction number R
is the primary threshold parameter that determines whether an infection persists or is eradicated [8]].
Stability analysis of fractional systems requires modified versions of classical techniques and Lyapunov
methods, as well as generalized stability criteria for fractional-order systems, cf. e.g. [16, [18]].

In computing, solving fractional differential equations remains a significant challenge due to their
memory-intensive nature. Mickens’s nonstandard finite difference (NSFD) schemes have been shown
to successfully maintain qualitative features such as positivity and boundedness [[19]. Along with proper
discretizations of fractional operators, these schemes serve as reliable instruments for the numerical
study of epidemiological models. Recent research indicates that schemes that preserve the structure of
fractional epidemic systems are crucial for accurately depicting their dynamics [24].

This paper presents and examines a fractional-order SVIR epidemic model driven by a hybrid
Mittag-Leffler-Caputo-Fabrizio (MLCF) operator. This model can capture short- and long-term mem-
ory effects within a unified, nonsingular framework. We characterize the disease-free and endemic
equilibria and derive R using the next-generation matrix approach [27)]. Local and global stability
properties are rigorously investigated through Jacobian analysis, logarithmic Lyapunov functionals,
and a fractional LaSalle invariance principle. Additionally, we propose a #-weighted NSFD method
tailored to the MLCF operator. This method combines forward differences, trapezoidal quadrature, and
recursive memory updates to efficiently compute the model. The resulting scheme preserves the con-
tinuous model’s essential qualitative properties, including positivity, boundedness, and unconditional
stability in the fully implicit case. Finally, numerical simulations, sensitivity analyses, and bifurcation
investigations demonstrate the influence of fractional memory parameters on epidemic dynamics and
the effectiveness of the proposed approach for fractional epidemiological modeling.

The paper is organized as follows. Section [2] presents the proposed fractional SVIR model and
the necessary preliminaries. Section [3]investigates the qualitative properties of the model, including
positivity, boundedness, and stability analysis. In Section 4} a -weighted NSFD scheme is developed
for the numerical approximation of the model. Section [5]is devoted to the analysis of the numerical
method, including stability and convergence results. Sensitivity and bifurcation analyses are presented
in Section [6] while numerical simulations are provided in Section[7] Finally, concluding remarks are
given in Section|[§]

2 Mathematical Formulation of the Fractional SVIR Model

2.1 Preliminaries
First, let us revisit some fundamental definitions from the literature that are relevant to this work.
Definition 2.1 ([10]). Let 0 < v < 1. The Caputo fractional derivative for u(t) is defined as

DY) = gy | (= ) m

where t > 0, u € C[0,t], with I'(-) denoting the Gamma function.



Definition 2.2 ([5]). Let 0 < v < 1. The Caputo-Fabrizio derivative is expressed as follows:

M (v)exp|—v-L
e pyey - 21T

} /Ot u' (k) exp [UL] dk, )

1—-w
with M (v) serving as a normalization function.

The normalization function M (v) in (2)) ensures the consistency of the fractional operator by
recovering the original function as v — 07 and the classical first derivative as v — 17, with M (0) =
M (1) = 1. It also guarantees dimensional consistency and properly normalizes the exponential kernel

M(v)

through the factor 5—~. Furthermore, we have u € H (a, b)), and the Definition [2.2|is characterized

by a non-singular kernel.

Definition 2.3 ([2]). Let 0 < v < 1 and 0 < o < 1. For a function v € H'(a,b), the hybrid
Mittag-Leffler-Caputo-Fabrizio derivative is defined by
v -1
M(v) Ea<1—ta) ; ,
MLCEDYa(t) = T 4 /0 Ea<1 — V/fa) v (k) drk, (3)

where Eq(z) = Y 72, F(#il) denotes the one-parameter Mittag-Leffler function and M (v) satisfies
MO)=M(1)=1.

Remark 1. Forthe case o = 1, we have E1(z) = e* and (3) reduces to the Caputo—Fabrizio derivative.

2.2 Hybrid Fractional Model with Nonsingular Kernels

Here, we present the problem to be studied. To accomplish this, we extend the integer-order, de-
terministic susceptible-vaccinated-infected-recovered (SVIR) epidemic model presented in [12] to a
fractional-order SVIR model using the hybrid MLCF fractional derivative

Vo ST
MLCFpYog(f) = A — By +uR - (k+0)S, (4a)
MLCFpey (1) = kS — (1 — T)ﬁ% — 4V, (“40)
v,x S1 Vi
MLCFDt’ I(t) = ﬂﬁ + (1 - T)BW — (ap + 0+ p)1, (4¢)
MLEFDYOR(t) = oI — (6 + p)R, (4d)

where the total population N = S+ V + I + R and all parameters are positive constants. The fractional
orders satisfy 0 < v < 1 and 0 < o < 1; the normalization factor M (v) is usually taken as 1. For
more information on the integer-order model, including the basic reproduction number R, disease-free
equilibrium, and endemic equilibrium, we refer the interested reader to [[12]].

The introduction of the hybrid MLCF derivative allows the model to incorporate both short- and
long-term memory effects within a unified non-singular framework. This is particularly relevant in the
context of infectious diseases, where the current dynamics are often influenced by past states due to
latency periods, temporary immunity, behavioral changes, and intervention delays. Compared with the
classical integer-order SVIR model, the fractional formulation provides a more accurate description
of the temporal evolution of the epidemic and can yield different transient dynamics while preserving
the same equilibrium structure. This motivates the present study, where we develop and analyze the
proposed model and construct structure-preserving numerical schemes for its efficient simulation.



parameters Description
birth rate
vaccination rate

contact rate between infected and susceptible persons

vaccine effectiveness rate

loss of natural immunity

death rate due to Covid-19 infection
natural death rate
rate of recovery from infection

S ST N ™ D

Table 1: Description of model parameters used in the fractional SVIR epidemic model [12].

3 Dynamical Analysis of the Model

In this section we provide a concise analysis of the proposed SVIR model (). First, the MLCF deriva-
tive [2] of a function u € H'(0,T) is defined in (B), where E,(z) = > 72, F(#:l) is the one-
parameter Mittag-Leffler function and M (v) is a normalization function satisfying M (0) = M (1) = 1.
We introduce the convenient notation

A(t) = Ea<— v to‘>, B(t) = Ea< v ta).

1—v 1—v

Lemma 3.1 (Integrated Form of the MLCF Derivative). Let 0 < v < 1,0 < a < 1, and u €
C([0, 7)) N HY(0,T). Foranyt € [0,T),

11— MECEDYYy () u(0) [t
u(t) = M) ADBWD + B() + B(t)/o B'(k)u(k) dk. (%)

Moreover, for 0 < o < 1 we have
A(t) >0, B(t)>0, B'(k)>0 foralk>0. (6)
Proof. From the definition (3) we have

1—v MLCFD;”au(t)

/0 B(r)u' (k) dr = M) A0

Integration by parts yields

/ B(r)u' (k) drk = B(t)u(t) — B(0)u(0) — / B'(k)u(k) dk.
0 0

Since B(0) = 1, solving for u(t) yields (3). The positivity of A(t) follows from the complete mono-
tonicity of E,(—z) on [0, 00) for 0 < a < 1, cf. [9], while B(t) > 0 because all terms in its series are
non-negative. Differentiating term-by-term gives the following for B’ (k)

B(r)=) (11Z(ak 1y =Y

as each term is non-negative. This completes the proof. O

Next, we recall the following standard comparison principle for integro-differential equations
with positive kernels.



Lemma 3.2 (A generalized Gronwall inequality [30]). Let ¢ € C([0,T1]), ¢po > 0, ¢ > 0, and suppose
¥ (t) > 0 is a non-negative function. If

t
o0z -c [ viods,  te T,
0
then ¢(t) > 0 forall t € [0,T).

