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Abstract

Reaction-diffusion epidemic models with vital dynamics are an important framework for describ-
ing the spatial and temporal spread of infectious diseases. In this work, we present a constraint-
aware, physics-informed neural network (PINN) approach to an SEIR reaction-diffusion system
with homogeneous Neumann boundary conditions. Due to the scarcity of spatial epidemiologi-
cal datasets, we generate synthetic benchmark data using structure-preserving implicit-explicit
nonstandard finite difference (NSFD) schemes that ensure positivity, boundedness, and numer-
ical stability.

The PINN framework integrates PDE residuals, observational data, boundary conditions,
and epidemiological constraints within a unified optimization procedure. Specifically, the loss
function incorporates the non-negativity of compartment populations and the admissibility of
epidemiological parameters. We apply the method to forward simulation and inverse parame-
ter estimation in one- and two-dimensional settings. Numerical experiments demonstrate the
framework’s ability to accurately reconstruct spatiotemporal epidemic dynamics and reliably
identify parameters, even when data is sparse or noisy. These results underscore the potential
of constraint-aware PINNs as a robust, data-driven methodology for spatial epidemic modeling.

Keywords: Epidemic modeling, Spatiotemporal dynamics, NSFD scheme, Physics-informed
Neural networks, Parameter estimation, Fourier feature mapping.
2020 Mathematics Subject Classification: 92D30, 35K57, 68T07, 92-10.

1. Introduction

The spatiotemporal spread of infectious diseases is a primary concern in both mathematical
epidemiology and public health policy. This concern has motivated the development of models
capable of predicting, explaining, and ultimately controlling outbreaks. Classical compartmen-
tal models, such as the SIR, SIQR, and SEIR systems, have provided essential insights into
epidemic dynamics since the pioneering work of Kermack and McKendrick [1, 2|. These models
are traditionally formulated as systems of ordinary differential equations (ODEs) and capture
average population-level dynamics, but they neglect spatial heterogeneity and human mobil-
ity. Both of these factors are critical drivers of epidemic spread. To address these limitations,
reaction-diffusion formulations of epidemic models have been introduced to simulate spatially
structured outbreaks, wave-like infection fronts, and localized clustering phenomena [3-6].
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Despite their conceptual appeal, reaction-diffusion epidemic partial differential equations
(PDEs) present substantial challenges in practice. Classical numerical methods, such as finite
difference schemes, finite element methods, and spectral solvers |7-9]|, provide accurate approx-
imations, but they suffer from the curse of dimensionality and become prohibitively expensive
in two or more spatial dimensions. Furthermore, inverse problems, such as estimating epi-
demiological parameters from noisy, sparse, or heterogeneous surveillance data, are notoriously
ill-posed [10], often yielding unstable or biologically implausible estimates.

In recent years, physics-informed neural networks (PINNs) have emerged as a promising
approach to data-driven partial differential equation (PDE) modeling [11, 12]. PINNs em-
bed governing equations and boundary conditions directly into the loss function of a neural
network, enabling mesh-free solution of PDEs and the simultaneous integration of data and
mechanistic knowledge. This approach has grown rapidly across disciplines, including fluid
mechanics, materials science, and epidemiology [13-15]. In the context of epidemic systems,
PINNs have been successfully applied to ODE-based models of diseases such as COVID-19 and
other respiratory viruses [16-18|, as well as for forecasting hospitalizations [19, 20| and even
for fractional-order epidemic dynamics |21, 22]. Recent works have emphasized bi-objective
optimization [23], physics-informed graph neural ODEs [24], neural ODE-Bayesian hybrids
[25], and variance-aware PINNs [26], all of which point toward the rapidly evolving frontier of
physics-informed machine learning in epidemiology.

Nevertheless, the application of PINNs to spatial epidemic PDEs is still in its early stages.
Most existing works focus on non-spatial ODEs or simplified 1D PDE settings [27, 28]. Further-
more, the systematic enforcement of epidemiological constraints, such as the non-negativity of
populations, the boundedness of parameters, and the conservation of the total population un-
der vital dynamics, has rarely been addressed despite being essential for biologically meaningful
results. Without these constraints, PINN approximations may yield unrealistic solutions, such
as negative compartment sizes or unbounded growth.

Based on the above discussion, several important gaps remain in the current literature on
PINN-based epidemic modeling. Most existing studies are limited to ODE systems or 1D PDE
formulations. Meanwhile, 2D reaction—diffusion models, which are better suited for realistic
spatial epidemic propagation, have not been widely explored. Additionally, epidemiological
constraints, such as the non-negativity of compartment populations, bounded transmission
rates, and population balance under vital dynamics, are rarely explicitly incorporated into the
learning framework despite their importance for biological realism.

Another major limitation is the lack of high-quality spatiotemporal benchmark datasets
for reaction-diffusion epidemic PDEs. This makes systematic validation and reproducibility
difficult. Consequently, synthetic data generation using structure-preserving methods, such
as NSFD schemes, is essential. Finally, rigorous comparative studies of 1D and 2D epidemic
PINN models with respect to predictive accuracy, computational efficiency, and parameter
identifiability are lacking.

