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Abstract: This paper investigates frequency shifts in the interference structure of acoustic fields
caused by internal-wave solitons in shallow-water environments. A coupled-mode framework is
developed to describe the interaction of acoustic normal modes under soliton-induced perturbations
of the refractive index. In the weak coupling regime, analytical expressions are derived for modal
phase variations and the resulting frequency shifts, providing physical insight into the mechanisms
that govern interference modulation. The theoretical results are supported by numerical simulations
under realistic ocean conditions. These simulations demonstrate that soliton-induced mode coupling
produces oscillatory patterns in the frequency-shift spectrum that depend strongly on soliton properties
and modal structure. Based on these findings, we propose an inverse approach to estimate key soliton
parameters, such as propagation direction, velocity, and effective amplitude, from observed frequency
shifts. The results underscore the potential of frequency-shift analysis as a practical, robust tool for
remotely sensing internal-wave dynamics in ocean acoustics.

Keywords: internal soliton waves; KdV-equation; sound field; mode coupling; interference pattern;
frequency shift; shallow water; waveguide

1. Introduction

Research on interference patterns formed by acoustic fields in oceanic waveguides is a funda-
mental topic in underwater acoustics [1,2]. The spatial-frequency structure of these patterns contains
essential information about waveguide properties, source characteristics, and environmental pertur-
bations, thereby motivating interest in the topic. A major advance in interpreting frequency-range
striations and related interference effects was achieved through the concept of the waveguide invariant
[2], which established a unified framework for analyzing them in both modal and ray-based descrip-
tions [3—6]. Subsequent studies have extended this framework to more realistic and complex scenarios,
including range-dependent environments, receiver-depth effects, thermocline influence, and mode
coupling [7-12]. More recent investigations have shown that interference structure analysis can be
applied to deep-water waveguides, where the waveguide invariant is more appropriately treated as
a distributed rather than constant parameter [10,13]. Taken together, these studies demonstrate that
interference patterns are a physically informative tool for acoustic diagnostics and interferometric
signal processing, not merely a manifestation of multipath propagation.

In recent years, increasing attention has been paid to interferometric signal processing (ISP) in
underwater acoustics because it provides an effective framework for extracting physically meaningful
information from broadband acoustic fields in ocean waveguides [14-16]. Several influential studies
developed the core theoretical ideas and methodological basis of ISP, defining the principal concepts
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of this approach and revealing its usefulness for underwater acoustic diagnostics [14-16]. Subsequent
work has demonstrated ISP’s effectiveness in a wide range of practical applications. In particular,
ISP-based techniques have been used to estimate waveguide-invariant parameters [17,18]. . These
techniques have also been confirmed to be effective in analyzing weak signals, especially when com-
bined with array beamforming to improve signal detectability [19]. Additionally, ISP has been used for
seabed characterization based on acoustic emissions from passing ships [20] and for estimating source
range in shallow-water environments [21]. A method for range-independent invariant estimation
within the ISP framework was introduced in [22], whereas [23] considered the interpretation of inter-
ference fringes in terms of eigenray or eigenbeam arrival times. Furthermore, ISP has been adapted for
passive sonar applications in deep-water settings [24,25]. Overall, these studies demonstrate that the
ISP approach is flexible and provides valuable physical information for analyzing acoustic fields in a
wide range of underwater waveguide environments.

Among ISP-based techniques, holographic signal processing (HSP) is one of the most promising
directions [26,27]. The underlying physical concepts and mathematical formulation of hologram
construction were first introduced in [26]. In the HSP approach, the quasi-coherent integration
of acoustic intensity in the frequency-time domain results in the formation of an interferogram.
This accumulated intensity distribution is analyzed by applying a classical two-dimensional Fourier
transform (2D-FT) [26] or fractional Fourier transform (FrFT) [28] to the interferogram. The resulting
quantity is commonly referred to as the Fourier hologram, or simply the hologram. In this representation,
the acoustic energy contained in the interferogram is localized into focal regions formed in the hologram
domain as a result of the interference of different propagating modes of the sound field. This process
is analogous to the spatial focusing of wave fields achieved by wavefront reversal and time-reversal
techniques [29], but it does not require extended receiver arrays or occur in the physical space of the
waveguide. Instead, focusing occurs in the frequency-time domain of the hologram. HPS is a viable
alternative to the traditional matched field processing (MFP) approach [30-34]. Despite its broad use in
underwater acoustics, MFP’s practical performance depends heavily on precise a priori information
about the propagation environment, including detailed descriptions of the water column and seabed
characteristics [30,31]. In shallow-water waveguides, however, environmental information is often
limited or uncertain. Variability associated with internal waves, tides, and changes in stratification can
cause substantial model mismatch, reducing the effectiveness of MFP [32,33]. In contrast, the proposed
holographic approach relies less on precise environmental knowledge and remains efficient even when
information about the waveguide is incomplete. This makes it a promising tool for adaptive acoustic
sensing in complex marine conditions [34].

In the early stages of HSP development, the waveguide was typically considered stationary
in space and time. In practice, however, acoustic propagation often occurs in waveguides that
are subject to hydrodynamic disturbances. The feasibility of applying HSP to a stationary source
under realistic ocean conditions was first examined in a series of experiments [35-38]. These studies
demonstrated that hydrodynamic inhomogeneities deform the interferogram and cause the focal
regions in the corresponding hologram to broaden. Under these conditions, the hologram can be
interpreted as the sum of two components: one associated with the unperturbed waveguide and one
produced by the perturbations. This two-component representation was used in [35-38] to interpret
experimental results obtained in the SWARM'95 experiment [39-41]. The waveguide inhomogeneities
observed during SWARM'95 were mainly related to internal soliton waves (ISWs), which are among
the most common hydrodynamic processes in the ocean [42—44]. Two acoustic tracks were used in
the SWARM’95 experiment; both were generated by a single source and recorded by two vertically
separated receiving arrays. The first track was oriented at a small angle relative to the ISW front. In
this geometry, ISW structures produced strong horizontal refraction of acoustic rays. In a previous
study [46], we investigated changes in the hologram structure for a moving source under conditions
of pronounced horizontal ray refraction caused by ISWs. In contrast, the second acoustic track in
SWARM’95 was directed across the ISW front so that the waves would propagate along the source-
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receiver path. In this configuration, the dominant effect was not horizontal refraction, but rather,
substantial redistribution of acoustic energy between propagating modes, i.e., mode coupling. This
mechanism was addressed in our earlier paper [47]. That paper [47] presents a detailed analysis of the
influence of ISWs propagating along the acoustic path on the hologram structure of a moving source.
Identifying the characteristic features of variations in the source interferogram structure caused by
strong ISW-induced mode coupling is essential for further developing HSP. For this reason, the present
paper focuses on analyzing this effect.

This paper investigates the influence of ISWs on the interferogram of a source sound field in
shallow water. The study focuses on cases where the ISWs propagate along the acoustic path between
the source and receiver, causing significant coupling between acoustic modes. The study is based on
numerical simulations that explicitly account for mode coupling induced by internal wave activity.
Within this framework, we examine variations in the interferogram — that is, the received sound
intensity distribution in the frequency-time domain — under space-time inhomogeneities produced
by ISWs. One of the paper’s main results is a theory of frequency shifts in two-mode interference
patterns, verified by numerical simulations. Within the proposed framework, we analyze frequency
shifts arising from ISW-induced coupling between two propagating normal modes in a shallow-water
waveguide. We also assess the diagnostic potential of these shifts and evaluate the applicability of this
approach to inverse estimation of soliton parameters and analysis of oceanic inhomogeneities. This is
done under conditions where normal modes can no longer be treated as independent.

