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Abstract

Stochastic port-Hamiltonian systems represent open dynamical systems with dissipation, inputs, and stochastic forcing in an
energy based form. We introduce stochastic port-Hamiltonian neural networks, SPH-NNs, which parameterize the Hamiltonian
with a feedforward network and enforce skew symmetry of the interconnection matrix and positive semidefiniteness of the
dissipation matrix. For Itô dynamics we establish a weak passivity inequality in expectation under an explicit generator
condition, stated for a stopped process on a compact set. We also prove a universal approximation result showing that, on any
compact set and finite horizon, SPH-NNs approximate the coefficients of a target stochastic port-Hamiltonian system with C2

accuracy of the Hamiltonian and yield coupled solutions that remain close in mean square up to the exit time. Experiments on
noisy mass spring, Duffing, and Van der Pol oscillators show improved long horizon rollouts and reduced energy error relative
to a multilayer perceptron baseline.
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1 Introduction

Recently, there has been growing interest in using
Hamiltonian-based frameworks to model complex phys-
ical systems, especially in the field of machine learning
for dynamical systems. These approaches are appealing
because they integrate structural and physical con-
straints, such as energy conservation and passivity, into
data-driven models. However, despite their universal
approximation capabilities, traditional neural networks
(NNs) cannot generally enforce fundamental physical
laws. Consequently, they may produce predictions that
violate energy conservation or stability constraints, re-
sulting in unphysical behaviors such as uncontrolled
energy growth or dissipation in conservative systems.

Email addresses: luca.dipersio@univr.it (Luca Di
Persio), ehrhardt@uni-wuppertal.de (Matthias
Ehrhardt), youness.outaleb@unitn.it (Youness Outaleb).

1.1 Learning Physics Under Uncertainty

There is a particular need for data-efficient and phys-
ically reliable learning algorithms in domains where
safety, interpretability, and extrapolation are essential.
Examples range from robotics and autonomous sys-
tems, where inaccurate energy accounting can lead to
catastrophic controller failures, to molecular simula-
tion, where violations of stochastic energetics distort
statistical observables.

In these applications, two goals emerge: learned mod-
els should respect intrinsic geometric or energetic prop-
erties (e.g., symplecticity, skew-symmetry, positive def-
initeness, and passivity) that are known a priori. How-
ever, environmental disturbances, parameter variability,
and measurement noise must also be taken into account.
Deterministic models alone are insufficient when uncer-
tainty alters qualitative behavior.

Port-Hamiltonian theory provides a unifying language
that fulfills both criteria. It builds upon classical Hamil-
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tonian mechanics by explicitly distinguishing between
storage (energy), dissipation (entropy production), and
interaction (ports) via Dirac structures. When Brow-
nian noise is present, stochastic port-Hamiltonian sys-
tems (SPHS) are obtained, in which noise enters through
additional stochastic ports. However, only a few ma-
chine learning papers have addressed the full stochastic,
energy-aware setting to date.

1.2 Structure-Preserving Machine Learning

Many techniques have been proposed to embed physical
structure into learning algorithms. One such technique
is physics-informed neural networks (PINNs), which
constrain the solutions of partial differential equa-
tions (PDEs) by adding the residuals of the governing
equations to the loss function [15,10]. However, vanilla
PINNs are not well-suited for long-time integration
of Hamiltonian flows because they do not guarantee
symplecticity. Hamiltonian neural networks (HNNs) ad-
dress this issue for conservative, deterministic systems
by learning a scalar Hamiltonian Hθ, whose gradients
reproduce Hamilton’s equations [8].

Port-Hamiltonian neural networks (PHNNs) are an
extension of HNNs that allow for non-conservative in-
terconnections and damping matrices. The early work
of van der Schaft and Jeltsema [17] inspired data-driven
identification methods. Regarding model reduction,
Breiten and Schulze proposed a linear-quadratic Gaus-
sian (LQG) balanced truncation method for linear
port-Hamiltonian descriptor systems that preserves the
port-Hamiltonian structure [2]. While not a learning
algorithm, this method demonstrates how to combine
stochastic optimal control ideas with structure preser-
vation, offering a complementary approach to noise-
aware modeling. However, these contributions typically
address deterministic settings and often either over-
look noise or add it after training. For an overview of
recent machine learning techniques for deterministic
port-Hamiltonian systems (PHSs), see Cherifi [3].