This paper presents a constraint-aware PINN framework for SEIR reaction-diffusion epi-
demic models with vital dynamics and homogeneous Neumann boundary conditions. This
approach incorporates biologically motivated constraints into the loss function to enforce the
positivity and boundedness of compartment populations, the admissibility of epidemiological
parameters, and population balance under births and natural deaths. Synthetic 1D and 2D
benchmark datasets are generated using structure-preserving implicit-explicit nonstandard fi-
nite difference (NSFD) schemes under various noise and sparsity conditions to enable systematic
and reproducible evaluation. Furthermore, we perform comprehensive comparisons between 1D
and 2D PINN formulations to assess predictive accuracy, robustness, and computational effi-
ciency.



The remainder of this work is structured as follows. Section 2 introduces the proposed SEIR
reaction-diffusion model with vital dynamics and establishes its well-posedness. Section 3 de-
tails the construction of synthetic datasets using NSFD schemes and their numerical analysis.
Section 4 presents the constraint-aware PINN framework, including the network architecture,
loss function design, and training strategy. Section 5 reports numerical results, including for-
ward predictions, inverse parameter estimation, and comparisons between 1D and 2D settings.
Finally, Section 6 concludes the paper with a summary of the findings.

2. Mathematical Model

We consider an SEIR-type epidemic system with vital dynamics and spatial diffusion, defined
on a bounded spatial domain Q C R? (d = 1,2) with an outward unit normal vector 7 on the
boundary 0f2. The temporal domain is ¢ € [0, 7] for some final time 7" > 0. The state variables
are the population densities of the susceptible S(t,x), exposed E(t,z), infected I(t,z), and
recovered R(t,x) classes at time ¢ and spatial position = € 2.

2.1. The PDE System

We propose a four-dimensional epidemiological model to describe the transmission dynamics
of an epidemic. The total population is divided into four compartments: susceptible (.5),
exposed (E), infected (I), and recovered (R). Individuals are recruited into the susceptible class
at a constant rate A and die at a natural rate pu. Susceptible individuals may become infected
upon contact with infected individuals at a rate [, with a fraction p entering the exposed
class and the complementary fraction 1 — p progressing directly to the infected class. Exposed
individuals can either progress to the infected class at rate  or recover without becoming
infectious at rate n. Infected individuals recover at a rate 7. Recovered individuals acquire
permanent immunity and typically only die through natural causes. The transitions between
compartments are summarized in Figure 1.

5(1_19)5] nE
A BpS1 OF I
> S > E - 1 - R
,LLSl ILLEV ILL[" MRW

Figure 1: Flow diagram of the SEIR reaction-diffusion model with vital dynamics.

Spatial mobility is incorporated through diffusion terms, with a common diffusion coefficient
A > 0 for all compartments. This allows the model to capture the heterogeneity in disease
spread across a spatial domain. The model parameters are given in Table 1.



Table 1: Epidemic parameters for the proposed SEIR reaction-diffusion model.

Symbol Description

A Recruitment rate (immigration or birth)
Natural mortality rate
Transmission coefficient
Fraction of infections entering the exposed class
Progression rate from exposed to infected
Recovery rate from the exposed class
Recovery rate from the infected class
Diffusion coefficient (identical for all classes)
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Let Q C R? be a bounded domain with smooth boundary 9. The spatiotemporal dynamics
of the SEIR system are described by the following system of reaction-diffusion equations
(
t
) _ \AS(t) + A~ BS(t )1 (1) — St ),
0F(t,
D) _ \AB(t2) + fpS(t.2)1(t.2) — (6+ 1 + ) E(t.).
ot .
in Up, (1)

afgft, ) _ MAI(t,z) 4+ B(1 — p)S(t,2)I(t,x) + 0E(t,2) — (v + w)I(t, z),
( % = MR(t, x) + nE(t, x) +vI(t, x) — pR(t, ).

Here, Uy = [0, T]x and A = V? is the Laplace operator modeling spatial diffusion. We impose
homogeneous Neumann boundary conditions to describe a closed system with no population
flux across the boundary

VS-i=VE-i=VI-i=VR-ii=0, on Xy =[0,T] x 09, (2)

where 77 is the outward unit normal to 9. The initial conditions specify the initial spatial
distribution of each compartment

S(0,x) = So(z), E(0,2) = Ey(x), 1(0,2) = Ip(x), R(0,x) = Ro(x), in Q. (3)

Unlike standard SEIR models, which assume a constant population size, the inclusion of
recruitment and mortality ensures that the total population

N(t,2) = S(t,) + E(t, 2) + I(t,2) + R(t, ),
is bounded but not constant. We obtain for N (¢, z) the temporal ODE

%—]Z—AAN:A—uN, (4)

i.e. N remains bounded due to the balance between births and natural deaths, see Section 2.2.