This study uses numerical modeling to analyze the propagation of sound in three-dimensional (3D)
inhomogeneous shallow-water waveguides. Under these conditions, the acoustic field’s structure can
substantially change due to 3D environmental inhomogeneities caused by internal wave (ISW)-induced
scattering. Simulating broadband, low-frequency sound fields in these environments is computation-
ally demanding and typically requires advanced numerical methods and high-performance computing
resources to achieve physically reliable solutions. Existing numerical approaches for simulating sound
propagation in inhomogeneous shallow-water waveguides commonly fall into five categories: [48]:
models based on the 3D Helmholtz equation (3DHE) [49-51]; models based on the 3D parabolic
equation (3DPE) [52-58]; three-dimensional ray-based (3DR) models [59,60,78]; approaches based on
vertical modes and the 2D modal parabolic equation (VMMPE) [45,46,61-63]; and models employing
vertically coupled modes with horizontal rays (VCMHR) [64-77].

In this paper, we examine the propagation of low-frequency acoustics in the 90-120 Hz band.
We assume that the spatial variability of the shallow-water waveguide is primarily associated with
ISWs propagating along the acoustic path between the source and receiver. These ISW-induced
inhomogeneities produce significant scattering effects and must therefore be considered in the numer-
ical description of the sound field. Of the five classes of numerical approaches outlined above, the
VCMHR model is the most appropriate for this problem. The VCMHR model is specifically suited
to low-frequency sound propagation in shallow-water waveguides influenced by ISWs, which is
why it is the most appropriate choice for this problem. In particular, the VCMHR model adequately
treats the boundary conditions while reproducing the essential physical mechanism of vertical mode
coupling caused by environmental inhomogeneity. This feature is especially important for the present
study, in which mode coupling plays a central role in the transformation of the acoustic field. Fully
three-dimensional models are generally more advantageous for higher-frequency applications but less
efficient for describing low-frequency mode-coupling effects in shallow water. The 3DHE and 3DPE
approaches can deliver highly accurate solutions, but they are not applicable to the present problem
due to the high computational cost of solving a fully 3D propagation problem. VMMPE models are
effective at describing horizontal refraction but do not sufficiently represent mode coupling, one of the
key mechanisms examined in this work. For these reasons, the VCMHR approach was selected as the
most suitable numerical framework for simulating sound propagation in a shallow-water waveguide

perturbed by ISWs.
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The paper models the shallow-water waveguide as a medium whose spatial and temporal
variability is governed by ISWs. The simulations are based on the assumption that the speed of
an acoustic wave (~ 1500 m/s) is significantly higher than the speed at which ISWs propagate
(~ 0.5-1 m/s). This difference in characteristic velocities justifies the use of the "frozen environment"
approximation [78,79], in which the medium is assumed to remain effectively unchanged during
acoustic propagation between the source and receiver.

The paper is organized as follows. Section 1 provides the introduction. Section 2 describes the
three-dimensional model of a shallow-water waveguide in the presence of ISWs propagating along the
acoustic path. In Section 3 develops the theory of frequency shifts for the two-mode case. Section 4
presents the numerical results for the frequency shifts of a broadband sound source in a shallow-water
waveguide under conditions of significant ISW-induced mode coupling. Section 5 addresses the
corresponding inverse problem and demonstrates that it can be solved using information on the
frequency shifts of coupled normal modes, contrary to earlier doubts. The main conclusions are given
in Section 6.

2. The Shallow Water Waveguide Model

This section introduces a three-dimensional description of the shallow-water acoustic waveguide
considered in this work (see Figure 1). The model is formulated in a Cartesian coordinate system
(X,Y,Z). The propagation medium is represented by a water layer whose acoustic properties are
characterized by a sound speed ¢(r,z,t) and a density p(r,z,t), that vary in both space and time.
The horizontal location is specified by the vector r = (x,y). The upper boundary of the domain
corresponds to the sea surface located at z = 0, and the lower boundary is formed by the ocean bottom
at depth z = H. The seabed is described by the density parameter p; and by a complex refractive index
of the form n,(1 + is) [78,79]. The quantity s accounts for acoustic attenuation within the bottom
medium and is given by s = xc;,/(54.6f). In this equation, the bottom loss coefficient is denoted by y,
the sound speed in the bottom material is denoted by ¢, and the acoustic frequency is denoted by f.

The spatial and temporal variability of the acoustic properties of the water column can be
represented as follows [78,79]:

c(r,z,t) = ¢(z) + é(r,z,t), 1)

where ¢(z) denotes the reference sound-speed profile characterizing the medium when internal wave
processes are absent. The term &(r, z, t) represents the fluctuations of the sound speed caused by the
presence of internal soliton waves (ISWs).
Using Equation (1), the square of the refractive index within the water column can be written as
[78,79]:
nz(r, z,t) = r‘zz(z) + ﬁz(r, z,t), ()

where 72%(z) represents the background refractive-index distribution corresponding to the undisturbed
medium and 7 (r, z, t) describes the variation produced by ISWs. According to the approach presented
in [44,45], the perturbation term can be expressed as

ﬁz(r,z, t) = —ZQNZ(z)qA)(z)g(r,t), 3)

where Q a2 2.4 s> /m is a constant that depends on the physical properties of seawater. The quantity

d .
N(z) = (—%é}l/ ? denotes the buoyancy (Brunt-Viiséld) frequency, ®(z) is the eigenfunction of

the first internal-gravity mode, normalized to unity at termocline depth and {(r, t) characterizes the
vertical displacement of termocline water layer generated by ISWs.

ISWs are commonly observed in oceanic environments. They appear as sequences of short-period
vertical oscillations of stratified water layers and can be interpreted as packets of internal solitary
waves that propagate toward the continental shelf. ISW generation is typically associated with internal
tidal processes [42—44]. Representative characteristics of these waves, obtained from experimental
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acoustic path

Figure 1. Model of a shallow water waveguide at presence of ISWs: S — source, Q — receiver, dashed line —
source-receiver path.

observations, are summarized in Table 1 [39,40,42—44]. These parameters give rise to distinct acoustic
effects in the marine environment.

According to the reported results [45], when ISWs intersect the acoustic track between a source
and a receiver, they significantly impact the horizontal refraction of acoustic rays propagating at small
angles relative to the wavefronts of the internal waves. Consequently, time-dependent horizontal
waveguides are formed, whose axes are oriented approximately parallel to the ISW fronts. We analyzed
the influence of this phenomenon on the holographic pattern produced by a moving acoustic source in
our earlier works, for example [46]. In contrast, when ISWs propagate along the acoustic path between
the source and receiver, pronounced coupling occurs between acoustic normal modes [47]. This modes
coupling redistributes acoustic energy among the modes and modifies the relative amplitudes that
determine the structure of the resulting sound field.

Table 1. ISW Parameters

Parameter Value

ISW amplitude A ~10-30m
ISW half-width L ~ 100-200 m
ISW velocity v~ 05-1m/s
ISW curvature radius R ~ 15-25km

The vertical displacement of fluid parcels caused by a soliton can be described by the Korteweg-de
Vries (KdV) equation, where the displacement field takes the form [44,45]:

. (X — Ut
{(x) = A sech (7L ) @)
where A is the soliton amplitude and L characterizes its half-width at the level of 0.42 of the maximum
value.

For analytical convenience, this profile (4) is approximated by a rectangular pulse:

f): A, [x/LI <1, )

{(x)=A rect(L 0, /L1

This approximation (5) is based on the assumption that the excitation energies of the original and
simplified pulses are identical. Accordingly, the areas under the two profiles are considered equal:

A/_oo sech2(%) dx = A/_LL rect(%) dx = 2AL. (6)
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This substitution allows us to disregard the variation in scattering characteristics within the inhomoge-
neous region.