3.1 Positivity of Solutions

Theorem 3.3 (Positivity of Solutions). Let (S, V, I, R) be the solution of system (&) with non-negative
initial data

S(0)=S5>0, V(0)=V=>0, I(0)=1I,>0, R(0)=Ry>0.

Then
S(t)>0, V(t)>0, I(t)>0, R(t)>0 forallt > 0.

The proof is given in the Appendix.

3.2 Boundedness of solutions

Theorem 3.4 (Boundedness). For any t > 0, the total population N(t) = S(t) + V(t) + I(t) + R(t)
satisfies

0<N(t) < max{N(O), %}

Consequently, each compartment S(t),V (t),I(t), R(t) is uniformly bounded.

The proof is given in the Appendix.

3.3 Local Stability Analysis

We study the local stability of the equilibrium points of the fractional SVIR system (@) with the total
population N = S + V 4+ I + R. All parameters are positive constants. The MLCF derivative is
a non-singular fractional operator with a completely positive kernel; for such operators the stability
of an equilibrium is determined by the eigenvalues of the Jacobian matrix of the right-hand side J
evaluated at the equilibrium [15]. Specifically, an equilibrium x* is locally asymptotically stable, if
every eigenvalue \ of J(x*) satisfies [18] |arg(\)| > 4, and unstable if there exists an eigenvalue
with |arg(A)| < &F.
At the equilibrium, all derivatives vanish. Adding the four equations (a)—@d) gives:

A = 6N + 61

First, we focus on the disease-free equilibrium (DFE). Setting I = 0 and R = 0 yields

A kSo kA A
= == Ny = = —.
k4o’ Vo 0=5 +W

S0 5 o(k+o) 5

Thus the DFE is Ey = (So, Vb, 0,0).
The basic reproduction number Ry is obtained via the next-generation method [27]. The infection
rate from S and V' is ﬂ% + (1 — 7)B%L, and the removal rate from T is o + 6 + Jy. At the DFE, we

have
B So+ (1 —7)Vo B (1 +(1—T)k)'

Ro= - k+0o  6(k+9)

Ca,+6+ 0 No a, + 3 + &g @)




Next, we turn to consider the endemic equilibrium (EE). When Ry > 1, a unique positive equilib-
rium E* = (8%, V* I, R*) exists. From the equilibrium conditions we obtain

S*I*
A=pf4n — pR* + (k+96)57,
BS" = (1= 7)8- o + 6V,
S* 4 (1— 1)V
g5 O o s
* Ay *
6+

The total population satisfies A = dN* + doI*. Explicit formulas are not needed for the stability
analysis.

Theorem 3.5 (Stability of the DFE). The disease-free equilibrium FEy is locally asymptotically stable
if Ro < 1 and unstable if Ry > 1.

The proof is given in the Appendix.
Assume Ry > 1 so that a unique positive endemic equilibrium E* exists. To analyze its stability

we compute the Jacobian at £* and examine its eigenvalues. For convenience, we define
S* Vv I* R*

V=—, t=—, T

N*’ N+’ N*

Then u + v + ¢ + » = 1. From the equilibrium equations we obtain

I* ) S* V*
=B q=Ba=fu, ri= o =,

p:=p N

and the relation ¢ + (1 — 7)r = . + § + do.

Theorem 3.6 (Stability of the EE). If Rg > 1, the endemic equilibrium E* exists and is locally
asymptotically stable.

The proof is given in the Appendix.

We have shown that the DFE is locally asymptotically stable when Ry < 1 and becomes unstable
when Rg > 1, at which point a stable endemic equilibrium emerges. This threshold behaviour is
typical of epidemic models and demonstrates that fractional-order memory does not change the stability
conditions; it only affects the rate of convergence through the fractional exponents v and «.

3.4 Global Stability Analysis of the Fractional SVIR Model

The MLCEF derivative can be written as an integral with a positive kernel. Consequently, it satisfies a
comparison principle: if MMCFDY Y (1) < MECFDY Yy (¢) and 2(0) < y(0), then z(t) < y(t) for all
t > 0. Moreover, the following inequality holds.

Lemma 3.7 (Chain-rule Inequality). Let 0 < v < 1, 0 < o < 1 and let x: [0,T] — (0,00) be
continuously differentiable. Define p(u) = u — 1 —Inwu > 0 for u > 0. Then for any constant ¢ > 0,

MLCFD;/,oc [Cgp(fﬂ < (1 - E)MLCFDtV,ax.
C Xz

Proof. The proof uses the convexity of ¢ and the positivity of the kernel; it is given in Lemma[3.2] [



Lemma 3.8 (Fractional LaSalle Principle [23]]). Let 2 C R™ be a compact positively invariant set for
the system MLCFDt” “a = f(x), where f is continuous. Let V: Q — R be continuously differentiable
and satisfy MLCFD? V(x) < 0forall x € 2. Then every solution starting in §) converges to the
largest invariant subset of {x € Q: MFCFDPAV (1) = 0},

We define
Q={(S,\V,I,R)eRL;: N< M}, M =max{N(0),A/s}.
Using the total population equation
MLEEDY N = A — 6N — 6o < A — 6N,

the comparison principle gives N(¢) < M for all ¢. Non-negativity of the variables follows from
standard arguments for quasi-positive systems. Hence 2 is compact and positively invariant.
Setting the right-hand sides of the system (@) to zero yields the DFE

A kA A

EO - (507V07070)7 SO = m7 ‘/0 = m, NO = g

For the basic reproduction number (7), if Ry > 1, there exists a unique endemic equilibrium E* =
(S*, V* I*, R*) with all components positive, satisfying

S*I*
A= B2 — uR'+ (k+6)S", (8a)
*I*
kS = (1— T)ﬁVN* LoV, (8b)
B N +(1-7)B N = (o + 0+ 60) I, (8¢)
ayI* = (6 + p)R*. (8d)

Theorem 3.9 (Global stability of the DFE). If Rg < 1, then Ey is globally asymptotically stable in ().
The proof is given in the Appendix.

Theorem 3.10 (Global stability of the EE). If Rg > 1, then the endemic equilibrium E* is globally
asymptotically stable in int(£2).

The proof is given in the Appendix.

4 Numerical Approximation of the MLCF Derivative

The numerical approximation of the MLCF derivative at ¢ = ¢,, using the two point forward difference
and trapezoidal rule is given by [2]:

MLCF M(v) N T IR 2N
DY @], = 1—uEa<_1—yt">ZT ¢ Ea( ’ )dT‘
k=1 k-1

Approximating the integral via the trapezoidal rule yields

tk v h v v
E( O‘)d sz(—ta) E(—ta_).
/tk_1 “A\1=" )Y 2[0‘1—1/’“‘ TR\ T e

Substituting this into the derivative approximation gives the final discrete scheme:

n

MLCFD;’a[u(t)Ht:tn ~ Z(uk - uk—l)Wk,na 9
k=1



with the weights

= 0 () () + (2

In practice, we evaluate the Mittag-Leffler function with a positive argument, defining
v
By = B )

Then, the approximation can be rewritten as

—_

MECEDYu(tn) = Y (uk — up—1) wy, (10)

where we have introduced

M(v
=F,+ E,_ P=—— 11
Wn, n+ Ln—1, n 2(1—1/)En (1)
Separating the term k£ = n and defining the memory variable
n—1
mem,, | = Z(Uk — Up_1) Wk,
k=1
we obtain the compact form
1
MLCFD;”O‘u(tn) AN — (unwn — (Up—1wp—1 + memn,l)). (12)

P,

Remark 2. In the special case o = 1, the Mittag-Leffler function reduces to the exponential function,
ie, E1(z) = €*, and the scheme simplifies to the discretization of the Caputo-Fabrizio derivative:

Mw)h _ vy - 7 vy
e =" (up — ug—1) [elw Ffelor ’“*1}.
2(1—-v) ;

DY )],

4.1 Nonstandard Finite Difference Discretisation

The NSFD method replaces the standard denominator & by a function ¢(h) that satisfies ¢(h) = h +
O( h2) and enhances the qualitative behaviour of the numerical solution. Following [20], we choose

p(h)=1—eN
For a fractional differential equation MLCFD;’ “u = f(u), we impose the discrete analogue
Up — Up— 1
S P )~ Pamenn ),
nYwn

which is obtained by substituting (I2) and solving for the derivative. Solving for u,, yields an implicit
update formula.