2.2. Well-Posedness Analysis

To ensure the mathematical consistency of the proposed SEIR reaction-diffusion model, we
analyze the well-posedness of the system (1)—(3). Our goal is to verify that the system admits
a unique global solution that is bounded and nonnegative for all time. To this end, we rewrite

the model in abstract form
o (t) + To(t) = F(¥(1)),
¥(0) = o,



where ¥(t) = (S, E, I, R)(t,-), the linear operator T is associated with diffusion terms
L, Dr= {U e (H* Q)| Vor-i=01<i< 4} c (LX) — (L3 Q)"
. v — —AAv,

and F contains the nonlinear reaction dynamics. First, we establish that all solutions of the
system remain uniformly bounded in finite time using properties of analytic Cy-semigroups
generated by —A under Neumann boundary conditions [29, pp. 230-251]. Then, multiplying
each equation by the negative part of the corresponding variable, applying integration by parts,
and using Cauchy-Schwarz and Gronwall’s inequalities proves that nonnegative initial data
lead to nonnegative solutions, ensuring biological feasibility. Furthermore, the existence and
uniqueness of a global strong solution follow from standard results in functional analysis since
the nonlinear function F is Lipschitz continuous (due to the boundedness of the solution) and
the Laplace operator is strongly elliptic. Finally, the solution satisfies the regularity properties

W; € WH(0,T; L*()) N L*(0, T H*(Q)) N L>(0,T; H'(2)),

for each component, which guarantees both smoothness and stability of the dynamics.

For further details and rigorous proofs of the well-posedness analysis, see [9, pp. 8-11].
This analysis shows that the proposed system retains the essential biological characteristics of
epidemic dynamics. Solutions remain nonnegative when initial data is nonnegative, and the
total population, N(t, ), is uniformly bounded by A/u in the long-term regime. Additionally,
including the exposed compartment alongside vital dynamics offers a biologically accurate de-
piction of incubation and demographic turnover. These properties justify using the model as
a reliable testing ground for further analytical and numerical investigations, including forward
and inverse PINN-based studies in spatial epidemiology.

3. Generation of Synthetic Data via NSFD Schemes

As there are no publicly available real-world epidemiological datasets with the spatial reso-
lution required for reaction-diffusion systems, we generate synthetic data by numerically solv-
ing equations (1)—(3). To ensure that the numerical solutions preserve essential epidemiolog-
ical properties such as non-negativity, boundedness and numerical stability, we use an NSFD
scheme.

Classical finite-difference (FD) discretizations, such as the explicit/implicit Euler methods or
Runge-Kutta methods, can produce negative or unbounded compartment values when applied
to nonlinear epidemic PDEs, see e.g. [30]. In contrast, NSFD schemes [31, 32| are explicitly
designed to preserve the qualitative features of the underlying continuous system, including
the positivity of solutions, the invariance of feasible regions, and the boundedness of the to-
tal population N. These properties are essential to epidemiological models because negative
population densities or unbounded growth are biologically meaningless.

3.1. NSFD Schemes

Using the methodology outlined in a previous work of the authors [33], we develop NSFD
schemes to numerically approximate the spatiotemporal SEIR model (1). Let ¢, = nk denote
the discrete time levels with a time step size of k£ > 0. The time derivative is approximated by

ou(t, ) ottt —au
ot |,_,. o(k) 7
where ¢(k) > 0 is a nonstandard denominator function satisfying ¢(k) — k as k — 0. First,

we describe the one-dimensional NSFD discretization, then we extend the approach to two-
dimensional spatial domains.



3.1.1. One-Dimensional NSFD Scheme

Discretize the spatial domain 2 = [0, L] into M grid points with spacing h = L/M. For
Jj=1...,M and n > 0, denote S} ~ S(tn,x;), and similarly for the other compartments
E, I, and R. The term AS(t,, ;) is approximated using the following nonstandard (’skew’)
discretization of the Laplacian

n n+1 n
J h2 ’

to guarantee the non-negativity of the solution. Consequently, the NSFD discretization of the
system (1) in 1D reads

(gntl _ gn
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EM — BT
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The NSFD scheme (5) is reformulated in a sequentially explicit form
[ gnar _ 57 Ar(R)(ST, + S71a) + 9(R)A
j

L+ 2Xr(k) + @(k)(BI} +p)
E? + Ar(k)(ET-, + E7) + ¢(k)Bp Sj’f‘“I;‘
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Ej =
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\

where we used the abbreviation 7(k) = ¢(k)/h? for the generalized parabolic mesh ratio. From
(5) we obtain the difference equation for the discrete total population

NI — N7
W:AAiN]n—FA—MNJn—H, n:O,1,2,, (7)

which is the discrete analogue to (4).