Figure 2 illustrates the two idealized initial ISW shapes considered in the paper Equation (4) and
Equation (5). Panel 2(a) shows a squared hyperbolic secant profile representing the KdV solution for
an ISW, with a maximum displacement of A = 15 m at the ISW crest and a gradual decay toward
zero away from the ISW crest. Panel 2(b) presents an approximate rectangular profile with the same
amplitude, A = 15 m, characterized by a uniform displacement within the central region and sharp
transitions at the ISW edges. The parameter L is 100 m for both profiles.

e

15 15 ‘ ‘ ‘ ]
10 10+ 1
5 5r 1
0 0 1
-200 -100 O 100 200 -200 -100 O 100 200
X, m X, m

(a) (b)

Figure 2. ISW shape. (a) squared hyperbolic secant (KdV-solution) shape; (b) approximate rectangular shape. ISW
parameters: A = 15m, L = 100 m.

Table 2. Shallow water waveguide parameters

Parameter Value
Waveguide depth 70m
Bottom refractive index ny = 0.82(1+10.01)
Bottom density pp = 1.8g/cm?
Modes count M=2
Source depth zo =30m
Receiver depth zop =30m
Source-receiver range ro = 10km
Frequency band Af =90-120Hz
c,m st
1480 1540
0
201 1
€
N 40+ 4
60 1

Figure 3. Sound speed dependence in a shallow water waveguide in the absence of ISWs.

The adequacy of this theoretical model was verified through numerical simulations of frequency-
shift processes in Section 4 in these two representative cases. The modeling was carried out using
the following parameters (see Table 2). The undisturbed sound-speed profile versus depth with
thermocline is shown in Figure 3. The bottom parameters were set as follows: the ratio of bottom
sediment density to water density p,/p = 1.8, and the complex refractive index n, = 0.82 (1 +10.01).
In the frequency range of 90-120 Hz, modal groups with nearly identical amplitudes were studied,
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Figure 4. Space variations of the sound speed &(x, z) due to ISW: (a) squared hyperbolic secant (KdV-solution)
shape; (b) approximate rectangular shape. ISW parameters: A = 15m, L = 100 m.

with a spectral discretization of 6f = 0.2 Hz. The acoustic source and receiver were located at a depth
of zg = 30m, and the horizontal propagation distance was ry = 10 km.

The soliton was modeled as a squared hyperbolic secant pulse with the following parameters:
amplitude A = 15m, half-width L = 100 m, and velocity v = 1m/s.

Figure 4 shows the spatial variations of the sound-speed perturbation ¢(x, z) associated with
two idealized ISW profiles and for undisturbed sound-speed profile shown in Figure 3. In panel 4(a),
corresponding to the squared hyperbolic secant KdV-solution shape for ISW, the perturbation field is
smoothly distributed around the wave core, with the largest values concentrated in the upper part of
the domain near the wave center and a gradual decay in both the horizontal and vertical directions.
In contrast, panel 4(b) displays the perturbation field generated by the approximate rectangular
ISW profile, where the region of elevated ¢(x, z) is more horizontally uniform and confined, with
comparatively sharp boundaries at the wave edges.

The coupling between the first and second modes of the acoustic field (m = 1, n = 2) was
analyzed, because this pair exhibits the strongest coupling. To track frequency shift dynamics, a
narrow-band local source with a known spectral position within the given frequency band was used.

3. Frequency Shifts Theory. Two Modes Case.

This section presents the theory of frequency shifts for a sound field consisting of two modes.
The section is divided into four parts. Subsection 3.1 describes a sound field consisting of two modes
in a shallow-water waveguide in the presence of ISW. Subsection 3.2 examines the coupled modes
approximation for frequency shifts. Subsection 3.3 considers the case when the ISW propagates along
the source-receiver path (case: @ = 0). Subsection 3.4 considers the case when the ISW propagates at
an angle to the source-receiver path (case: a # 0).

ISW crest

Q
-a’-lox

Figure 5. Geometry of the problem: S — source; Q — receiver; red dashed line — source-receiver path; blue dashed
line — ISW crest; blue arrow — ISW velocity vector v; angle between source-receiver path and X-axis.

Figure 5 shows the schematic geometry considered in this study. The source and receiver are
denoted by S and Q, respectively. The red dashed line corresponds to the source-receiver path, and the
blue dashed vertical line marks the crest of the ISW. The blue arrow indicates the ISW’s propagation
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velocity vector. The angle « is measured between the source-receiver path and the X-axis. In the
absence of ISWs, the shallow water waveguide is assumed to be horizontally homogeneous. The width
of the ISW front exceeds the length of the source-receiver path. Frequency shifts are analyzed using the
quasi-stationary approximation, in which scattering by inhomogeneities occurs as if the perturbation
were frozen in time, and the temporal dependence is restored later in the final expressions.

3.1. Sound Field Model in the Presence of ISW

Within the framework of the vertical-mode and horizontal-ray approximations, the sound field
represented by two modes can be written as follows [78,79]:

p(x,2) = Pu(x)m(2) + Pu(r)¢n(2). )

Here, r = (x,y) is the horizontal position vector, P,, and P, are the modal amplitudes, and ¢.,(z)
and ¢, (z) describe the vertical structure (mode shapes) of the corresponding acoustic modes in
an unperturbed waveguide, i.e., in the absence of an ISW. The complex horizontal wavenumber
of each mode is defined as §;; = hy, + iy, where hy, and 7, denote its real and imaginary parts,
respectively. Consequently, the acoustic pressure field p depends on the angular frequency w = 27t f
and wavenumber k = w/c.

The eigenfunctions ¢, (z) and the complex wavenumbers h,, are determined by solving the
corresponding Sturm-Liouville eigenvalue problem subject to boundary conditions at the free surface
and the bottom [78,79]:

2
T0nE) | 212 (2) gun(2) = Bgu2), ®)
dpm
g =0 oua)]y @] o, o)
where
g(&m) = 17/\/62 — kznb (1+1is). (10)

We will use the coupled mode approach to account for the scattering of the sound field Equation (7)
induced by the inhomogeneities of the water layer caused by ISWs. In the mode amplitude Py, (r), we
isolate the factor corresponding to cylindrical spreading:

M, (1)

Pon(r) = hyr
m

, (11)
where M, (r) = M, (r, ) denotes the mode amplitude without the cylindrical spreading factor. The
horizontal range between the source and receiver is r. This representation explicitly factors out
the geometric spreading term 1/+/r, which dominates the range dependence in the shallow water
waveguide under consideration. For two coupled modes with indices m and n, the system of equations
for the complex amplitudes can be written as follows [78,79]:

d]\/fn:ii(i’,lx) = iptmm (1’, 06) My, (7', l’i) + i (7’, 0() M, (7‘, 0() exp (ihnmr),
M (r ) (12)
7217:’“ = iptn (7, &) My (1, 0) + gt (r, &) Min (7, ) exp (it ),

where hy;, is the unperturbed value of the real part of the horizontal wavenumber for the m-th mode,
hyn = hm — hy, and pyy, represents the mode coupling coefficient, which is determined by the
characteristics of the inhomogeneity. The term describing modal attenuation is omitted here, since
numerical simulations indicate that it has no significant effect on the subsequent analysis.
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In the case of solitonic inhomogeneities, the coupling coefficients are expressed as:

_ k2 H 2 J
poun () = ~ 57 | 9n() eu(2) 2 (r,0,2) (13)

The Equations (12) are symmetric with respect to the interchange of lower indices (m < 1), so only the
first one will be considered further. When the mode indices are identical (i = n), the coefficient p
equals the linear correction I, to the unperturbed wavenumber /1, of the m-th mode (y, = Ji,). For
m # n, we have that yy;, = pum. We use the expression for the perturbation of the squared refractive
index 7i%(r, a, z) in the form:

i*(r,a,z) = —2QN?(z) ®(z) {(r,a), (14)

and thus we can rewrite Equation (13) as
an(r/“> = Jmn é(rrlx)/ (15)

where (7, &) represents the ISW perturbation function varying in space and time (see Equations (4)
and (5)). Continuing from Equation (15), we define the coefficient g, as

2
=~ [ g(2) 0u(2) N2 () 16
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Figure 6. Frequency shifts due to ISW. (a) Scheme of ISW propagation along the source-receiver path. ISW
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positions at three time moments: t = 25min; t = 95min; ¢t = 165. Variations of sound intensity distribution in the
frequency-time domain due to ISW motion. (b) Squared hyperbolic secant (KdV-solution) shape. (c) approximate
rectangular shape. ISW parameters: A = 15m, L = 100m, L = 100m, v = 1m/s, « = 0°. Red line — variation in
the frequency position of interference maxima due to ISW motion.