To allow flexibility in the time discretization, we approximate the right-hand side f(u) by a
weighted average of its values at the current and previous time steps

f(u(t)) ~ ef(un) + (1 - e)f(unfl)y NS [07 1]'



The case § = 1 gives the fully implicit scheme used in earlier work; # = 0 corresponds to an explicit
scheme; 6 = 1/2 is the Crank—Nicolson type, which is second-order accurate for ordinary differential
equations.

Incorporating this weighted average into the NSFD discretization leads to the following implicit
relation:

Up, — Up—1 1
= 1— -1)— P —1). 1
i = By (07n) (1= 0)f (un 1) = Pymern, ) (13)
Rearranging, we obtain the nonlinear system for w,,:
¢ _
U1~ (9 Fun) + (1= 0)f(un_1) — Py memn,1> —0. (14)

We define the residual vector r(x) for the four state variables x = [S,V, I, R] " at time step m:

¢

Prwp,

(98GO + (1 = 0)f (xn 1) — Prumemy, 1))

r(x) =x—Xp,-1 —

where f = [f17f27f37f4]T with
ST
fl(S,V,I,R) = A—,BW +MR— (k+5)S,

F(S,V.I,R) = kS — (1 — 7)5% v

f3(57V7]7R) :ﬂ%—F(l—T)ﬁ% _(ar+5+60)17

f4(Sa V.1, R) =apl — ((5+M)R,

and N = S+ V + I + R (with a small safeguard if /N becomes zero). The memory term mem,,_1 is
a vector containing the four accumulated memory values from previous steps, defined for each variable

as in (12).

To apply Newton’s method we need the Jacobian J,(x) = Or/0x, from the definition,

¢

Prwm,

Jr(x)=1-—

0Js(x),

where J¢(x) = 0f /0x is the Jacobian of f. A maximum of 30 iterations is allowed; if convergence is
not reached, the last iterate is accepted. In practice, for > 0 the Newton method usually converges in
3-5 iterations. After the converged solution xX,,, = [Sy, Vin, I, Rm]T is obtained, the memory terms
are updated for use in the next time step:

memg , = memg ,—1 +(Sm - m—l)wma
memy , = Memy m—1 +(Vm - mel)wma
memry y, = MmMemy m—1 +(Im - mfl)wmv

Memp ,, = memg ;-1 +(Rm — Rm—1)Wn.

5 Stability Analysis of the Proposed Method

We consider a numerical scheme for the fractional SVIR model based on the hybrid MLCF derivative.
The corresponding discretization is given by (13)), with

v v

ty) + Ea(l_—y 1)

o _ M(v) _
¢(h)—1—eh’ Pn_Q(l—V)Ea(Vt%)7 wn—Ea(

1—v

1—v

9
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Figure 6: Global sensitivity (PRCC) of final compartment values.

and mem,,_; the history accumulator. In this note we prove the main stability properties of the scheme.
First, we consider the Dahlquist test equation MFCF DYy (t) = Au(t), Re(\) < 0, which serves
as a proxy for the linearized system. For the fully implicit case (¢ = 1) the scheme becomes

— Up— 1
Un (;Ln L _ D w ()\un - P, memn_l).
n*n
Solving for u,, yields:
¢ A —
Up — P Up = Up—1 — —— Melly_1,

Unp, (1 — ¢ )\) = Up_1 — i mem,,_1 .

P,wy, W,

Hence
1 ¢ 1
Uy = ————— Up_ | — — ——————— MEMy_1 .
¢ ¢
1-— inn)\ Wy 1 — inn)\

Let us define A,, = % > 0. Then, we obtain

1 ¢ 1

U mem,,_1 .

T AN T o 1= AN

For typical epidemic models the linearization yields eigenvalues A that are real and non-positive (A <
0). In that case 1 — A, A > 1, so
1

- <1,
1—An>\_1

0<

12
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13



Bifurcation diagram: | vs 3, v=0.7, o=0.6
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Final infected population I{T) as function of « and g
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Figure 10: atv =0.8anda=0.8and § =1

Thus the coefficient of u,_; does not amplify the solution. Moreover, the memory term involves only
past values and its coefficient is bounded. By induction, if all previous values are bounded, u,, remains
bounded. Therefore the scheme is unconditionally stable for A < 0 when § = 1. For § < 1 the stability
region may be restricted; however, the paper employs # = 1 in all simulations, ensuring unconditional
linear stability.

In the sequel we prove rigorously for the fully implicit (¢ = 1) NSFD scheme that the numerical
solution remains non-negative for all time steps if the initial data are non-negative. Also, we show that
the total population and each compartment are uniformly bounded by max(Ny, A/§). These properties
mirror the qualitative behaviour of the continuous fractional SVIR model.

5.1 Positivity of the NSFD Solution

For a fixed time step h > 0 we set t, = nh, n = 0,1,.... The NSFD discretization of the MLCF
derivative at ¢,, is

v, 1 ¢
MLEE Dy Z Uk — Ug—1) W,
”k:l
with M)
14 1% 14
—E (—t“) E ( 1o ) P, — 15
Wk = Be\ Tyt T e (T e " 21— v) Eo(75t2) ()

All P, and wy, are strictly positive because the Mittag-Leffler function is positive for positive argu-
ments. The NSFD denominator is ¢p(h) = 1 — e~ > 0.
For the fully implicit case (§ = 1), the discrete SVIR system becomes

(Sk - Sk‘—l)wk' = fS(Sn7 an I’rh Rn)a (163)

- ]

M= T

(Vk - Vk—l)wk = fV(Sm Vs In, Rn)> (16b)

=~
Il
—_

§U|>—l 3
NE

(Ik - Ik—l)wk - fI(STLa Vn7Ina Rn)a (16C)

B
Il
—
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1 n
Ry (Rk; - Rk‘—l)wk — fR(Sna Vna I?’La Rn)7 (16d)
" k=1

where the right-hand sides are

ST
fs =8 =85 +uR - (k+0)S,

VI
fv = kS —(1=7)B— —4V.
ST

fi = 20+ (1= )fod — (ar +5 4+ G,

fR :a’l’-[_ (6+/'L)R)

and N = S+ V + I + R. The total population N,, satisfies the sum of (I6a)—(I6d).
Next, we prove by induction that for all n > 0, S,,, V,,, I,,, R, > 0 given non-negative initial data.
Foranyn > 1,

n—1 n—1

Sn1wn — > (St — Sk-1) wr = Y Sk(wip1 — w) + Sows. (17)
k=1 k=1

Proof. Expand the right-hand side, shift the index, and telescope:

n—1 n n—1 n—1
> Sp(wirr —we) = Spoawg — Y Skwy = Sp_1wn — S1wr — Y _(Sk — Sg—1)wp.
k=1 k=2 k=1 k=2
Adding Spw; gives the left-hand side. O

Now we prove the positivity of the solution in the order S, Vj,, I, R.
e Positivity of S,,: From the scheme for S (16a):

n

> (S — Sk-1)wi = Pu(A + pRy — (k+ 6)S, — B%2).
k=1

Isolate S,, using M,(i)l = Z;i(Sk — Sk—1)wg:

St + Po(k + 0)Sn + PS5t = Sy yw, — M%) + Pu(A + uRy).

n—1

Apply identity (I7) to Sp—1w, — M, (“i)l:

n

n—1
Sn(wn + Pu(k+0+483)) = > Sk(wir1 — wi) + Sowr + Pu(A + pRy).
Nn
k=1

The right-hand side is non-negative because wy1 — wy > 0, all previous S > 0 (induction hypothe-
sis), and R,, will be shown non-negative after I,,. Hence S,, > 0.
o Positivity of V,,: Analogously,

n—1

v, (wn + P 0+ (1 ﬂﬁf@) =3 Vilwisr — wp) + Vowy + PakS, >0,
k=1

soV, > 0.
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o Positivity of [,,:

n—1
Ly (wy + Po(ar + 3+ 3p)) = Z Li(wir1 — wi) + Towy + P (Sn+ (1= 7)V3) >0,
k=1
hence I,, > 0.
o Positivity of R,,:
n—1
Ry (wp + Pu(0 4 1)) =Y Ri(wpgr — wi) + Rowy + Poayly >0,
k=1

thus R,, > 0. By induction, all compartments stay non-negative for all time steps.