3.1.2. Two-Dimensional NSFD Scheme

For a two-dimensional domain €2 = [0, L,] x [0, L,| with uniform mesh spacings h, = h, = h,
let STy~ S (tn,;,ye) denote the pointwise approximation, with indices j, ¢ for space and n for
time. Using the same methodology as in the previous section with

n _ n+1 n n _ n+1 n
AZgn _ N ) s N Sjip — 255 + 50
h

gt h2 h2 ’



the 2D NSFD scheme reads
( Sﬂ—f—l _ ;7:5 + )\T(k) ZU:il(S;Z—l-cf,Z + ST €+U) + ¢( )
it L+ 4Xr(k) + (k) (B}, + 1) ’
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3.1.3. Qualitative Properties of the Scheme

The NSFD schemes (6)—(8) preserve several essential qualitative properties of the continuous
epidemic model. In particular, nonnegative initial conditions guarantee nonnegative numerical
solutions for all compartments and for any choices of the step sizes k,h > 0. Moreover, the
discrete total population N}, = ST, + E}, + I, + R}, remains uniformly bounded by A/,u,
consistently with the continuous formulatlon The implicit treatment of the reactive terms
together with the nonstandard denominator function ¢(k) also provides enhanced numerical
stability, allowing the use of relatively large time steps k without numerical blow-up.

3.2. Numerical Properties and Rationale for the NSFD Scheme

The construction of the above NSFD scheme adheres to Mickens’s foundational principles
for structure-preserving discretizations |31, 32]. Standard FD methods often fail to maintain
qualitative consistency when applied to nonlinear epidemiological PDEs, leading to negative
densities or instability. In contrast, the present formulation introduces a nonstandard denom-
inator function ¢(k) and a local nonlinear stabilizer v(U}'), that collectively ensure positivity,
boundedness, and improved temporal consistency.

This framework builds on advances in NSFD schemes for reaction-diffusion systems [33-
36]. Specifically, the local correction term v(U}') compensates for the order reduction arising
from the positivity-preserving Laplacian discretization, as demonstrated in [33]|. The resulting
scheme achieves first-order accuracy in time and second-order accuracy in space, with a local
truncation error O(k) + O(h?).

The positivity of the denominator function ¢(k) for all k£ > 0, guarantees the unconditional
nonnegativity of the discrete solution. Meanwhile, the implicit-explicit coupling of the diffusive
and reactive terms enhances the numerical stability, even for relatively large parabolic ratios

= k/h?. These results align with stability analyses reported in [33-35|, confirming the
reliability of the NSFD approach in generating stable, high-fidelity datasets for data-driven
modeling frameworks.

For both the 1D and 2D schemes, and in line with [33, 36|, the non-standard denominator
function is chosen as the identity function ¢(k) = k for the sake of simplicity, in order to
simplify the proposed data generation schemes. For a more advanced choice of ¢(k) originating
from the asymptotic behaviour of the total population for ¢ — oo, we refer the reader to [30].

4. The Physics-Informed Neural Network Framework

In this section, we describe the PINN framework that we used to approximate the solutions
of the SEIR reaction-diffusion system (1). PINNs integrate observational data, initial and
boundary conditions, and the governing PDE system into a unified loss function. This enables
both forward simulation and inverse parameter estimation.
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4.1. The Neural Network Architecture

We approximate the state variables
(57 E> Ia R)(ta .CE) ~ NNegp(ta 'T) = (gt% E@, j97 RG)(ta .Z'),

where 6 denotes the vector of trainable neural network parameters (so-called hyperparameters),
including all network weights, biases, and, in the inverse problem setting, a subset of unknown
epidemiological parameters to be identified from data. Here, the set of trainable physical
parameters is chosen as

@P = (67 57 77 )\)T € R4’

These parameters in ©, were selected because they directly influence the dynamics of epidemic
transmission, the temporal progression of the disease, and the mechanisms of spatial spreading.
Furthermore, they are typically challenging to measure accurately and can vary significantly
across outbreaks, geographical regions, and intervention strategies. Thus, estimating these pa-
rameters from observational data is an important inverse problem in epidemiological modeling.

In contrast, the demographic parameters A and p are assumed to be known constants and are
not included in the training procedure. These quantities correspond to long-term demographic
processes, such as birth rates and natural mortality, which evolve on slower timescales than
epidemic dynamics. They can often be estimated independently using demographic statistics.

Furthermore, the parameter p and the transition coefficient 7 are treated as fixed quantities
to reduce the dimensionality of the inverse problem and improve parameter identifiability during
training. Estimating too many parameters simultaneously can cause optimization instability
and non-uniqueness issues, especially when observational data is sparse or noisy. Thus, the
chosen subset of parameters in O, strikes a balance between epidemiological relevance, practical
identifiability, and computational stability within the PINN framework. Each compartment is
approximated by a fully connected feedforward neural network. The unknown parameters in
©, are optimized jointly with the neural network weights using gradient-based optimization
and automatic differentiation.