1.3 Related Work on Stochastic Dynamics

Over the last five years, the intersection of stochastic dif-
ferential equations (SDEs) and deep learning has given
rise to a vibrant research field. This field is driven by the
need to model noisy physical systems, financial time se-
ries, and irregular biomedical records. Below, we review
the relevant literature on structure preservation, empha-
sizing how each method addresses – or fails to address –
energy consistency, passivity, and uncertainty.

In their work, Kidger and Lyons [11] cast the drift and
diffusion of an Itô SDE as neural networks trained by
stochastic adjoint methods, forming the Neural SDE
framework. Subsequent refinements have improved
training stability by expanding state spaces [7] and by

using robust solvers such as Milstein nets [18]. However,
these black-box approaches, while expressive, disregard
the geometric constraints of Hamiltonian flows.

Inspired by deterministic HNNs, Kong et al. [13] intro-
duced stochastic HNNs (SHNNs), which add isotropic
Langevin noise to the canonical equations. Di Persio et
al. [6] developed the Port-Hamiltonian Neural Network
(PHNN) framework and extended this concept by pro-
viding a systematic way to model both energy dissipa-
tion and external interactions (ports). This overcomes
the limitations of gradient-based damping and enables
the simulation of interconnected stochastic systems.
These Hamiltonian-inspired architectures are comple-
mented by stochastic PINNs (sPINNs) [14], which ex-
tend the PINN residual loss to stochastic dynamics.
However, residual-based training alone does not guar-
antee structure preservation (e.g., passivity or energy
consistency) without additional constraints.

Score-based generative models offer an alternative ap-
proach. By training a time-reversed SDE to match the
data distribution, one obtains a controllable forward
SDE. Zhang et al. [16] embedded port-Hamiltonian
priors into the score network via energy regularizers.
Their sampler enforces passivity only in distribution.
In contrast, our parameterization (Section 3) enforces
the structural constraints J = −J⊤ and R ⪰ 0 exactly,
and admits localized weak-passivity bounds under an
explicit generator inequality (Corollary 5).

Current stochastic-dynamic learning methods either ig-
nore the energy structure, are restricted to conservative
noise models, or treat passivity as an afterthought. The
proposed SPH-NN, which integrates port-Hamiltonian
geometry with flexible neural parameterization, im-
proves long-horizon rollouts and energy-related metrics
on the benchmarks considered here relative to a stan-
dard MLP baseline.

1.4 Present Work

This paper introduces the Stochastic Port-Hamiltonian
Neural Network (SPH-NN), which closes the existing
gap. Starting from the axiomatic definition of SPHS
[4,5], we parameterize the Hamiltonian Hθ with a
feedforward network and construct the drift in port-
Hamiltonian form. In the deterministic case this yields
the standard energy balance

Ḣθ = u⊤yθ −∇H⊤
θ Rθ∇Hθ.

In the Itô stochastic case, the expected energy involves
an additional Itô correction 1

2 Tr(σσ
⊤∇2Hθ), and weak

passivity follows under an explicit generator inequality
(Corollary 5).

The dissipative co-matrix R(x) and the interconnection
matrix J(x) are assigned to parameterizations that are
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tractable and maintain positive semi-definiteness and
skew-symmetry, respectively. The stochastic signature
σ(x) can be prescribed or learned, enabling fidelity to
noisy data.

The result is a learned SDE that retains the port-
Hamiltonian structural constraints exactly and admits
weak-passivity bounds in expectation (Corollary 5), to-
gether with universal approximation guarantees (Theo-
rem 4). Figures 1 and 2 illustrate the benefits of conser-
vative and damped systems affected by nontrivial noise.

1.5 Contributions

This paper makes three contributions. First, we present
the first end-to-end differentiable architecture that in-
corporates the complete stochastic port-Hamiltonian
formalism formulated in the Itô sense within a neural
network. Our construction guarantees skew-symmetry
and positive semi-definiteness by design, and we study
weak passivity in the sense of Definition 1 (see Corol-
lary 7, Proposition 8, and Section 4).