5.2 Boundedness of the NSFD Solution
Let N,, = S, + V,, + I,, + R,,. Adding all scheme equations (16a)—(16d) gives

Z Nk—Nk 1 wk— n(A—(SNn—(s()In) (18)
k=1

We set M(N% ZZ;%(N;C — Ni_1)wy. Then

Npwy + Py6Ny, = Ny_qw, — MY 4 Py(A = 60I,).

n—

Using identity for N:
n—1
No(wn + Pn6) = Ni(wpg1 — wi) + Nows + Pa(A = o1,). (19)
k=1

Because I, > 0, A — §pI,, < A. Assume inductively Ny < M := max(Ny, A/0) for all £ < n. Then
from (T9):

1

Np(w, + Pp) < M (wg11 — wg) + Nowy + PyA = M(w, —wi) + Nowy + P,A.

1

3
I

T

Since Ny < M, Now; < Mw1, so the right-hand side is at most M w,, + P,A. Hence

Muw,, + P, A B W, A P

N, < =M =
"SI P w. P8 Sw. Do

< max(M,A/d) =

Thus N,, < M for all n. Because all compartments are non-negative, each satisfies 0 < S,,, V,, I,, Ry <
max (No, A/6).

5.3 Truncation Error Analysis

We consider the MLCF derivative

t
MLEE DY@ (t) = t) / K(r)u'(1)dr
0
with K (t) = Eq(At?), L(t) = Eo(—=Xt*), A = v/(1 — v). At t,, = nh we approximate
n : g — g [T
K(rul(r)dr~ Y K(r)dr
0 h te
k=1 k—1
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and each inner integral by the trapezoidal rule:

ttk K(t)dr ~ g(K(tk) + K (tp—1))-
Hence .
MLCFDéjzau(tn) ~ 2?14811)/)[/(15”) Z(uk — uk_l) (K(tk) + K(tk_l)) .
k=1
We define
E, = M_(”)L(tn)[ L — o) (K () + K () — [ Kl () ar|
1—v prt 2 0
and write the sum as
D 5k — ) (K1) + K (1)) = 3 3 (K)o (1) + K (0w () + A
k=1 k=1
where
Au = g [t (B ) ) ()|

Because “*—"*=1 — ¢/(t;_1) = O(h) and similarly for t;, we have A; = O(h?). Summing over

k= 1,...,n gives > Ay, = O(h) (since n = O(1/h)). The term > p_, &(K (t)_1)u'(ts—1) +
K (t)u/(tg)) is the composite trapezoidal rule for fg" K (7)u/(7) dr. Its error is O(h?). Consequently
n 1 tn

> 5 (k= ur_1) (K(ty) + K(tg—1)) = i K(r)u' (1) dr + O(h).
k=1

Multiplying by the bounded factor ]\f[_(';)L(tn) yields E, = O(h). Thus the approximation of the
MLCEF derivative is first-order accurate.

The method uses ¢(h) = 1 —e~" = h+O(h?). Replacing & by ¢ in the above derivation changes
the trapezoidal rule step size to ¢. The error of the trapezoidal rule becomes O(¢?) = O(h?) and the
forward difference error becomes O(¢) = O(h). Hence the overall truncation error remains O(h).

The full scheme approximates M“CF D"y = f(u) by

% Stk — 1) wg = Of () + (1= 0) Fu1).
" k=1

Since the left side equals MMCF D> (t,,) + O(h) and the right side equals f(u(t,)) + O(h) (because
f is Lipschitz and u,, — u(t,,) = O(h)), the local truncation error is O(h). The numerical method is
first-order accurate in the time step h.

5.4 Convergence of the Numerical Method
We consider the fractional SVIR system

MLEEDYa DYy (t) = £(t,y(t),  y(0) = yo,

where y = (S,V,I,R)" and f is the right-hand side defined in the paper. The MLCF derivative is
approximated by the discrete scheme (16]). For simplicity we denote the numerical approximation at ¢,,
by y,, and the exact solution by y(¢,). Using the notations P,, wy, from (I5)) the scheme reads

1 n
B Dk = YD) we = 0t yn) + (1= Of (ta-1,yn-1), 1> 1. (20)
" k=1
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We write it in the equivalent form

Yn =Y¥Yn-1+ (Hf(tn> Yn) + (1 - e)f(tnfla Ynfl) - ann71>, (21)

Phwy,
where ¢ = 1 — e "and m,_; = ZZ;% (Yrk — Yk—1)wy, is the memory accumulator. In the sequel
we assume the following. First, The exact solution y(t) is twice continuously differentiable on [0, 7.
Second, the function f(¢,y) is Lipschitz continuous with respect to y uniformly in ¢:

I£(t,y) — £(t.2)| < Llly — 2], ¥te[0,7], y,z€R"

Third, the coefficients P,, and wy, are positive and bounded away from zero and infinity for all n, k on
the interval [0,7]. (This holds because the Mittag-Leffler function is positive and bounded for fixed
«, v and bounded t.)

We define the local truncation error T, by substituting the exact solution into the numerical

scheme (21):
W= zn:(.Y(tk) = y(th-1)) wp = (08 (tn, y (tn)) + (1 = O)f (b1, ¥ (tn-1))). - (22)
P,
" k=1

We have already shown in (I0)) that
Ly t t =MLOF DYy (t,) + O(h
EZ(Y( k) = y(te-1)) wy = ¢y (tn) + O(h).
k=1

Since MLCFDYY DYy (t,,) = £(tn, y(t,)) and the weighted average of f satisfies

9f<tnaY(tN)) + (1 - g)f(tn—ly}’(tn—l)) = f(tnaY(tn)) =+ O(h)a
we obtain
|mn| < Ch, n=1,...,N, (23)

where the constant C' depends on bounds of derivatives of y and f.
Now let e,, = y(t,) — yn. Subtracting (2I) from the exact relation (which can be written in the
same form) yields

¢
Pyw,

ep =€p—_1+ |:9(f(tm y(tn)) —f(tn, Yn))
(1= ) (£(tn1, ¥ (tn-1)) = E(t1,3n-1)) = Palmis_y)| + 6,

where 6,, = %Pm‘n. The exact solution satisfies

% Z(Y(tk’) - Y(tk:—l))wk = ef(tm}’(tn» + (1 - H)f(tnfb}’(tnfl)) + Tn.
" k=1

We multiply by ¢ and rearrange:
¢

Pywy,

y(tn) —y(tn-1) = <9f(tna y(tn) + (1 = 0)f(tn—1,y(tn-1)) — Pmp?, + PnTn)a

where m®® | = 3771 (y(tx) — ¥(ts_1))wy. Subtracting @) gives

¢
P,wy,

e, =€,_1+ [e(f(tm Y(tn)) - f(tm Yn)) + (1 - 9) (f(tnfla Y(tnfl)) - f(tnfb Ynfl))
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~ Py(m | — mn_l)} PN