The inputs to the neural network are the temporal coordinate ¢ € [0,7] and the spatial
coordinates z € Q) for d = 1, or (z,y) € Q for d = 2, while the outputs correspond to the four
epidemiological compartments (S” B, R) To improve the representation of high-frequency
spatial patterns and mitigate the spectral bias commonly encountered in standard multilayer
perceptrons, Fourier feature mappings [37, 38| are employed for the spatial inputs. Specifically,
the spatial coordinates are transformed according to

v(z) = [sin(2rBz), cos(27Buz)],

where B) is a matrix of randomly sampled frequencies. This encoding significantly enhances
the expressive power of the PINN, enabling the accurate reconstruction of sharp epidemic fronts
and localized infection waves in both one- and two-dimensional domains. The network consists
of L hidden layers with nonlinear activations (tanh or swish), and residual skip connections
are incorporated to improve trainability and stability for long-time dynamics.

Figure 2 illustrates the architecture of the proposed SEIR-PINN. The neural network takes
the time ¢ and the spatial coordinates x € €2 as inputs and outputs the approximate compart-
mental fields (S , E , I , R) Automatic differentiation computes the temporal and spatial deriva-
tives, enabling the evaluation of the PDE residuals corresponding to the reaction-diffusion SEIR
system (1). Together with the data misfit, boundary and initial condition losses, and epidemi-
ological constraints, these residuals contribute to the total composite loss (9), which guides the
training process. These residuals, along with the data misfit, boundary and initial condition

8



losses, and epidemiological constraints, contribute to the total composite loss (9), which guides
the training process.

Neural Network: NNG” (¢, z)

Reaction-Diffusion SEIR System (1)

[ LOSS: 'Ctotal - WIEPDE + W2£IC + w3£BC + w4£data + W5£constraints ]

Figure 2: Schematic diagram of the proposed PINN architecture for the reaction-diffusion SEIR model (1)—(3).

4.2. The Loss Function Design

The total loss function is defined as a weighted sum of multiple components
Etotal = wlﬁPDE + w2£IC + w3£BC + w4£data + w5£constraintsa (9)
where each component is explained below.

(i) PDE Residual Loss. For each compartment, the PDE residual is computed via automatic
differentiation (AD) of the neural outputs

Rs = 0,5 — MAS — A + BST + uS,

with analogous definitions Rg, Ry, and Ri. The PDE loss is
1 &
Lepe = D (RE+ Ry + R+ RE) (L, ),
T =1

evaluated at V. randomly sampled collocation points (t;, z;) € Uy.

(1) Initial Condition Loss. Enforces agreement with prescribed initial data

Nic

»CIC—_Z(

where Nj¢o denotes the number of sampled points at ¢ = 0.

— So(z; | +‘E0 ;) Eo(iﬂz‘)|2+|f0($i)—fo($i)‘2+mo($i)—Ro(xi)‘2>a

(111) Boundary Condition Loss. Homogeneous Neumann conditions are enforced weakly by pe-
nalizing the normal derivative

Noq

EBC—N Z(}VS n| +‘VE n‘ +|VI n‘ +|VR n‘ ) (t;, x;),

for Nyq sampled boundary points (¢;, z;) € L.
9



(iv) Data Loss. When synthetic observations are available at discrete time-space locations
{(tj,z;)}, we minimize the misfit between the network outputs and the data values D;

Ny

'Cdata = Nid Z

j=1

2

Ul(t;, z;) — D],

where N, represents the number of observational data points and U denotes the observed
compartments (e.g., I or (I, R)).

(v) Constraint Loss. To ensure epidemiological consistency, the PINN framework incorporates
additional constraint-based penalty terms within the loss function. Non-negativity of the com-
partment populations is enforced through soft penalties of the form max(0, —U )? penalties for
U € {S,E,I,R}. Furthermore, deviations from the expected population balance induced by
the vital dynamics are penalized via

1 & A2

Loop = ~ (5‘+E+f+]§’——> ,

pop N’r lzl ,LL 4
where (+); denotes the positive part, ensuring that the total population does not exceed its
carrying capacity. In addition, admissibility of learned epidemiological parameters is guaranteed
through bounded transformations such as 5 = fnax 0(8), where o denotes the logistic sigmoid
function, ensuring 0 < § < Bmax. Altogether, the constraint contribution to the optimization
problem is given by

['constraints = Enonneg + 'Cpop + Lparam-

In the present work, we formulate the components of the composite loss function using
the standard L?-based mean squared error (MSE). The L*-based MSE is widely used in the
PINN literature due to its smooth optimization properties and compatibility with gradient-
based training methods. Recent studies have shown that alternative losses, such as L'-based
formulations, may improve robustness in certain situations [39]. However, we use the L*loss in
this work because the considered SEIR reaction-diffusion system produces sufficiently smooth
solutions and stable residual distributions. This makes the L? formulation well-suited for our
framework.

4.3. The Training Strategy

The training procedure integrates the composite loss function defined in Section 4.2 with a
staged optimization strategy. This strategy is designed to enhance convergence stability and
parameter identifiability. The complete workflow is summarized below in Algorithm 1.