Figure 6 demonstrates how the propagation of an ISW along the source-receiver path results in
the time-dependent restructuring of the acoustic interference pattern. Panel 6(a) presents a schematic
of three characteristic ISW positions relative to the fixed source S and receiver Q. These ISW positions
correspond to three time points: ¢ = 25min; t = 95min; t = 165 min. As the ISW moves along the
source-receiver path, it changes the phase relationships among the acoustic modes contributing to
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the received field, thereby altering the interference structure of the sound intensity in the frequency
domain. Consequently, the positions of the interference maxima in the frequency spectrum become
time-dependent at the receiver Q. The corresponding evolution of the interference structure in
the frequency-time domain is shown in panels 6(b) and 6(c). In both cases, the background color
maps display alternating high- and low-intensity bands associated with constructive and destructive
interference. A key feature of these distributions is their gradual displacement along the frequency axis
as time increases. This behavior indicates that the characteristic interference frequencies are not fixed,
but vary in response to the ISW motion. The red curve traces the temporal evolution of one of the
interference maxima, revealing a pronounced oscillatory frequency shift induced by the moving ISW.
The frequency shift value Q)(t) is defined as the difference between the frequency of the interference
maximum at a given time f(¢) and the frequency of the interference maximum in the absence of an
ISW fQ:

Q) = £() - o 17)

where Q)(t) is the frequency shift value, f(f) is the frequency of the interference maximum at time ¢,
and fy is the frequency of the interference maximum in the absence of an ISW.

Comparing panels 6(b) and 6(c) shows that both ISW representations produce the same general
physical effect. In both cases, the interference pattern undergoes smooth, non-monotonic frequency
variations throughout the entire observation interval. The two models remain qualitatively and
quantitatively consistent and yield nearly identical temporal signatures of the interference maximum
frequency variations.

Thus, Figure 6 confirms that ISW motion manifests as measurable frequency shifts of interference
fringes in the received acoustic field. These results suggest that the observed spectral variability
is determined not only by the presence of the wave itself, but also by its instantaneous position.
Therefore, tracking the interference maxima in the frequency-time representation could be a useful
tool for diagnosing ISW-induced perturbations and for estimating ISW parameters.

Q , Hz Q , Hz

4 T T T 4 T T T

i Y -

2f : 2f :
v ) M 'vv

1t - 1t .

0 L L 1 0 1 1 L

0 50 100 150 0 50 100 150

t,m|n t,m|n

(a) (b)

Figure 7. Frequency shifts Q)(t) due to ISW: (a) squared hyperbolic secant (KdV-solution) shape; (b) approximate
rectangular shape. Red dotted line — mean value of Q(t). Red solid line — Q(t) without mode coupling. ISW
parameters: A =15m, L =100m, v =1m/s, a = 0.

Figure 7 presents the temporal behavior of the frequency shift Q(t) (Equation (17)) produced
by the passage of an ISW for two different representations of the inhomogeneity profile. Panel 7(a)
corresponds to the sechz—type KdV solution, whereas panel 7(b) shows the result obtained for the
approximate rectangular shape. In both cases, the frequency shift exhibits a pronounced oscillatory
behavior superimposed on a nearly constant mean level while the ISW is on the source-receiver path.
Outside this interval, Q)(t) rapidly decreases to values close to zero, reflecting the disappearance of the
ISW’s perturbing influence on the propagation conditions.

Comparing panels 7(a) and 7(b) shows that the two modeled wave shapes produce nearly identical
temporal signatures of the frequency shift. The duration of the disturbed interval, the mean level of
Q(t), the amplitude of the oscillations, and the overall envelope of the signal remain nearly unchanged
between the two representations. There are only very minor differences in the fine details of the
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individual oscillations, but the general structure of the curves is is accurately preserved. Thus, the time
dependence of the frequency shift Q(t) is primarily determined by the ISW parameters (amplitude A,
velocity v, and half-width L), rather than by subtle differences in its profile shape.

This result is important for the subsequent theoretical analysis. The close agreement between the
two cases shows that the simplified, approximate rectangular model accurately captures the essential
temporal and spectral characteristics of the more realistic sech®-type ISW with sufficient accuracy.
Therefore, using the approximate rectangular shape is justified in the analysis of frequency shifts.
This simplification clarifies the theoretical treatment presented in Subsections 3.2, 3.3, and 3.4, while
preserving the key physical effects associated with ISW-induced frequency shifts Q(t).

3.2. Coupled Modes Approximation for Frequency Shifts

Now, let us consider the theory of frequency shift due to the ISW within the framework of
the coupled modes approximation. The solution to system (Equation (12)) determines the complex
amplitudes of modes M,;, and M,;, which can be expressed as

(18)

Mm = Mm() + 5MTII/
M, = Mg+ M,

where M,,0 and M, are the initial values of the mode amplitudes in the absence of ISW, and 6 M,;,
0M,, are the amplitude perturbations caused by ISW (Equation (5)). For a point source located at
a depth zy, the quantities M,,p and M, are proportional to the mode eigenfunctions ¢,,(zo) and
¢n(20), up to a constant factor. The expression for the complex phase ©,, of the mode amplitude M,
cannot be obtained explicitly for the general case. However, for practical purposes, it is convenient to
consider the case of weak coupling, when the relative amplitude perturbations ¢, = M,/ My satisfy
|| < 1, and the problem can be solved analytically. We introduce the logarithm of the complex mode
amplitude M,;,. Its imaginary part corresponds to the phase shift of the modal amplitude, and its real
part represents the logarithm of its magnitude. Expanding In M,, into a power series in terms of the
small parameter p;,;, the modal phase ©,, can be expressed as a series:

1 1
@mzlmwm—§1m¢,31+§1m¢31+...=®£9)+®,S}>+®£3)+.... (19)

The first term G),(S ) of this expansion represents the linear approximation to the phase perturbation.
The subsequent terms @E,} ), @,(nz ), etc., describe higher-order (nonlinear) corrections. The frequency

shift (3, associated with the coupling of the m-th and n-th modes can then be written as:

d
Qi = = (O — ©y). (20)

This formulation establishes the connection between modal phase perturbations and observable
frequency shifts in the interference pattern. This connection forms the theoretical basis for estimating
the characteristics of oceanic inhomogeneities through modal interaction analysis.

_®mn(7’/ Oé,f())

Quun(r,a) = e
mn

0<r<r, (21)

where (Gun) ™t = {ro [dhmn(fo)/dw)] }71 is the frequency scale of field variability at distance ry,
determined by modal interference; f is the frequency position of the observed interference maximum
in the absence of ISW; and ®,,, = ©,;, — ©, is the phase difference between the modes. Using the
definition of the group velocity for the m-th mode, Vgm = dw/dh,,, the coefficient G,,;;; can be written
as Gun = tmn, where t,,, = t;, — t, represents the time delay between pulses of modes m and n, with
tm = ro/vgm. Thus, Equation (21) shows that phase variations induced by environmental perturbations
can be equivalently interpreted in terms of frequency shifts. In particular, the modal phase increment
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On can be expressed in terms of the frequency shift Oy, as Oy = —tmnQun- In other words,
frequency shift measurements can serve as indirect phase measurements and can be used effectively in
interferometric systems for diagnostic and monitoring purposes.