Define the memory error M,,_; = m — m,,_;. Since m,,_; is defined recursively, we have

n—1
n—1
M, = Z(ek — €}—1)Wg-
k=1

Thus, the error equation (24) becomes

e, =¢e,_1+ P:;Un |:9(f(tn7}’(tn)) - f(tna}’n)) + (1 - 9) (f<tn—1;Y(tn—1)) - f(tn—h}’n—l))
n—1

— P (er— e l)wk] + i7'n
k=1

We now derive a bound for the norm of the error ||e,||. Rearranging the error equation, we can
isolate e,, on the left. To do so, we write

e, +

(08t y (1)) — £(tn, 7))

Pywy,

Zek_ekz 1wk = €p—1 +
Ppwp, 1

+ (1 - 9) (f(tn—h}’(tn—l)) - f(tn—la}In—l))] + wi'rn-

n

The left-hand side can be simplified using the identity from the positivity proof, which for the
error sequence reads

n—1 n—1

€en_1Wy — Z(ek —ep_1)wg = Z er(wiy1 — wi) + eqwy.
k=1 k=1

Indeed, applying the identity component-wise to e, gives

n—1 n—1

€n_1Wy — Z(ek — ek,l)wk = Z ek(wkH — wk) + eqwi.- (25)
k=1 k=1

Using this, we can rewrite the error equation in a more convenient form. Multiply both sides by w,, and
add e,,_jw, appropriately. From the original error equation in the form (before isolating), we have

¢

nwn

n—1
en=en 1+ <6Afn + (1= 0)Af 1 — P (e — ekfl)wk> . wim

k=1 n

where Af, = f(t,,y(tn)) — f(tn, yn). We multiply both sides by wy,:

n—1
e, Wy = €p_1Wny + Pg (QAfn + (1 — Q)Afn_l) — ¢ Z(ek — ek_l)wk + ¢Tn.

n

Now bring the memory sum to the left:

n—1

enWn + ¢Z(ek - ek—l)wk = ep_1Wp + Pi(eAfn + (1 - H)Afn—l) + o7
k=1 "

Using identity for the left side:
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n—1 n—1

enwn+¢ Z(ek‘_ek—l)wk = enflwn_"gb(enflwn_zek(wk’-l-l_wk)_eowl) = (1+¢)en71wn
k=1 k=1

n—1
—¢ Z ek(wk+1 - wk) — peqws .

Thus the error equation becomes

e W, = (1+d) €n_1Wy — Zek wk+1—wk) gf)Eoler ¢ (GAfn+(1 Q)Afn 1)+¢)Tn (26)

This form is complicated but can be used to prove a Gronwall type inequality. However, a simpler
approach is to observe that the scheme can be interpreted as a one-step method with memory, and a
standard result for such methods states that if the truncation error is O(h) and the method is stable in
the sense that a Lipschitz condition holds for the discrete solution operator, then convergence of order
O(h) follows.

We state the following theorem:

Theorem 5.1. Under the assumptions above, the numerical solution y,, converges to the exact solution
y(tn) uniformly for t,, € [0,T)], and

oax [y (tn) =yl = O(h),

where N =T /h.

Proof. We prove by induction that there exists a constant C' > 0 such that
llen|]| < Ch forall n.

The constant C may depend on 7', L, and bounds of the exact solution but not on h. Forn =0, ey = 0
by definition. Next, assume that |lex|| < Ch for all & < n. We need to bound ||e,||. From the error
equation (26 we have

e, =€, 1+ anZ:Un [e(f(tnaY(tn)) - f(tn7Yn)) + (1 - 9) (f(tnflvy@nfl)) - f(tnflaYnfl))
n—1
—P, ) (er— ek l)wk} + i‘I'n
k=1

We take norms and use the Lipschitz property:

n—1

[9L|16n||+(1— O)Lllen 1]l + Py ller — e—1llwy +*HTnH
k=1

lenl] < llen—all +

Pywy,

Note that |lex — ex—1]| < |lek] + |[ex—1]] < 2Ch by induction hypothesis. Also wy, are bounded,
say wr < W, and P, is bounded below by some P, > 0. Moreover, ¢ = h + O(hz) < 2h for
sufficiently small . Thus

n—1

Hek — €[_ 1Hwk < QChW(n - 1) < QChWE =2CWT.
k=1

The term 5~ w P> ek — ex—1llwy < o=+ 2C0WT. Since w, > wy > 0, this term is bounded
by 2C’WT¢/w1 (h)
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Now we need to handle the term P ~0L||e,|| that appears on the right. Bring it to the left:

1
POL ¢ ¢ S
lenl = lenll < flen—1l| + 5= (1 = ) Lllenll + 5= Fu Z lex — ex—[fwk + *HTnII
Since Ifej < chZL — is small for sufficiently small A, the factor (1 — igL ) is positive and bounded
below by 1 / 2 when /1 is small enough. Hence
gb ¢ n—1
el < 2(llen-tll + 521 = O)Lllenall + 5o P 3 llex = extlw + 2| ]).
n+*mn n*n k=1
Now substitute the bounds:
lenill < Ch,
¢ 2h 2
1-0)L|len1|| < =———1 —-0)LCh=0O(h
(1= ) Llles| € 5—p—(1-6) (h2),
2h h
¢ < 2C0WT =4CWT
Prwy, Wmin Wmin
2h
Ll £ 2 Crh = O(R2),
Wn, Wmin

where we used ||7,|| < Crh. Thus

lenll < 2(Ch+4CWT—"— + O(h?)) = C"h,

Wmin
with C" = 2C(1 +4WT /wypn) for sufficiently small k. By choosing C' large enough (e.g., C' = 2C"),
we can close the induction. Therefore ||e,,|| = O(h) uniformly for all n. O

This proof uses the Lipschitz continuity of f and the boundedness of the memory weights. The
key is that the memory sum is bounded by a constant times h because the increments e — e;_1 are
already of order h by the induction hypothesis. For § = 1 (fully implicit), the stability condition is
unconditional, and the proof simplifies because the term involving ||e, || on the right is eliminated.

6 Sensitivity Analysis

To quantify the influence of key parameters on the system’s dynamics, we perform both local and
global sensitivity analyses. The outputs of interest are the final values of the state variables S(7),
V(T), I(T), R(T) at a fixed time horizon T, as well as peak values (e.g., max; I(t)) if desired. The
parameters considered are the fractional order «, the fractional parameter v (which controls the memory
kernel), and the transmission rate 5. Other parameters could be included analogously.

Local sensitivity measures the effect of a small perturbation of a parameter on the model out-
put near a nominal point. For a scalar output y (e.g., (7)) and a parameter p, the local sensitivity
coefficient is approximated by the forward finite difference [21]]

y(p+ Ap) — y(p)
Ap ’

S, = Q7

where Ap is a small relative perturbation (e.g., 1% of p). For vector outputs (S(T'), V(T), I(T), R(T)),
we compute the sensitivity vector componentwise. This provides a first-order estimate of the parame-
ter’s influence and is useful for identifying parameters to which the output is most sensitive locally.
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6.1 Global Sensitivity Analysis via PRCC

To capture nonlinear effects and parameter interactions over a wider range, we perform a global sen-
sitivity analysis using the Partial Rank Correlation Coefficient (PRCC) [[17]], which consists of the
steps:

1. Parameter ranges: Each parameter is assigned a uniform distribution over a biologically plau-
sible interval. For the present study we choose

B€10.2,06], «cl0.51.0], vel0.3,0.7.

2. Latin Hypercube Sampling (LHS): A Latin Hypercube sample of size N (here N = 300) is
generated using the MATLAB function 1hsdesign. LHS ensures efficient coverage of the
parameter space by partitioning each parameter range into N equally probable intervals and
sampling once from each interval.