The proposed SEIR-PINN framework enables three complementary learning modes:
Forward simulation: Approximating the full spatiotemporal evolution (S, E, I, R)(t,x) given
initial and boundary conditions.

Inverse identification: Estimating unknown epidemiological and diffusion parameters from
sparse or noisy data.

Constraint-aware prediction: Ensuring epidemiological plausibility by embedding population
conservation and non-negativity directly into the optimization.

Algorithm 1 thus provides a stable and interpretable training process capable of reconstruct-
ing epidemic dynamics and inferring key transmission parameters with high fidelity.

10



Algorithm 1 SEIR-PINN Training Algorithm

1: Initialization: Neural network parameters  are initialized using Xavier initialization [40].
When the inverse problem is considered, the epidemiological and diffusion parameters
©, = (8,p,d,n,7, A) are initialized within biologically admissible ranges inferred from prior
studies, while demographic quantities (A, ) are fixed.

2: Staged Optimization: Training is performed in three successive stages to promote robustness
and accuracy:

i : Stage I (Data fitting): The network is pretrained by minimizing Lqat, + L1 using the
Adam optimizer [41] to match observations and initial conditions.

ii . Stage II (Physics enforcement): The PDE residual and boundary terms are intro-
duced, and the total composite loss Liga in (9) is minimized using Adam with a
reduced learning rate to ensure the stable incorporation of physical constraints.

iti : Stage III (Refinement): The optimization switches to the quasi-Newton L-BFGS
method [11, 21, 41] for fine-tuning until convergence, achieving high-precision satis-
faction of the governing equations.

3: Adaptive Sampling: To improve sample efficiency and numerical accuracy, collocation points
are resampled dynamically at each epoch, with a higher probability in regions with large
PDE residuals. Training is accelerated for two-dimensional domains via GPU parallelization
and mixed-precision arithmetic.

4: Monitoring and Constraints: Non-negativity, boundedness, and population balance con-
straints (Section 4.2) are softly enforced during training. Throughout the process, the total
loss and its individual components are monitored, and early stopping is applied when the
relative improvement falls below a predefined tolerance threshold.

5. Numerical Results

In this section, we present and discuss the numerical results obtained from Sections 3 and 4
applied to the one- and two-dimensional SEIR reaction-diffusion system (1)-(3). The PINN is
trained to simultaneously solve the forward problem and recover the unknown epidemiological
parameters {3, 9,7, A} via the inverse problem formulation described in Section 4.

Synthetic ground-truth data are generated using the NSFD schemes, namely (6) in the one-
dimensional setting and (8) in the two-dimensional setting, with both formulations enforcing
zero-flux Neumann boundary conditions.

We initialize the system with normalized initial conditions, where each compartment is
expressed as a proportion of the total population. All experiments are conducted using the
parameter values listed in Table 2, and the true values of the inverse parameters are used
as reference targets for evaluating the recovery accuracy. Parameters marked with (x) are
estimated through the PINN inverse problem, while the remaining parameters are kept fixed.

11



Table 2: Parameter values used in all numerical experiments.

Parameter Symbol Value Reference Role Status
Recruitment rate A 1.0000 [33, 42] Fixed —
Death rate 1 0.0100 [43-45] Fixed —
Transmission rate Ié] 0.4000 [43-49] Inverse (%)
Direct exposure fraction D 0.3000 Assumed Fixed —
Progression rate (E — I) ) 0.3000 [46, 47| Inverse (%)
Recovery rate (E — R) n 0.1000 [43-48] Fixed —
Recovery rate (I — R) vy 0.2000 [44, 45] Inverse (%)
Diffusion coefficient A 0.0500 [33, 42] Inverse (%)

5.1. One-Dimensional Results

We begin with the one-dimensional configuration in which the spatial domain is 2 = [0, L]
with L = 1 (dimensionless) and the time horizon is T'= 5 (years). The initial conditions place
a Gaussian seed of exposed and infected individuals centred at x = 0.5, while the susceptible
population is nearly uniform at Sy ~ 90 %; the recovered compartment is initialized to zero.

The model is trained for 8000 epochs using the Adam optimizer, with an initial learning rate
of 107® and cosine annealing scheduling down to 107°. To stabilize training, gradient clipping
with a maximum norm of 1.0 is employed.

5.1.1. Space—Time Dynamics Comparison

Figure 3 displays the space—time contour maps for all compartments across the domain U,
comparing the reference data (true solution, left column), the PINN prediction (centre column),
and the pointwise absolute error E4 = |U — U] (right column). The susceptible population
decreases monotonically from its initial high value as the disease spreads outward from the
center due to diffusion, while the exposed and infected compartments exhibit a wave-like prop-
agation pattern consistent with reaction—diffusion dynamics. The absolute errors are mainly
concentrated near zero, which supports that the PINN accurately reproduces the qualitative
and quantitative behavior of all four compartments.
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Figure 3: Space-time dynamics: Reference data vs PINN prediction; 1D case.