Second, we prove a universal approximation theorem on
compact sets: for any compact K and finite horizon T ,
the SPH-NN parameterization approximates the SPHS
coefficients (including C2-accuracy of H on K) and the
corresponding coupled solutions are close up to the exit
time from K (Theorem 4). We furthermore derive weak-
passivity bounds in expectation via an explicit genera-
tor inequality: a localized bound on K for the stopped
process, including an additive term that captures the
Itô correction and approximation error (Corollary 5), a
strict localized version without the additive term under
r ≤ −δ on K (Corollary 7), and a non-localized weak-
passivity result under the additional global condition
r̂ ≤ 0 on Rn plus integrability assumptions (Proposi-
tion 8). To the best of our knowledge, this is the first rig-
orous approximation result coupling stochastic dynam-
ics with a port-Hamiltonian structure.

Third, using canonical benchmarks, we demonstrate
that SPH-NNs achieve lower long-term energy drift
and more accurate rollouts than multilayer perceptrons
(MLPs). In this context, a rollout starts from an initial
condition and simulates the learned dynamics forward
over many time steps to produce a predicted trajectory,
and the rollout error quantifies the deviation of this
trajectory from the true one over the time horizon.

1.6 Organization of the Paper

Section 2 reviews the port-Hamiltonian and stochastic
foundations. Section 3 introduces the SPH-NN architec-
ture and training procedure. Section 4 presents numeri-
cal experiments and ablation studies. Section 6 discusses
limitations and perspectives, and Section 7 concludes.

2 Theoretical Background

This section introduces the foundational concepts that
underpin our proposed approach. First, we review port-
Hamiltonian systems.

2.1 Port-Hamiltonian Systems

Port-Hamiltonian systems (PHSs) are a powerful, struc-
tured framework for modeling physical systems involv-
ing energy storage, dissipation, and environmental in-
teraction. PHSs are particularly well-suited for multi-
physics applications where different physical domains
are interconnected via energy exchanges.

A standard PHS is described by the following state-space
representation:

ẋ =
[
J(x)−R(x)

]
∇H(x) +G(x)u. (1)

Here, x ∈ Rn denotes the state vector, H(x) : Rn →
R is the Hamiltonian function representing the total
stored energy in the system, J(x) = −J(x)⊤ is a skew-
symmetric matrix encoding the structure of the inter-
nal energy-conserving interconnections, and R(x) is a
positive semidefinite matrix modeling dissipative effects.
The influence of external inputs u ∈ Rm is captured by
the control input matrix G(x).

A key property of PHSs is passivity, which ensures that
the system cannot generate energy internally. Instead,
the system can only store, dissipate, or exchange energy
with its environment. Passivity plays a central role in
analyzing system stability and designing robust, phys-
ically consistent controllers. Port-Hamiltonian models
naturally extend to networked and distributed systems,
making them valuable tools for theoretical analysis and
practical engineering applications.

2.2 Stochastic Extension

Uncertainties, measurement noise, and unmodeled ex-
ternal disturbances can significantly impact the dynam-
ics of many real-world systems. To account for these
effects, the port-Hamiltonian framework can be ex-
tended to include stochastic perturbations, resulting in
a stochastic port-Hamiltonian system (SPHS) [4].

A typical SPHS is modeled by introducing a stochastic
term driven by a Brownian motion Wt into the deter-
ministic formulation (1):

dXt =
[
J(Xt)−R(Xt)

]
∇H(Xt) dt

+ g(Xt)ut dt+ σ(Xt) dWt,
(2)

where Xt ∈ Rn denotes the system state at time t,
J(Xt) is a skew-symmetric interconnection matrix,
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R(Xt) is a positive semidefinite dissipation matrix,
H(Xt) is the Hamiltonian representing stored energy,
y(Xt) = g(Xt)

⊤∇H(Xt) is the output, and σ(Xt) is the
diffusion matrix that characterizes how noise enters the
system.

This stochastic formulation preserves the key structural
components of PHSs, namely the separation of conser-
vative, dissipative, and external effects, while accommo-
dating random fluctuations. This extension is essential
for accurately modeling physical systems subject to un-
certainty, and ensures that important properties, such
as passivity and energy consistency, are retained in ex-
pectation or in a probabilistic sense.