The solution to Equation (12) can be obtained using the integral method with a second-order
approximation. For most practical applications, this approximation is accurate enough to study the
influence of oceanic inhomogeneities.

3.3. ISW Propagates Along the Source—Receiver Path. Case & = 0.

This case corresponds to an angle & = 0 (see Figure 5). Substituting the mode amplitudes M,; and
M,, with their initial values M,,p and M, into the right-hand side of the Equation (12) and integrating,
we obtain

My(r) = Mmo—i—i[Mmo /0 i (F') @' + Mo /0 - exp(ihmnr/)dr/]_ 22)

Performing the second iteration, we obtain:

Mu(r) = Mo + { - |:Mm0 /Or /OS Wi (8) Pmm (0) do ds
+ M, /Or /OS tonn (8) o () €M1 dads}
+ Mg /0 ' /o i tonn (5)e" i (0) €1 dor ds (23)
Mo [ [ s ()ptn (0) o0 s

r r .
—b—i{MmO/O Umm (s) ds + Mno/o Hmn (S) elh”’”sds} }

As can be seen, the first-order solution compared with the second-order one underestimates the
increment of the complex amplitude M,, extracted in Equation (22) and Equation (23) from the
expressions within the curly brackets. To determine the complex amplitude, it is sufficient to substitute
lower indices m — n in Equations (22) and (23).

Using Equations (18) and (23), we can isolate the phase increment ®;, and substitute it into
Equation (19), by restricting ourselves to the first two terms. Using Equations (5), (15), and (16) the
integration yields an expression for the phase increment ®,,. Similarly, we can obtain the phase
increment ®,. Then, accurate to quadratic terms, the expression for the phase difference ®,,,, when
transformed to the temporal dependence t = r/v, can be written as

®m”(t) = G)Wln + ®mn(t)/ t1 <t<t,
Zl ¢ rg — 20 (24)
L’ 2 L

=

where @, is the stationary component of the phase difference, ®,,,(t) represents the oscillating
component of the phase difference.
The stationary component of the phase difference ©y,, is defined by the following expression:

Omn =N+ +J3+ s (25)
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In this context, the quantities J; represent the following constant:

L= ZAL(an - an)/
2= 4(AL)3(K]?,M - q:r%m>/

5= Z(AL)3‘72 W (an - an)/ (26)
_ sin (Q’mn) My \2 M\ ?
] Z(AL) qz q)mn {(I]mm+l7nn)|:(Mmo) - <Mn0) :|}

The oscillating component of the phase difference @,,,(t) is defined by the expression:

A

Omn(t) = I; cos(Wmnt + @mn) + L sin(wpmnt)

+ Iy sin(Wmnt + @mn) + Lo sin(wmnt + 2@mn)

+ I sin(2wmnt + @mn) + Ig Sin(2wmnt + 2@mn) (27)
+ Iy sin(2wpmnt + 3Qmn) + Is sin(3wmnt + 2@ mn)

+ Iy sin(3wmnt + 3¢ mn).

Here, the quantities I; denote the following constants:

o Sin(q)mn) Mo . M0 2 Mo 2 Mo
Il — 2AL‘7mn Prin |:<Mm0 MnO ) + Z(AL) (qmm Mm() Tnn MnO )
2 SN (@mn) (Mo
+ (AL S o) (20 _ S0,
b= AL [ o sin® (@) ( o _ ) ( 2 MmO)
2 Prin mn 4’%171 Tnn MVIO ’
I = A3L3qun sin(@mn) {4( 5 MnO 9 Mmo)
Pmn Pmn i Mo "M
2 SINQ2@mn) Muo ~ Mmo
+ (‘7’”" 2@mn 4‘7’”'”‘7””) (Mmo Mn()) '
4A3L3Qmm1%m11mn Mo Mo
I — _ 28
4 Pmn (MmO Mn0> (28)
2A3L342,, sin Mo \2 M0\ 2
Is=— q)mnqmn q()::m) {(Qmm — an) |:Q‘mm (MnO ) — Gnn ( M:j(;)) ] ’
2A3L3¢2 sin(2¢ ) sin? (p M0 \2
I mn B mn mn [ m0 :| }/
6~ Pmn (G nn){ 2¢mn men ( Mo )
2A313¢2,, sin(@mn) Mo \2 M
I = mn mn [ n0 B m0 ]
7 Pmn Pmn fnn <Mm0) i ( Mo )
I — A3L3g3,, sin?(@umn) (MnO B Mmo>
Pmn (szn Mo Mo
Io— A3L343,,, sin(@mn) sin(2@mn) (Mno B MmO)
Pmn Pmn 2Qmn Mo Mo ’

Here, ¢mn = |hmn|L is the oscillation phase, wyy = 27TVin, and Vpp = |hmn|v/ 27 is the first harmonic
of the oscillations of the interacting m-th and n-th modes. Using the definition of the spatial beat period
of the interacting modes py, = 271/ |hyn|, the frequency vy, can be written as vy = v/pmn. Thus, the
value 1/vy,;; can thus be interpreted as the characteristic displacement time of the interference pattern
Pmn/ 0. Variations in the velocity of the inhomogeneous region lead to proportional variations in the
oscillation frequency v;,; without affecting the amplitude.
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In Equation (25), the first term defines the stationary frequency shift in the independent mode
approximation of the (the linear term in Equation (19)), while the remaining two terms arise due
to mode interaction (the quadratic terms in Equation (19)). The resulting oscillations of the phase
difference O, (t) include harmonics with frequencies Wmn, 2Wmn, and 3wpy,. As in the case of
independent normal modes, the interaction of modes leads to changes in the mean values of the phase
difference and frequency shifts.

The phase difference @ between the interfering modes leads to the appearance of harmonics of
the phase difference ®. These two mechanisms differ qualitatively in that the mean phase difference
is mainly determined by the parameters g;,, and g,,, which are associated with corrections to the
unperturbed values of the propagation constants. The amplitude of the oscillatory phase component is
defined by the parameters §,, hiun, and the interaction coefficient y,,, which governs mode coupling.

The expressions for the coefficients J; (Equation (26)) and I; (Equation (28)) were obtained under
the approximation |®,,,| < 1. To satisfy this condition, it is necessary to assume that the mode
amplitudes M, and M, are of the same order, i.e., M0 ~ My0. If one of the modes is weakly excited
(for example, My,0 > Myp), then, as M, 9 — 0, the ratio M,,0/ Mo increases indefinitely, and the
small-parameter approximation is violated. In this case, the system (Equation (12)) must be solved
using the initial condition M,,p = 0.

According to Equations (21) and (24), the frequency shift can be written as

Q(t) = - (@mn + @mn) =0+ Q(f) (29)

As can be seen from Equations (24), (26), and (29), this formulation does not describe the frequency
shift modulation of observed in numerical experiments (see Section 4). This discrepancy arises from
the approximate nature of Equation (21), which is based on the Taylor expansion of the propagation
constants /1, around their unperturbed values k. For the reference value fy, which corresponds
to the position of the maximum of the field in the absence of perturbation, the linear term of the
expansion is sufficient for stationary frequency shift patterns. However, for nonstationary patterns,
where the position of Q)(t) varies over time, the interference of waves with closely spaced frequencies
must be considered. In this case, small variations in the propagation constants produce beatings that
manifest as frequency modulation.

Now, let us consider the spectrum of the interferogram of frequency shifts, which qualitatively
represents the essence of the phenomenon. As shown by numerical simulations (see Section 4), the
amplitudes of the spectral components pvy,, (for p = 1,2,3), decrease with increasing harmonic
number p, and higher harmonics have significantly smaller spectral amplitudes. The amplitude of
the frequency shift at the frequency vy, = 0 is determined by the stationary component (),,,. In this
case, the spectral component 3vy;, is negligible small, so its amplitude is not visible in the figures.
Therefore, we restrict our analysis to the stationary term and the first harmonic w;,;, of the frequency
shifts (Equation (29)).