5.1.2. Fixed-Point Temporal Profiles

Figure 4 compares the PINN prediction against the reference data at two fixed spatial
locations: the midpoint x = 0.50 and the boundary point = 1.00. In both cases, the
PINN accurately reproduces the timing and magnitude of the epidemic peaks, with minor
discrepancies observed for the exposed compartment at the boundary location. Overall, the
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errors remain small and are concentrated near zero.
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Figure 4: Temporal dynamics at fixed spatial locations: Reference data vs PINN prediction; 1D case

5.1.3. Training Loss Convergence
Figure 5 illustrates the evolution of each loss component over 8000 training epochs. The

total loss decreases by approximately two to three orders of magnitude. The data loss and
initial condition loss dominate in the early epochs, guiding the network toward the correct

solution manifold.

PDE vs Data Loss

—— PDE loss

Training Loss Curves
—— Total 51
~-- PDE —— Data loss
-—-Ic
100 4
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—-=- Data
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o) 5]
T
a w
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1
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H E 01
0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000
Epoch Epoch

Figure 5: PINN training loss evolution over 8000 epochs; 1D case.

5.1.4. Parameter Recovery
Figure 6 complements this analysis by illustrating the convergence history of the four esti-

mated parameters (3, 9, v, and \.
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Figure 6: Convergence of estimated parameters during PINN training; 1D case.

5.1.5. Quantitative Error Analysis
Tables 3 and 4 summarize the pointwise error metrics for each compartment and the pa-
rameter recovery results, respectively.

Table 3: Quantitative error metrics between the PINN predictions and the reference data; 1D case.

Compartment Rel. L? Error MAE RMSE Max Error
S 6.0606 e-04 2.5171 e-04 5.8601 e-04 5.5081 e-03
FE 3.5408 e-02 2.2358 e-04 3.5202 e-04 2.7316 e-03
I 1.4550 e-02 1.2322e-04 2.5424 e-04 2.3538 e-03
R 1.6345 e-02 1.0933 e-04 1.4441e-04 5.9132¢-04

Table 4: Comparison between the true and PINN-estimated values of the inferred parameters; 1D case.

Parameter True Value Estimated Abs. Error Rel. Error
I} 0.40 0.4024 5.9132 e-04 0.59%
0 0.30 0.3669 6.6900 e-02 22.30%
5 0.20 0.2183 1.8300 e-02 9.15%
A 0.05 0.0292 2.0800 e-02 41.60%

5.2. Two-Dimensional Results

We now extend the numerical investigation to the two-dimensional setting with spatial do-
main 2 = [0, L,] x [0,L,], L, = L, = L, and the same time horizon 7. The added spatial
dimension substantially increases both the complexity of the forward problem and the diffi-
culty of the inverse identification task, as the Laplacian now acts on two spatial directions
simultaneously and the boundary condition must be enforced on all four walls of the domain.
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Training proceeds for 10,000 epochs with the same Adam optimizer and cosine annealing
schedule. The four Neumann boundary conditions are enforced independently for each wall:
the left and right walls enforce 9,U = 0 while the top and bottom walls enforce ayU = 0, with
each wall contributing an independent term to the total boundary loss.

5.2.1. Spatial Snapshots at Five Time Instances

Figure 7 presents the spatial distribution of each compartment at five representative time
instances t =0, T/4, T/2, 3T/4, T. For each compartment, the reference data and the PINN
prediction are shown as filled contour plots. At ¢ = 0, the infectious seed is confined to a small
neighborhood around the center of the domain, and both the reference data and the PINN
prediction show close agreement, as indicated by the colormap scales. As time progresses,
the disease diffuses radially outward and simultaneously grows due to the nonlinear reaction
kinetics, producing a spreading wave visible in the I and F maps. The susceptible population
S is depleted most rapidly at the centre, while the recovered compartment R accumulates from
the centre outward. The PINN accurately reproduces this spatio-temporal evolution across all
five snapshots, capturing both the diffusive spreading and the reaction-driven dynamics.
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Figure 7: Spatial snapshots: Reference data
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5.2.2. Three-Dimensional Surface Comparison

Figure 8 presents 3D surface plots of the reference data and PINN prediction for all four
compartments at the representative time instances t = 0,7/2,T. The surface visualizations
clearly highlight the spatial heterogeneity of the compartment distributions. The PINN surfaces
closely follow the reference data in terms of height, shape, and boundary behavior, with only
minor discrepancies, as further illustrated in Figure 9 and Table 5. No spurious oscillations are
observed near the domain boundaries, confirming the effectiveness of the Neumann boundary
loss in the two-dimensional setting.
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Figure 8: Three-dimensional surface: Reference data vs PINN prediction; 2D case.
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5.2.3. Pointwise Error Maps

Figure 9 displays the absolute error maps F4 = |U —U| for all four compartments at five time
snapshots ¢t = 0, T'/4, T/2, 3T /4, T. Importantly, the errors are distributed across the domain
without any systematic spatial bias, confirming that the collocation strategy provides adequate
coverage of the spatio-temporal domain. Table 5 reports the corresponding quantitative error
metrics between the PINN predictions and the reference data.
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Figure 9: Pointwise error maps at five time snapshots; 2D case.