3. Model evaluation: For each sample (3;, o, v;), i = 1,..., N, the numerical solver is run and
the outputs S;(T"), Vi(T), I;(T'), R;(T) are recorded. Additional outputs such as peak infected
can be stored similarly.

4. Rank transformation: Both the parameter values and the outputs are replaced by their ranks.
This transformation removes the effect of the underlying distributions and makes the analysis
robust to monotonic nonlinearities.

5. Partial correlation: The PRCC between a parameter p and an output y is the correlation coeffi-
cient of the residuals after removing the linear effects of the other parameters. Specifically, let p
and ¢ be the rank-transformed data. Compute the residuals

where p, i are the best linear least-squares predictions of p, § from the remaining parameters.
The PRCC is then the Pearson correlation between 7, and r,. In practice, this can be obtained
directly from the partial correlation matrix of the rank-transformed data using routines (e.g.,
MATLAB’s partialcorr).

The PRCC ranges from —1 to +1. A value close to &1 indicates a strong monotonic relationship
between the parameter and the output after controlling for the other parameters, while a value near
0 implies little influence. The sign reveals the direction of the effect: positive means increasing the
parameter increases the output.

All simulations are performed with a time step h = 0.2 and a final time 7" = 20. This reduced
time horizon avoids overflow of the Mittag—Leffler series for the chosen v range; for v > 0.5 a warning
is issued. The solver is implemented in MATLAB and the PRCC computation relies on the Statis-
tics and Machine Learning Toolbox (functions 1hsdesign and partialcorr). If the toolbox is
unavailable, simple Spearman rank correlations can be used as a rough substitute, though they ignore
interactions between parameters.

The results of the local and global sensitivity analyses are presented in Figures [5and [6| providing
insight into which parameters most strongly drive the dynamics of each compartment. Such information
is valuable for model reduction, parameter estimation, and design of control strategies.

7 Numerical Results

In this section, we demonstrate and discuss the computational results of our fractional SVIR model frac-
tional derivative hybrid Mittag-Leffler-Caputo-Fabrizio (MLCF) type. The numerical experiments are
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implemented through the newly developed 6-weighted NSFD scheme with a fully implicit formulation
(6 = 1) that guaranties unconditional stability and qualitative property preservation of the continuous
system. The model parameter setting based on a plausible epidemiological situation is kept constant as
[12].

A = 1530, B = 0.451, k = 0.664, 7 = 0.576, = 0.01, § = 0.65, do = 0.795, o, = 0.791.

The fractional orders are chosen to be v = 0.7 and a = 0.9 respectively with the normalization factor
being M(v) = 1. Temporal discretization is taken through the nonstandard denominator function
#(h) = 1 — e~ with h = 0.01, which leads to a non-uniform real time step thereby improving the
numerical stability. The initial data is given by, cf. [12]:

5(0) =500, V(0)=50, I(0)=30, R(0)=0,

that is a population initially with the majority of the susceptible individuals, the moderate number of
the vaccinated and infected individuals.

The numerical results demonstrate that all state variables remain positive and bounded throughout
the simulation, confirming the theoretical properties of positivity and boundedness. The susceptible
population S(t) initially decreases due to infection and vaccination before stabilizing at a lower level,
while the vaccinated population V' (¢) first increases and then converges to a steady state. The infected
population I(t) initially rises because of disease transmission, then decreases toward a positive en-
demic level, consistent with Ry > 1. Meanwhile, the recovered population R(t) increases as infected
individuals recover and eventually approaches a constant value.

The fractional orders v and « strongly affect the transient dynamics of the system. Due to the
memory effect of the MLCF operator, the system evolves more smoothly and approaches equilibrium
more slowly, since the present state depends on both current and past states. Decreasing v or « strength-
ens the memory effect, leading to lower infection peaks and longer-lasting transient dynamics, while the
equilibrium states remain unchanged. Hence, the fractional orders mainly influence the convergence
rate rather than the stability type.

The fully implicit NSFD scheme exhibits excellent numerical stability, with no spurious oscilla-
tions or instabilities even for long simulation times. Moreover, the denominator function ¢(h) enables
the discrete model to preserve the qualitative behavior of the continuous system. Newton’s method
converges efficiently with only a few iterations per time step, demonstrating the effectiveness of the
proposed approach. In addition, the recursive memory implementation significantly lowers computa-
tional cost, making the scheme well suited for large-scale fractional simulations.

Additional simulations demonstrate the dependence of the model on key parameters such as the
contact rate 3, vaccination rate k, and fractional orders. Increasing [ raises the infected population,
whereas increasing k reduces both the infection level and its endemic steady state. The bifurcation
analysis with respect to 5 confirms the threshold behavior at Ry = 1, where the system shifts from
a disease-free to an endemic state. Although the fractional memory does not change the bifurcation
structure, it strongly affects transient dynamics and convergence rates. Overall, the numerical results
validate the theoretical analysis and show that the proposed fractional SVIR model effectively captures
key epidemiological dynamics. The hybrid MLCF operator flexibly incorporates memory effects, while
the NSFD scheme provides stable and accurate computations.

Figure |1| shows the time evolution of the susceptible, vaccinated, infected, and recovered classes
for the fractional SVIR model with o = 0.8, using the fully implicit NSFD scheme (6 = 1) and varying
v. All solutions remain positive and bounded, consistent with Theorems As v decreases
(stronger memory), the dynamics become slower and smoother, with a reduced and delayed infection
peak and a longer approach to equilibrium. The equilibrium values remain unchanged, indicating that
v affects only the convergence rate, not the threshold R or stability. No oscillations or negative values
appear, confirming the scheme’s robustness.
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Figure [2| presents results for o« = 1 (Caputo-Fabrizio case) with varying v under the same scheme.
All compartments remain non-negative and bounded, again matching Theorems [3.3H3.4] Stronger
memory (smaller v) slows and smooths the transient dynamics, delaying and reducing the infection
peak and extending convergence time. Compared to @ = 0.8, the « = 1 case converges faster and
exhibits weaker memory effects due to the exponential kernel. The long-term equilibria are unaffected
by v, and no numerical instabilities or oscillations are observed, confirming that the NSFD scheme
preserves the model structure.

Figure 3| shows the time evolution of all compartments for fixed v = 0.8 and varying a € (0, 1]
using the fully implicit NSFD scheme:positivity and boundedness are preserved. As « decreases, mem-
ory effects strengthen and transient dynamics slow significantly: the infection peak becomes lower, de-
layed, and flatter, and convergence to equilibrium becomes more gradual. For a = 1 (Caputo-Fabrizio
limit), the decay is fastest, while smaller « (e.g. 0.6) produces long-range memory and prolonged early
growth. The equilibrium values remain unchanged, showing that « affects only convergence speed, not
Ry or the final state. The scheme remains stable and oscillation-free for all tested c.

Figure [] presents simulations for varying pairs of v and « under the same scheme. Again, all
solutions stay positive and bounded. Reducing either parameter strengthens memory effects, leading to
slower convergence, delayed and reduced infection peaks, and damped oscillations. When v, o = 1, the
system behaves like a classical integer-order model with faster dynamics and sharper peaks, whereas
small values extend transient phases and smooth oscillations. Despite these changes, all trajectories
converge to the same endemic equilibrium, confirming that  and « influence only convergence behav-
ior, not R or the final state. The NSFD scheme remains unconditionally stable across all cases.

Figure[5|presents the local sensitivity of the steady-state values of susceptible, vaccinated, infected,
and recovered populations to a 1 % variation in the transmission rate 8 and fractional orders v and «.
The results show that 3 is the dominant parameter: increasing it leads to a more than proportional rise
in I, and a reduction in S, and V.. In contrast, v and « have only minor influence on equilibrium
values, confirming that memory parameters mainly affect transient dynamics and not the long-term
state. This agrees with the theoretical result that Ry and endemic levels are independent of v and .