2.3 Energy Principles and Passivity

The principle of energy conservation and balance is a
central concept in PHS theory. The Hamiltonian func-
tionH represents the system’s total stored energy, while
the dissipation matrixR(x) models energy loss due to re-
sistive effects. In deterministic PHSs, the system’s struc-
ture ensures that it cannot generate energy internally,
thereby satisfying the principle of passivity.

In the Itô interpretation, applying Itô’s formula to
H(Xt) produces an additional second-order term
1
2 Tr(σσ

⊤∇2H) in the energy balance, so noise may in-
ject or remove energy in expectation even when R ≡ 0.
Consequently, weak passivity is not automatic from
J = −J⊤ and R ⪰ 0 alone, and it requires an explicit
generator inequality that balances dissipation and the
Itô correction (see Corollary 5 and Proposition 8).

Several formal notions of stochastic passivity have been
proposed in the literature, see for example, [4,5]. For the
sake of completeness, we recall the standard definitions
of strong and weak passivity.

Definition 1 (Strong and Weak Passivity) Let
H : X → R denote the Hamiltonian of a SPHS. The
system interacts with its environment through port vari-
ables (u, y), where the input is u : [0,∞) → Rm and the
output is y : [0,∞) → Rm. Then:

(1) The system is strongly passive [4] if, for all sample
paths and all t ≥ 0,

H(Xt) ≤ H(X0) +

∫ t

0

u(s)⊤y(s) ds. (3)

(2) The system is weakly passive [4] if the inequality (3)
holds in expectation:

E
[
H(Xt)

]
≤ E

[
H(X0)

]
+ E

[∫ t

0

u(s)⊤y(s) ds

]
.

(4)

These definitions ensure that, on average, the energy
within the system does not exceed the initial energy plus
the cumulative power supplied through the input ports.
In a stochastic setting, these passivity constraints are
crucial for ensuring stability and limiting the system’s
response under random perturbations.

2.4 Learning a Hamiltonian from Data

A key concept in structure-preserving machine learning
is learning the underlying Hamiltonian function directly
from the data. This captures the physics that govern
the system. In the deterministic setting, the dynamics of
many physical systems can be described by Hamilton’s
equations:

q̇ =
∂Hθ

∂p
, ṗ = −∂Hθ

∂q
, (5)

where Hθ is a neural network parameterization of the
Hamiltonian function, and (q,p) denote the generalized
coordinates and momenta.

Given observed trajectory data {(q,p, q̇, ṗ)}, one can
train the neural network Hθ by minimizing the discrep-
ancy between the predicted and true time derivatives
using the following loss function [8]:

LHNN =
∥∥∥q̇− ∂Hθ

∂p

∥∥∥2 + ∥∥∥ṗ+
∂Hθ

∂q

∥∥∥2. (6)

This objective function (6) motivates the learned model
to satisfy Hamilton’s equations. It embeds the system’s
symplectic structure, which improves long-term predic-
tive stability and energy conservation compared to stan-
dard regression techniques. This methodology forms the
basis of the Hamiltonian Neural Network (HNN) frame-
work, introduced in [8].

To extend this idea to stochastic systems, we consider
the drift component of a SPHS (2), given by[

J(Xt)−R(Xt)
]
∇Hθ(Xt), (7)

while a diffusion term σ(Xt) dWt accounts for stochastic
perturbations (noise), and is usually modeled as Brown-
ian motionWt. Given sampled trajectories of the system
stateXt, we define a training objective that captures the
drift structure:

argmin
θ

∥∥∥Ẋt −
[
J(Xt)−R(Xt)

]
∇Hθ(Xt)

∥∥∥2. (8)

In the stochastic setting, Xt is an Itô process that does
not admit a classical derivative dXt

dt . We can interpret Ẋ
in two different ways:
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(1) Drift-based interpretation: Ẋ could be read as the
empirical velocity computed from finite-difference
estimates of trajectory increments,

Ẋt ≈
xt+∆t − xt

∆t
, (9)

where xt are data points. This approach is used in
[8] when analytic derivatives are unavailable. In-
stead, the authors used finite-difference approxima-
tions of q̇, ṗ, where q is the position, p is the mo-
mentum and Xt = (q,p).

(2) Conditional expectation interpretation: we match
the expected increment per unit time,

Ẋt ≈ E
[
Xt+∆ −Xt

∆

∣∣∣Xt

]
. (10)

This approach is used in [1] where SDEs are learned
by regressing Kramers-Moyal conditional moments.