5.2.4. Training Loss Convergence

Figure 10 shows the loss component histories over the 10000 training epochs. The overall
convergence behaviour is qualitatively similar to the 1D case, Figure 5, but with a slower rate
of decrease reflecting the greater approximation difficulty.
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Figure 10: PINN training loss evolution over 10000 epochs; 2D case.

5.2.5. Parameter Recovery

Figure 11 complements this analysis by illustrating the convergence history of the four
estimated parameters (3, d, v, and A in the 2D setting. The parameter recovery is slightly less
accurate than in 1D case, as expected due to the larger hypothesis space and the smaller relative
contribution of each data point to the parameter gradients. Table 6 reports the comparison
between the true and PINN-estimated values of the inferred parameters.
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Figure 11: Convergence of estimated parameters during PINN training; 2D case.
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5.2.6. Quantitative Error Analysis
Tables 5 and 6 summarize the pointwise error metrics for each compartment and the pa-
rameter recovery results, respectively.

Table 5: Quantitative error metrics between the PINN predictions and the reference data; 2D case.

Compartment Rel. L? Error MAE RMSE Max Error
S 3.1121e-03 2.3606 e-03 3.0792e-03 9.8181e-03
E 8.3622 e-02 2.7817e-04 4.3298 e-04 3.7180e-03
1 2.8472¢-01 1.3021 e-03 1.7549e-03 4.6044 e-03
R 5.2685 e-01 1.2035e-03 1.5878e-03 3.3886 ¢-03

Table 6: Comparison between the true and PINN-estimated values of the inferred parameters; 2D case.

Parameter True Value Estimated Abs. Error Rel. Error
15} 0.40 0.2957 1.0426 e-01 26.06%
) 0.30 0.4091 1.0910e-01 36.37%
y 0.20 0.2802 8.0200 e-02 40.10%
A 0.05 0.0200 3.0000 e-02 60.00%

In this case, the observed estimation errors are primarily due to the initialization and opti-
mization of the unknown parameters within the broad interval (0, 1) during the training process,
which corresponds to a general identification setting. If prior information about narrower ad-
missible parameter intervals were available, the accuracy of the parameter estimation could be
significantly improved. In the present work, however, we intentionally considered the general
interval (0, 1) since no precise prior bounds on the parameters were assumed.

6. Conclusion and Future Work

In this work, we developed a constraint-aware PINN framework for solving and identify-
ing parameters in SEIR reaction-diffusion epidemic systems with vital dynamics and homoge-
neous Neumann boundary conditions. The proposed methodology combines epidemiological
constraints, observational data, and governing partial differential equations within a unified
optimization framework capable of addressing both forward simulation and inverse parame-
ter estimation problems. To overcome the scarcity of high-resolution spatial epidemiological
datasets, synthetic benchmark data were generated using positivity-preserving NSFD schemes.
These schemes preserve essential qualitative properties of the epidemic dynamics, including non-
negativity, boundedness, and numerical stability, thereby providing reliable reference solutions
for training and validation. The numerical experiments conducted in one- and two-dimensional
spatial domains demonstrated that the proposed PINN framework accurately reconstructs the
spatiotemporal evolution of all epidemiological compartments while maintaining low approx-
imation errors throughout the computational domain. The proposed framework establishes
an effective connection between mechanistic epidemiological modeling and modern scientific
machine learning, offering promising perspectives for the analysis and prediction of complex
spatiotemporal disease dynamics.

Several research directions may further extend the present work. First, the proposed frame-
work may be generalized to more complex epidemiological structures, including SEIARD, age-
structured, delayed, fractional-order, stochastic, or multi-strain reaction—diffusion systems. In-
corporating heterogeneous diffusion coefficients and spatially varying transmission parameters
would further improve the realism of the model in practical applications. Another promising
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direction concerns the integration of real epidemiological datasets. Future studies may inves-
tigate the assimilation of noisy and incomplete observations obtained from mobility networks,
geographic surveillance systems, or public health databases. Such developments would allow
the framework to be applied to realistic forecasting, monitoring, and epidemic control scenarios.
In addition, extending the framework to stochastic reaction—diffusion epidemic models would
enable the analysis of environmental variability, demographic fluctuations, random mobility
patterns, and uncertainty propagation in spatiotemporal disease transmission. From a com-
putational perspective, future work may focus on improving the efficiency and scalability of
PINN training for large-scale multidimensional problems. Possible directions include adaptive
residual sampling strategies, domain decomposition techniques, operator-learning architectures,
and hybrid numerical-neural methodologies. Finally, incorporating optimal control strategies
and uncertainty quantification within the PINN framework represents another important re-
search direction. Such developments could provide valuable tools for evaluating intervention
policies, estimating confidence intervals for inferred parameters, and supporting data-driven
decision-making in epidemic management and public health planning.
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