Table 3. Parameters of an unperturbed waveguide

Parameter Value
hip, 1073 m™1 7.590

My 0.1352
Moz 0.1577
q11, X104 m~2 1.2860
G20, X104 m~2 2.8095
g2, X104 m~2 2.0070

Gio, s 0.3391
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For the unperturbed waveguide model, the parameters that define the values of the coefficients J;,
and [;, as well as the magnitude G, are given in Table 3. Note that the propagation of the first (m = 1)
and second (n = 2) modes was modeled. Now, if we apply the inverse Fourier transform:

A 1 [

Ow) = 5 / Q(t) exp(—icwt) dt, (30)
then, neglecting the edge effects associated with the incomplete entry and exit of the soliton from the
track, the amplitudes of the spectral components at frequencies w = 0 and w = w,,; can be easily
found as

A T
Q

(0) = 27TGmn]’ ]: ]1 +]21 (31)

and

L (32)

Ow = wm) = 4Gy

I= \/If + I3+ 1B+ 12+ 2I3(L + Iy) cos(@mn) + 211 (Is — L) sin(@pun) + 2L 14 cos(2@mn).

Here, I denotes the amplitude of the harmonic of the phase difference; T = ry/v is the soliton
passage time along the acoustic track. Note that the Equation (31) remains valid when edge effects are
considered, if the pulse is approximated by a trapezoidal shape. In this case, the broadening width of
the spectral lines at the level of 0.7 of the maximum amplitude can be estimated as

v
ov=09—, (33)
o
that is, to within a factor of 0.9, it is inversely proportional to the travel time T and independent of
the interacting mode number. Note that the expressions for the oscillation frequencies vy, and the
spectral linewidth Av were previously obtained based on numerical experiments.

3.4. ISW Propagates at an Angle to the Source-Receiver Path. Case o # 0.

Consider the propagation of an ISW with the source-receiver path at an angle of a, where

0 < @ < /2. As can be seen from the geometry of the problem shown in Figure 5, the problem

reduces to the case of motion along the path with an angle of & = 0, if one introduces the effective

half-width L(«), the ISW velocity v(a), and the ISW traversal time along the source-receiver path T («):
L v

L(wx) = cos(@)’ v(a) = cos(a)’ T(a) = T cos(w). (34)

Here, L, v, and T denote the corresponding quantities for & = 0. Equations (24)—(33) remain valid
in this case if the appropriate substitutions are made. However, as the angle approaches /2, the
coupled modes approximation becomes less effective. In this case, significant horizontal refraction
effects caused by ISWs crossing the source-receiver path must be considered.

According to Equation (25) and (26), an increase in « leads to growth in the mean frequency shift
Q) and the adiabatic frequency shift (), (calculated without mode coupling), as well as a decrease in
the amplitude of the oscillatory component Q)(t). The frequency vy, («) and the width sv(a) of the
spectral lines are given by

Vi v
Vi (&) = cos(a)’ ov(a) = cos(@)’ (35)

Thus, an increase in « leads to a proportional increase by a factor of (1/ cos(«)). At the same time, the
ratio of the linewidth dv(a), cf. Equation (33), to the oscillation frequency vy, («) can be written as

Sv(a)

o] =09 270 (|ln|ro) (36)




16 of 27

which is independent of the perturbation. Furthermore, the dependence of the corresponding values
on the angle « will be omitted unless it causes ambiguity.

4. Numerical Simulation Results

This section presents the results of numerical simulations of frequency-shift dynamics induced by
ISWs. These simulations were performed using the parameter set summarized in Table 2. Figure 3
shows the unperturbed sound-speed profile as a function of depth. The bottom properties were
specified by the density ratio of the bottom sediments to water, p; /p = 1.8, and the complex refractive
index n, = 0.82(1+10.01). In the 90-120 Hz frequency band, modal groups with nearly equal
amplitudes were considered, using a spectral resolution of §f = 0.2 Hz. The acoustic source and the
receiver were both placed at a depth of zy = 30m, and the horizontal propagation range was set to
ro = 10 km. The soliton was represented by a squared hyperbolic secant pulse with an amplitude of
A = 15m, a half-width of L = 100m, and a propagation velocity of v = 1 m/s. Particular attention
was given to the coupling between the first and second acoustic modes (m = 1, n = 2), since this
modal pair demonstrates the strongest interaction.

Q , Hz Q x10°
4 T T T 4 T T T T
3 . 3 1
it "\ 1 .
0 ) ) ) 0 L —
0 50 100 150 c 1 2 3 4 5
t, min U, x10™ Hz

@) (b)

Figure 8. (a) Frequency shift Q(t) due to ISW. Red dotted line — mean value of Q)(#). Red solid line — Q)(t) without
mode coupling. (b) Spectrum Q(v) of frequency shifts Q(t). ISW parameters: A = 15m, L = 100m, v = 1m/s,
« = 0°. ISW is modeled by a squared hyperbolic secant (KdV-solution) shape. Acoustic attenuation due to the
bottom is present: s # 0.

Figure 8 illustrates the temporal and spectral manifestations of ISW-induced frequency shifts
when acoustic attenuation associated with bottom interaction is considered. The ISW is modeled using
a squared hyperbolic secant (KdV-solution) shape. Panel (a) of Figure 8 shows that the time dependence
of the frequency shift ()(t) retains the same general structure as in the lossless case. During the ISW
influence interval, the frequency shifts dependence consists of a nearly stationary mean component
with superimposed oscillations. Outside this interval, the shift rapidly approaches zero. The red solid
line represents the contribution without mode coupling and defines the slowly varying background
level. The blue curve shows that mode coupling produces an additional oscillatory modulation around
this baseline. The red dashed line shows the mean value of ()(t), which remains close to the central
level of the oscillatory response throughout the disturbed interval. Figure 8(b) provides an additional
interpretation of these results through its spectral representation. The spectrum Q)(v) is concentrated
primarily in the low-frequency range. It has a dominant peak near zero frequency and a sequence of
weaker harmonics extending toward higher frequencies v.
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Figure 9. (a) Frequency shift Q(t) due to ISW. Red dotted line — mean value of Q(t). Red solid line — Q(#) without
mode coupling. (b) Spectrum Q(v) of frequency shifts Q(t). ISW parameters: A = 15m, L = 100m, v = 1m/s,
« = 0°. ISW is modeled by an approximate rectangular shape. Acoustic attenuation due to the bottom is present:

x #0.

Figure 9 shows the temporal evolution and spectral content of the ISW-induced frequency shift
Q)(t) for the case in which the internal wave is represented by an approximate rectangular profile
and acoustic attenuation due to bottom interaction is included. Panel (a) of Figure 9 shows that the
frequency shift remains localized within the time interval during which the inhomogeneity intersects
the source-receiver path. During this time, the signal consists of a nearly steady background component
and a superimposed oscillatory contribution. Outside of this interaction interval, Q}(t) rapidly drops to
values close to zero, indicating that the ISW’s perturbing effect on the interference structure vanishes as
the wave moves away from the acoustic path. The spectral behavior shown in Figure 9(b) is consistent
with the time-domain picture. The spectrum Q)(v) is concentrated primarily in the low-frequency
range. There is a dominant contribution located near zero frequency and a set of weaker secondary
maxima at higher frequencies v. This structure reflects the coexistence of two components in Q(t):
a non-zero average level, which produces the strong low-frequency part of the spectrum, and an
oscillatory modulation, which gives rise to additional spectral peaks. Therefore, the spectrum confirms
that the ISW-induced frequency shift is mainly governed by slow temporal variability, while the finer
oscillatory structure contributes weaker, yet still well-resolved harmonic content.