The formulation (8) is the cornerstone of our stochastic
port-Hamiltonian neural network (SPH-NN) framework.
It allows for the learning of energy-consistent dynamics
under uncertainty by expressing the discrepancy in the
drift term as an explicit loss function.

2.5 The SDE Stability Lemma

Several of our theoretical results depend on the continu-
ity of SDE solutions with respect to small perturbations
in the drift and diffusion terms. In stochastic calculus,
it is well-known that the strong solution of an SDE de-
pends continuously on its coefficients (and initial data)
under standard conditions (Lipschitz continuity). If two
SDEs have drift and diffusion coefficients that are close
to each other (e.g., in sup norm) and share the same
Brownian motion and initial state, then their solution
processes will also be close to each other.

Lemma 2 Let K ⊂ Rn be compact. Let J : K → Rn×n

and σ : K → Rn×d be continuous and assume J(x) =
−J(x)⊤ for all x ∈ K. Let H ∈ C2(Rn). Assume there
exist r ∈ N and a continuous map D : K → Rr×n and
define R(x) = D(x)⊤D(x) for x ∈ K. Assume the acti-
vation G is l-finite in the sense of [9] for some l ∈ N with
l > 2. Throughout, ∥ · ∥ denotes the Euclidean norm for
vectors and the induced operator norm for matrices, and
∥ · ∥F denotes the Frobenius norm.

Then, for any ε > 0 there exist feedforward neural net-
works with activation G

Â : Rn → Rn×n, D̂ : Rn → Rr×n,

σ̂ : Rn → Rn×d, Ĥ : Rn → R,

such that, defining Ĵ(x) = Â(x) − Â(x)⊤ and R̂(x) =

D̂(x)⊤D̂(x), we have:

(1) Ĵ(x) = −Ĵ(x)⊤ and R̂(x) ⪰ 0 for all x ∈ Rn.
(2)

sup
x∈K

(
∥Ĵ(x)− J(x)∥+ ∥R̂(x)−R(x)∥

+ ∥σ̂(x)− σ(x)∥
)

+ ∥Ĥ −H∥C2(K) ≤ ε,

where

∥Ĥ −H∥C2(K) = sup
x∈K

|Ĥ(x)−H(x)|

+ sup
x∈K

∥∇Ĥ(x)−∇H(x)∥

+ sup
x∈K

∥∇2Ĥ(x)−∇2H(x)∥.

PROOF. Since K is compact it is closed, and each
scalar entry of J , D, σ is bounded on K. By the Tietze
extension theorem applied to each scalar entry (compo-
nentwise), extend J , D, σ from K to continuous maps
on Rn (still denoted J , D, σ). Use the norm bounds

∥M∥ ≤ ∥M∥F ≤ √
pqmax

i,j
|Mij | for M ∈ Rp×q.

Let MD = supx∈K ∥D(x)∥ < ∞ and set

ηJ =
ε

4
, ησ =

ε

4
, ηH =

ε

4
, ηD = min

{
1,

ε

4(2MD + 1)

}
.

Choose

αA =
ηJ
2n

, αD =
ηD√
rn

, ασ =
ησ√
nd

, αH =
ηH

1 +
√
n+ n

.

By [9, Corollary 3.4] with m = 0, choose networks Â, D̂,
σ̂ such that on K,

max
i,j

∣∣∣Âij(x)−
1

2
Jij(x)

∣∣∣ ≤ αA,

max
i,j

∣∣D̂ij(x)−Dij(x)
∣∣ ≤ αD,

max
i,j

∣∣σ̂ij(x)− σij(x)
∣∣ ≤ ασ.

Then for x ∈ K, we have∥∥∥Â(x)− 1

2
J(x)

∥∥∥ ≤
∥∥∥Â(x)− 1

2
J(x)

∥∥∥
F
≤ nαA =

ηJ
2
,

∥D̂(x)−D(x)∥ ≤ ∥D̂(x)−D(x)∥F ≤
√
rnαD = ηD,

∥σ̂(x)− σ(x)∥ ≤ ∥σ̂(x)− σ(x)∥F ≤
√
ndασ = ησ.