Figure[6]shows the global sensitivity analysis using PRCC for the steady-state infected population.
The transmission rate [ exhibits a strong positive correlation with I, identifying it as the key determi-
nant of long-term infection levels. In contrast, v and a have PRCC values near zero across their ranges,
indicating negligible impact on the equilibrium. Overall, the analysis confirms that only 3 governs the
final disease burden, while the fractional orders affect only transient behavior and convergence speed.

Figure [/| shows the stability domain of the numerical scheme for the fractional SVIR model, with
green indicating stability and white instability, for fixed v = 0.8, & = 0.9 and varying 0 € [0, 1]. For
0 = 1 (fully implicit), the entire domain is stable, confirming unconditional stability. As 6 decreases,
the stability region shrinks significantly, requiring very small time steps for explicit schemes, while
6 = 0.5 (Crank-Nicolson) gives intermediate performance. Thus, the fully implicit NSFD method is
most reliable for long-time simulations without step-size restrictions.

Figure [§] illustrates the dependence of the infected population I on the transmission rate 8 for
different v and o with § = 1. In all cases, increasing (3 raises the endemic infection level, reflecting
stronger disease spread. Long-time simulations provide the asymptotic values (blue points), while red
dashed lines indicate oscillatory bounds around the endemic state.

All four panels show that the fractional parameters v and « strongly affect both the magnitude
and oscillations of the infected population. For average values (e.g., v = 0.7, « = 0.6 ora = 1), I
increases smoothly with 3, indicating mostly stable dynamics with only mild oscillations. In contrast,
larger v (e.g., 0.8-0.99) leads to higher infection levels and stronger oscillations, showing increased
sensitivity due to stronger memory effects. As v approaches one, the system behaves more like a
classical integer-order model, with higher endemic levels and stronger dependence on 5. Overall, the
bifurcation results confirm that S governs the long-term epidemic outcome, while v and « mainly
control the amplitude and smoothness of the dynamics, highlighting the role of memory in fractional
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epidemic models.

Figure @] shows the bifurcation diagram of S, V/, I, and R versus 3 for fixed v = 0.8, o = 0.8,
and § = 1. The system exhibits a transcritical bifurcation: for small 3, the disease-free equilibrium
holds with I = R = 0, while for § above the threshold (R¢ = 1), I and R increase continuously and
S, V decrease. The curves remain smooth, indicating a unique endemic equilibrium beyond the bifur-
cation point. The fractional orders affect the steepness of the curves but not the bifurcation location,
confirming that R remains the main threshold.

Figure [10] presents the combined effect of 3 and « on the endemic infected level I* with v = 0.8
and = 1. As [ increases, I* rises monotonically after crossing the threshold, confirming the same
bifurcation structure. For fixed 8 > [3., smaller « slightly reduces I* due to stronger memory effects,
while a = 1 yields higher infection levels. Thus, ~ mainly controls convergence speed, whereas « has
a mild but noticeable influence on the steady state, especially for large 5.

8 Conclusion

In this paper, we proposed and analyzed a new fractional-order SVIR epidemic model based on the hy-
brid MLCEF derivative, which incorporates non-singular kernels and captures memory effects in disease
transmission while preserving analytical tractability. We established the positivity and boundedness of
solutions, identified biologically feasible invariant regions, and derived the disease-free and endemic
equilibria together with the basic reproduction number R, which governs the persistence or extinction
of the disease.

The stability analysis showed that the disease-free equilibrium is locally asymptotically stable for
R < 1 and unstable for Ry > 1, while a unique endemic equilibrium exists and is locally stable when
Ro > 1. Global stability was further proven using logarithmic Lyapunov functionals combined with a
fractional LaSalle invariance principle, confirming that the classical threshold dynamics remain valid
in the MLCF framework despite the inclusion of memory effects.

Numerically, we developed an efficient NSFD scheme for the MLCF operator, including a 6-
weighted formulation solved by Newton iteration. The method preserves positivity, boundedness, and
unconditional stability in the fully implicit case, while its recursive memory structure ensures linear
computational complexity. Numerical simulations, sensitivity studies, and bifurcation analysis demon-
strated that memory effects strongly influence transient dynamics and convergence rates, although the
epidemic threshold remains determined by Ry.
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Appendix

A Positivity of Solutions

The proof of Theorem [3.3|reads as follows:

Proof. We prove that for positive initial data S(t), V' (t), I(t), R(t) > 0 forall ¢ > 0.
From the model equations (4a)—(4d) and the fact that all variables are non-negative on a short
interval (by continuity, until a possible first zero), we have

1(t)
N Sh ROz

Hence

fs(t) = MEEDAS (1) = A — 5% +uR— (k+6)S > —(k+d+B)S(t),

fv(t) =MECEDP Y (#) = kS — (1 — 7)5% — V> —(1-7)B+6)V(t),
fi(t) = MDY (t) = ﬂ% +(1— 7)5% — (ar + 64 60)] > — (0 + 6 + 50) (),
fr(t) = MECEDYOR(t) = a, ] — (64 )R > —(6 + p)R(t).

For any variable v € {S,V, I, R}, Lemma gives

u(t) = 1—v  fu(t) u(0) 1
M(v) A(t)B(t) B(t) B(

t)/o B'(k)u(k) dk,

where A(t) = Ea(—ﬁto‘> >0, B(t) = Ea(ﬁta) > 0and B'(t) > 0.
Applying the lower bound from above, say for S

1 —v —LS(t) S(O) 1 [t
S0 2 30 3w e0 B0 B ) PRS0

with L = k + § + 5. Rearranging,

S(0
B(t

1—v L
)z

s (1+ M) ADB@)

) L[t
'+ 5 /0 B (1)S(x) dr. 28)
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We define

as(t) = 5(t)(1+ ]1\4‘(;) T t)LB( 5) ®=25(0)=50),
and
_ B(t) 1—v L -1
vst) = F (1+ M) A(t)B(t)) 20

Then the inequality (28)) becomes

Dg(t) > Op — /Ot Vs(k) Ps(k) drk,

which is exactly the hypothesis of Lemma[3.2] (with ¢ = 1 and ¢(¢t) = ®g(t)).
Next, since @5 € C([0,T]), o > 0 and ¥g(t) > 0, Lemma [3.2] implies ®g(¢) > 0 for all

t € [0, T]. Because the factor (1 + ﬁm) is strictly positive, we obtain S(¢) > 0 for all £.

We finally note that the same reasoning applied to V, I, R yields

Dy (t) > Py —/0 Yy (k)Py(k)dr, @r(t) > Pro) —/0 Y1(r)Pr(k) dk,

t
Bult) > a) ~ [ Va()Ba(r)dr.
0
with suitable positive coefficients ¥y, 17, 1¥r > 0 and non-negative initial values. Lemma then
forces each of V' (t), I(t), R(t) to remain non-negative. All compartments stay non-negative for all
t > 0. Thus, the solution of the fractional SVIR model (4a)—(4d) is non-negative, as claimed. O
B Boundedness of Solutions

The proof of Theorem [3.4]reads as follows:

Proof. From the positivity theorem we already have S(t), V(¢),I(t), R(t) > 0, so N(¢) > 0. Sum-
ming the four equations of the model gives

MLEFDY YN (1) = A — SN (t) — ol (t).

Since I(t) > 0, we obtain the inequality

MLCEDVAN (1) < A — SN(t). (29)

Next, we consider the auxiliary linear problem
MLEFDVON(t) = A — 6N (t), N(0) = N(0).

Because the MLCF derivative has a completely positive kernel, the comparison principle holds: if
u(0) < v(0) and MDY (t) <MVCE DY *o(t) for all ¢ > 0, then u(t) < v(t) for all £. Applying this
with w = N and v = N and using (29) together with N (0) = N(0) yields

N(t) < N(t) forallt>0.