An important conclusion that can be drawn from Figure 9 is that the approximate rectangular
representation of the ISW retains the same main temporal and spectral signatures as the squared
hyperbolic secant (KdV-solution) shape. Replacing the soliton profile has little effect on the mean
frequency shifts and does not alter the positions of the spectral lines. However, it leads to an increase
in the amplitudes of the spectral components. For example, at the frequency v = 1.174 x 103 Hz, the
oscillation amplitude () is equal to 341.94 for the sech? ISW and 416.38 for the rectangular ISW. Thus,
changing the ISW shape mainly affects the spectral components amplitudes, while leaving the overall
spectral structure nearly unchanged. Not only is the stationary interference pattern of frequency
shifts observed, as in the case of independent modes, but also a time-dependent process associated
with variations in the path difference of modes propagating from the inhomogeneity to the receiver.
Additionally, the constant frequency shifts Q) differ for coupled and independent modes.

Figure 10 shows the temporal evolution and spectrum of the ISW-induced frequency shift ()
for an approximate rectangular wave profile in the absence of bottom attenuation. As seen in Panel (a)
of Figure 10, the frequency shift is localized within the interaction interval between the inhomogeneity
and the source-receiver path. During this interval, ()(¢) consists of a nearly constant mean level and
an oscillatory component caused by mode coupling. Outside this interval, it rapidly approaches zero.
The corresponding spectrum Q)(v), shown in Panel (b) of Figure 10, is concentrated mainly in the
low-frequency range and has a dominant peak near zero frequency and several weaker secondary
maxima.
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Figure 10. (a) Frequency shift Q(¢) due to ISW. Red dotted line — mean value of Q)(t). Red solid line — Q(¥)
without mode coupling. (b) Spectrum Q(v) of frequency shifts Q(). ISW parameters: A = 15m, L = 100 m,
v =1m/s, a = 0°. ISW is modeled by an approximate rectangular shape. Acoustic attenuation due to bottom is
absent: sz = 0.

Comparing this figure with Figure 9, which includes bottom attenuation, shows that excluding
bottom absorption does not substantially change the temporal behavior or the spectral structure of the
frequency shifts. The mean level, the oscillation pattern, and the positions of the main spectral peaks
remain nearly the same. This suggests that the influence of bottom attenuation weakly influences
the frequency shifts and does not affect the main features of the ISW-induced response. For example,
atv = 1.174 x 10~ Hz, the mean frequency shift without attenuation is Q = 577.35, whereas with
attenuation included, it is Q = 341.94. This demonstrates that attenuation primarily affects the
magnitude of the spectral components but does not influence the frequency shift distribution pattern
itself.
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Figure 11. (a) Frequency shift Q(¢) due to ISW. Red dotted line — mean value of Q)(¢). Red solid line — Q)(#)
without mode coupling. (b) Spectrum Q(v) of frequency shifts Q(t). ISW parameters: A = 15m, L = 100m,
v =1m/s, a = 25° ISW is modeled by a squared hyperbolic secant (KdV-solution) shape. Acoustic attenuation
due to the bottom is present: s # 0.

Figures 11-13 illustrate how the temporal and spectral characteristics of the ISW-induced fre-
quency shift Q(t) depend on the angle « between the wave propagation direction and the acoustic
track. In all three cases include acoustic attenuation due to bottom interaction, and the ISW is modeled
by the sech?-type KdV profile. A common feature of all panels is that the frequency shift remains
localized within the time interval during which the inhomogeneity affects the source-receiver path.
Outside this interval Q)(t) rapidly tends to zero. The corresponding spectra Q)(v) are dominated by
low-frequency components, reflecting the finite duration and relatively slow temporal modulation of
the ISW-induced perturbation. Comparing of panels (a) in Figures 11-13 reveals a clear systematic
influence of the angle a. As a increases from 25° to 50° and then to 75°, the duration of the disturbed
interval decreases noticeably, while the mean level of the frequency shift increases. At = 25°, the
signal extends over the longest time interval and exhibits a well-developed oscillatory structure around
a moderate mean level. At x = 50°, the interaction interval becomes shorter and the average value
of Q(t) grows; however, the oscillations remain clearly visible. At # = 75°, the response is strongly
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Figure 12. (a) Frequency shift Q(¢) due to ISW. Red dotted line — mean value of Q(t). Red solid line — Q(#)
without mode coupling. (b) Spectrum Q(v) of frequency shifts Q)(t). ISW parameters: A = 15m, L = 100m,
v =1m/s, a = 50°. ISW is modeled by a squared hyperbolic secant (KdV-solution) shape. Acoustic attenuation
due to the bottom is present: s # 0.
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Figure 13. (a) Frequency shift Q(t) due to ISW. Red dotted line — mean value of Q(t). Red solid line — Q()
without mode coupling. (b) Spectrum Q) (v) of frequency shifts Q(t). ISW parameters: A = 15m, L = 100m,
v =1m/s, a = 75°. ISW is modeled by a squared hyperbolic secant (KdV-solution) shape. Acoustic attenuation
due to the bottom is present: s # 0.

compressed in time and is characterized by a much larger mean frequency shift, while the oscillatory
modulation is relatively weak compared to the overall level of the signal. The same tendency is
evident in the spectral domain. For & = 25°, the spectrum contains a pronounced low-frequency
peak, as well as a relatively rich set of secondary maxima associated with the oscillatory structure of
Q(t). As the angle increases to 50°, the spectrum remains dominated by low frequencies, though the
secondary components become less significant relative to the main contribution. In the case & = 75°,
the spectral energy is concentrated even more strongly in the lowest-frequency range, and the fine
harmonic structure becomes much less pronounced. Thus, as « increases, the spectral pattern gradually
simplifies, which is consistent with the reduced relative importance of oscillatory modulation in the
time domain.

Overall, the comparative analysis of Figures 11-13 shows that the angle « is one of the key
parameters controlling the ISW-induced frequency shifts. An increase in this angle yields larger
mean values of ()(f), shorter interaction times, and a stronger spectral energy concentration near zero
frequency. At the same time, the contribution of mode-coupling-induced oscillations becomes less
pronounced in relative terms. Therefore, the geometry of ISW propagation relative to the acoustic
path significantly impacts the temporal signature and spectral content of the observed frequency-shift
response.
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Table 4. Frequency Shifts Parameters. Case « = 0°.

Parameter Theory Simulation
Oy, Hz 1.348 1.452
O, Hz 2.075 2.188
V12, x107% Hz 1.209 1.174
v, x10~* Hz 0.899 0.909
Spectral amplitude at the frequency vy 605.33 341.94

Table 5. Frequency Shifts Parameters. Case & = 25°.

Parameter Theory Simulation
0,4, Hz 1.487 1.602
O, Hz 2.468 2.524
V12, x10~% Hz 1.333 1.295
év, x10~* Hz 0.992 1.018
Spectral amplitude at the frequency vy 642.65 331.22

Table 6. Frequency Shifts Parameters. Case & = 50°.

Parameter Theory Simulation
0,4, Hz 2.097 2.286
O, Hz 4.904 3.981
V12, X107 Hz 1.880 1.810
6v, x10~* Hz 1.556 1.363
Spectral amplitude at the frequency vy, 728.18 264.19

Table 7. Frequency Shifts Parameters. Case & = 75°.

Parameter Theory Simulation
g4, Hz 5.207 5.531

O, Hz 51.178 9.737
V13, 1074 Hz — —

Sv, x10~* Hz — —

Spectral amplitude at the frequency vy — —

The frequency-shift modeling results for « = 0°, 25°, 50°, and 75° are summarized in the following
tables: Table 4 corresponds to Figure 8 (@ = 0°); Table 5 corresponds to Figure 11 (x = 25°); Table 6
corresponds to Figure 12 (¢« = 50°); Table 7 corresponds to Figure 13 (¢ = 75°). An increase in «
leads to an increase in the stationary component ®,un, a decrease in the amplitude of the oscillatory
phase component, and an increase in the adiabatic frequency shift v, which agrees qualitatively with
theoretical expectations. For « = 75°, oscillations of the frequency shifts practically vanish, and the
corresponding spectral lines are not registered against the stationary spectrum background. At the
same time, the difference between the adiabatic and stationary frequency shifts Q),; and () increases.
Interference between the modes becomes noticeable for angles greater than « > 50°, which is related to
the coupling of two terms in Equation (19) that were used to construct the numerical model. To reduce
discrepancies arising as the angle a increases, higher-order approximations must be considered, which
complicates solving the inverse problem. However, this refinement has limited physical significance
since the proposed theory does not consider horizontal mode refraction, which becomes noticeable for
angles & > 70°. Therefore, it can be concluded that Equation (19) is applicable only to angles a < 50°.
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5. Internal Soliton Wave Parameters Estimation

Although this possibility had previously been questioned, theoretical analysis suggests that the
inverse problem can be addressed using information about the frequency shifts of coupled normal
modes. To clarify, we consider a numerical experiment schematically illustrated in Figure 14. Two
acoustic propagation paths originate from a common source S and terminate at receivers Q; («; = 20°)
and Qo (xp = 40°), which are positioned so that the angle between the paths is ¢ = 20°. The length of
each path is 7y = 10 km. We assume that the characteristics of the unperturbed acoustic waveguide are
known (see Table 2).

0 Q2

Figure 14. Geometry of the problem: S - source; Qj - first receiver; Q, - second receiver; red dashed lines - S — Qg
and S — Qy paths; blue dashed line - ISW crest; blue arrow - ISW velocity vector v; a1 = 20° angle between S — Q;
path and X-axis; #y = 40° angle between S — Q, path and X-axis; ¢ angle between S — Q; and S — Q, paths.
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Figure 15. (a) Frequency shift Q(t) due to ISW. Red dotted line — mean value of Q(t). Red solid line — Q(t)
without mode coupling. (b) Spectrum Q(v) of frequency shifts Q)(t). ISW parameters: A = 15m, L = 100m,
v =1m/s, a7 = 20°. ISW is modeled by a squared hyperbolic secant (KdV-solution) shape. Acoustic attenuation
due to bottom is present: sz # 0. Results corresponds to S — Q; path.
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Figure 16. (a) Frequency shift Q(¢) due to ISW. Red dotted line — mean value of Q(t). Red solid line — Q)(t)
without mode coupling. (b) Spectrum Q(v) of frequency shifts Q(t). ISW parameters: A = 15m, L = 100m,
v =1m/s, ap = 40°. ISW is modeled by a squared hyperbolic secant (KdV-solution) shape. Acoustic attenuation
due to bottom is present: » # 0. Results corresponds to S — Q» path.
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The ISW intersects both propagation paths at angles #; and «;. The simulation uses the following
soliton parameters: amplitude A = 15m, half-width L = 100m, propagation velocity v = 1m/s,
and intersection angles a1 = 20° and ap = 40°. The goal is to determine the soliton parameters and
its direction of motion based on the frequency shifts obtained numerically, which are presented in
Figures 15 and 16 for the first and second paths, respectively.

Table 8. Frequency Shifts Parameters. First Path.

Parameter First path
vyp, Hz 1.5376 x 1073
ov, Hz 1.1724 x 10~*
O, Hz 3.1910

Table 9. Frequency Shifts Parameters. Second Path.

Parameter Second path
v1p, Hz 1.2650 x 1073
ov, Hz 9.8152 x 107>
O, Hz 2.3959

The values of the frequency-shift parameters obtained in the numerical experiment are summa-
rized in Table 8 and Table 9. The procedure used to reconstruct the soliton parameters is outlined below.
By measuring the oscillation frequencies v, (1) and v15 () along the two acoustic paths, and taking
into account the geometric relation between the angles, ay = B + &1, an equation for determining ap
can be obtained:

tan(ay) = M, (37)
rsin(B)
where v = v1p(a2) /v12(a1). Using Equation (19), the soliton’s propagation velocity can be estimated
from measurements of the soliton propagation direction and the spectral line width recorded on one of
the acoustic paths. This estimate can be written as

v=11ryév(ay7) cos(ajy). (38)

According to the parameters listed in Table 3, the contributions of the terms J3 and J4 in Equa-
tion (26) are small and can be neglected when evaluating the constant component @, defined in
Equation (25). Therefore, determining the soliton pulse parameter AL from measurements of the mean
frequency shift Q)(ay ) reduces to solving a cubic equation. The average frequency shift corresponding
to the angles a1 » can be written in the form:

1 2AL 4(AL)3

—_—— — _\AAR) 3 3
Gip | cos(a1p) (q11 q22)+cos3(1x1/2) (711 — q22) |- (39)

O(ar) =

The difference in the propagation constants |h1;| of the unperturbed waveguide can be obtained

from Equation (36) using the available measurement data. This approach accounts for potential
discrepancies between the actual and assumed environmental parameters during the experiment.
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Table 10. ISW Parameters Estimation

Parameter Model values First-path data ~ Second-path data
v, m/s 1 1.013 1.031

ap, deg 20° 18°54' 18°54/

AL, m? 1500 1447 1509

|h1a], m™1 7.590 x 1073 7413 x 1073 7.284 x 1073

At the same time, the problem of separating the factors contained in the parameter AL remains
unresolved. The results of reconstructing the soliton characteristics are summarized in Table 10. These
data show that the estimates of the soliton parameters obtained from the two paths are consistent. The
parameter values reconstructed using the two acoustic paths show good agreement, demonstrating
the stability and consistency of the obtained estimates.

6. Conclusion

The results of the present study demonstrate that the proposed monitoring approach, which
is based on analyzing frequency-shifted maxima of the acoustic field, can extend well beyond the
conventional regime of independent normal modes. Combined theoretical analysis and numerical
simulations show that the previously assumed restriction to weakly perturbed environments is not
fundamental. Notably, the method remains applicable in the presence of intense internal waves, even
when the acoustic field is significantly impacted by mode coupling. This finding is significant because
it expands the range of inverse problems that can be solved using this approach to include the recovery
of parameters related to weak and pronounced oceanic inhomogeneities.

An important consequence of these findings is that the proposed approach can reconstruct not
only the characteristics of oceanic inhomogeneities, but also their spatial and temporal variability, in
a statistically meaningful way. Thus, the method provides information directly relevant to practical
ocean acoustic monitoring, where the medium is often highly variable and only partially understood.
Furthermore, the results indicate that the approach can be used in near-real-time applications while
maintaining an acceptable level of accuracy in solving the inverse problem. These results significantly
increase the approach’s practical value, suggesting that frequency-shift analysis can serve as an effective
diagnostic tool for monitoring complex shallow-water environments under realistic conditions.

More broadly, this study advances our physical understanding of sound propagation in shallow-
water waveguides with strong spatiotemporal variability. The results clearly demonstrate that mode
coupling must be considered when interpreting frequency shifts in these environments. Rather, it must
be considered an essential physical mechanism that governs the transformation of the acoustic field.
From this standpoint, the proposed monitoring framework provides a consistent physical basis for
analyzing acoustic fields in environments with both weak and strong inhomogeneities. Overall, the
study confirms the method’s robustness and diagnostic potential and highlights its promise for further
development in inverse problems and adaptive ocean acoustic monitoring.
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Abbreviations

The following abbreviations are used in this manuscript:

ISP
HSP
ISW
FS
MFP

interferometric signal processing;
holographic signal processing;
internal soliton wave;

frequency shifts;

matched field processing;

3DHE 3D Helmbholtz Equation models;
3DPE 3D Parabolic Equation models;

3DR

3D Ray-based models;

VMMPE  Vertical Modes and 2D Modal Parabolic Equation models;
VCMHR  Vertical Coupled Modes with Horizontal Rays models.
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