It remains to bound N (t). The equation for NN is linear and can be solved explicitly (e.g., by
Laplace transform). The solution is



where ®(t) is a positive function satisfying 0 < ®(¢) < 1 and ®(0) = 1 (specifically, ®(t) =
Eo(—=At*)/[Eo(AtY)] in a certain combination). Consequently,

N(t) < max{N(O), é},

0
and thus,
A
N@t) < max{N(O), g}-
Since each compartment is nonnegative and S, V, I, R < N, they are all bounded by the same
constant. O

C Local Stability of DFE

The proof of Theorem [3.5]reads as follows:

Proof. The Jacobian matrix of the right-hand side vector f = (f1, fa, f3, fa) at a generic point is
computed and then evaluated at Ey. Because I = R = 0 at Ey, many terms vanish. The result is

—(k+3) 0 B
B k —0 —(1-7)85 0
0 =
0 0 g2 (0, +5+0) 0
0 0 a, —(0+ )

The matrix is block-triangular; its eigenvalues are the diagonal entries:

So+(1-1)Vo

A =—(k4+0), A=-0, A3=—(6+p), =48 Ny

(Oér+5+50) = (ar+6+50)(R0—1).
All eigenvalues are real.

e If Ry < 1, then A4 < 0 and all eigenvalues are negative. Hence | arg()\;)| = m > % for every 4, and

the DFE is locally asymptotically stable.

o If Ry > 1, then Ay > 0; the corresponding eigenvalue lies on the positive real axis, so |arg(Ag)| =

0 < %7, and the DFE is unstable.

o If Ry = 1, the linearization has a zero eigenvalue; higher-order analysis is required, but this boundary

case is usually considered as a transcritical bifurcation. 0

D Local Stability of the Endemic Equilibrium

Proof. Assume R > 1 so that a unique positive endemic equilibrium E* = (S*, V*, I*, R*) exists.
The Jacobian of f = (f1, fa, f3, f4) at E* is block-triangular:

Jwﬂ:(ﬁ b ),

—(0+p)
where J3 denotes the 3 x 3 submatrix corresponding to (.S, V, ) and b is a column vector. Thus one
eigenvalue is A\; = —(d + u) < 0; the remaining eigenvalues are those of J3. We introduce the
normalized variables
s v R

u_N*’ U_N*7 Z_N*’ T_N*’

and set p = i, ¢ = Su, r = Sv. From the equilibrium conditions we have the identities
. S*
g+ (1 —7)r=a,+ 9+ do, p(u+ (1 —7)v) =il + 6 + &), kW:(l—T)p—i—(s.
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The entries of J3 are

aj;1 = —(k+9)—p(l —u), a2 =pu, a1z = —q(1 —1i),
ag1 =k + (1 —7)pv, azg=—6— (1 —=7)p(l —v), ag=—(1-"7)r(l—1),
a31:p(1—u+(1—7)v), aggzp(u—l—(l—r)(l—v)), a33:—p(u+(1—7')v).
The characteristic polynomial of J3 is A3 + A1A%2 + Ao\ + Az with A7 = —tr(J3), Ay =
sum of principal minors, A3 = — det(.J3).

tr(J3) = —[(k+6)+ 6 +p(l —u)+ (1 —7)p(l —v) + plu+ (1 — 7)v)] <0,

hence A; > 0. Now, a direct computation using the equilibrium relations gives
Mo = det (CLH a12> >0, M3=det (an a13> >0, Moz =det <a22 a23> > 0.
a1 a2 azi ass agz ass
Thus, Ay = M1 + Mi3 4+ Moz > 0. After a simplification, we obtain
k 1
det(Js) = —pi [(k +8) + 3+ (k +8)5] [(1 = T)p+ 0] 5 (1 - 77) <0 forRo>1,
0

so Az = —det(J3) > 0. A further computation yields

1
Ay Az — A3 = (positive expression) (1 — R—) > 0.
0

Since A1, As, A3 > 0 and A1 Ay > As, all eigenvalues of J3 have negative real parts. Consequently,
all eigenvalues of J(E™) are real and negative. For the MLCF derivative, local asymptotic stability
requires |arg(A)| > vm/2; for real negative A we have arg(A\) = 7, and 7 > v7/2 holds for any
0 < v < 1. Hence E* is locally asymptotically stable whenever Ry > 1. O

E Global Stability of the Disease-Free Equilibrium

The proof of Theorem [3.9]reads as follows:

Proof. We define a = o, + 0 + &g and consider the Lyapunov function

B5o Sy, A=71)8% |4 p

Lo B p(S) LoDy (VY n g
+ a 0 14 So + a 0 Vo + 0+ pu

where ¢(u) = u — 1 — Inw. Each term is non-negative and vanishes only at Ey. Applying Lemma

to the  terms gives

MLCFD;/,aL < (1 _ 1>MLCFDtV,aI + 5750(1 — &>MLCFD:’O‘S
I a S
L U=7)B% (1- E)MLCFD;@V 4 M wierprep
a V O+ p

Substituting the differential equations and using the equilibrium relations at Ey (A = (k + §)Sy, and
B ff—% +(1-7) %% = a’Ry) yields, after a straightforward algebraic simplification,

_BSo(S—50)° (A-7)BV% (V-Vo)®  pd
S a v 0+ p

Because Ry < 1, the right-hand side is non-positive. Hence MLCFD;’ “*“L < 0on .

Moreover, MECFDY T, = 0 implies I = 0, S = Sy, V = Vi, R = 0. The largest invariant subset
of this set is { Ey}. By the fractional LaSalle principle (Lemma , every solution in { converges to
FE), establishing global asymptotic stability. O

MLCFDYeT, < —a(1 — Ro)
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F Global Stability of the Endemic Equilibrium

Proof. Assume Ry > 1 so that a unique positive endemic equilibrium E* = (S*, V* I*, R*) exists.
Introduce the normalized variables

S \%4 . I R N
S=—, V=——, I=—, r=—, n= .
S*’ V*’ I+’ R*’ N*
We define

A:BWa B=(1-71)8

sothat A + B = al*, and set

W, CL:CXT+5+(S(),

A B W
“A+B 1T At St+pu

p

We consider the Lyapunov function
W =pS*¢(s) +qV*o(v) + I"¢(i) + o R*¢(r) + N ¢(n),

where ¢(x) = x — 1 — Inz > 0 with equality only at z = 1. WV is non-negative and vanishes only at
E*. Using Lemma [3.7] (the chain-rule inequality for the MLCF derivative) we obtain

MLOEprayy < p<1 _ })MLCFDtu,aS n q<1 B })MLCFDtu,aV n (1 _ l)MLCFDtV,aI
S v

i
1 1
n U<1 _ 7>MLCFDtV,aR . <1 _ 7)MLCFDtV,ocN.
r n
Now, we substitute the right-hand sides of the model (4) and the equilibrium relations (§)). After a
straightforward but lengthy algebraic manipulation (which follows exactly the integer-order case; see
e.g. the appendix of [235]]), all cross terms cancel and we are left with
— 1) —1)? —v)? — 1) Gol*
S CIut Y CEy) LN U V!
n S sV r n

MLCFDtV,ocW < _5N* (n (n _ 1)2.
Each term on the right-hand side is non-positive. Hence MICYDY W < 0 on int(Q).

Equality M*FD!**)} = 0 holds only when n = 1, s = 1, v = 1, r = 1. Substituting these
into the I-equation (or the equilibrium conditions) forces ¢ = 1. Thus the largest invariant subset of
{MLCFDY ) — 0} is the singleton { E*}.

By the fractional LaSalle invariance principle (Lemma , every solution starting in int({2) con-
verges to F*. Therefore E* is globally asymptotically stable whenever Ry > 1. O
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