By [9, Corollary 3.4] with m = 2, choose Ĥ such that
for all multi-indices β with |β| ≤ 2,

sup
x∈K

|∂βĤ(x)− ∂βH(x)| ≤ αH .
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Hence

sup
x∈K

|Ĥ(x)−H(x)| ≤ αH ,

sup
x∈K

∥∇Ĥ(x)−∇H(x)∥ ≤
√
nαH ,

sup
x∈K

∥∇2Ĥ(x)−∇2H(x)∥ ≤ nαH ,

so ∥Ĥ −H∥C2(K) ≤ (1 +
√
n+ n)αH = ηH .

Next, define Ĵ = Â − Â⊤ and R̂ = D̂⊤D̂. Then, Ĵ is
skew-symmetric and R̂ ⪰ 0 on Rn. For x ∈ K, since
J(x) = −J(x)⊤,

∥Ĵ(x)− J(x)∥ =
∥∥∥(Â(x)− 1

2
J(x)

)
−
(
Â(x)− 1

2
J(x)

)⊤∥∥∥
≤ 2
∥∥∥Â(x)− 1

2
J(x)

∥∥∥ ≤ ηJ .

Also, for x ∈ K,

∥R̂(x)−R(x)∥ = ∥D̂(x)⊤D̂(x)−D(x)⊤D(x)∥
≤ (∥D̂(x)∥+ ∥D(x)∥) ∥D̂(x)−D(x)∥.

Since ∥D̂(x)∥ ≤ ∥D(x)∥+ ηD ≤ MD + 1, we get

∥R̂(x)−R(x)∥ ≤ (2MD + 1)ηD ≤ ε

4
.

Therefore,

sup
x∈K

(
∥Ĵ(x)− J(x)∥+ ∥R̂(x)−R(x)∥

+ ∥σ̂(x)− σ(x)∥
)
+ ∥Ĥ −H∥C2(K)

≤ ηJ +
ε

4
+ ησ + ηH = ε.

Proposition 3 Fix T > 0 and a compact set K ⊂ Rn.

Let b, b̂ : [0, T ]×Rn → Rn be measurable and continuous

in x, and let σ, σ̂ : Rn → Rn×d be continuous. Let X, X̂
be strong solutions on [0, T ] of

dXt = b(t,Xt) dt+ σ(Xt) dWt, X0 = x0 ∈ K,

dX̂t = b̂(t, X̂t) dt+ σ̂(X̂t) dWt, X̂0 = x0,

driven by the same Brownian motion W . Assume:

(1) There exists L < ∞ such that for all x, y ∈ K and
all t ∈ [0, T ],

|b(t, x)− b(t, y)|+ ∥σ(x)− σ(y)∥F ≤ L|x− y|.

(2)

α = sup
t∈[0,T ]

sup
x∈K

|b(t, x)− b̂(t, x)| < ∞,

β = sup
x∈K

∥σ(x)− σ̂(x)∥F < ∞.

Define the joint exit time

τK = inf{t ≥ 0 : Xt /∈ K or X̂t /∈ K}.

With∆t = Xt∧τK−X̂t∧τK andF (t) = E
[
sup0≤r≤t |∆r|2

]
,

for all t ∈ [0, T ],

F (t) ≤ (4T + 16)L2

∫ t

0

F (s) ds+ (4T 2 + 16T )(α+ β)2,

hence

F (T ) ≤ (4T 2 + 16T ) exp
(
(4T + 16)L2T

)
(α+ β)2.

In particular, for every ε > 0,

P
(

sup
0≤t≤T∧τK

|Xt − X̂t| > ε
)

≤
(4T 2 + 16T ) exp

(
(4T + 16)L2T

)
ε2

× (α+ β)2.

PROOF. Since X, X̂ are continuous adapted pro-
cesses and K × K is closed, τK is a stopping time and

Xt∧τK , X̂t∧τK ∈ K for all t ∈ [0, T ]. In particular, the
stopped integrands below are predictable and bounded,
hence square-integrable, so the Itô integrals are well-
defined square-integrable martingales.

For t ∈ [0, T ],

∆t =

∫ t∧τK

0

(
b(s,Xs)− b̂(s, X̂s)

)
ds

+

∫ t∧τK

0

(
σ(Xs)− σ̂(X̂s)

)
dWs.

Set

At =

∫ t∧τK

0

(
b(s,Xs)− b̂(s, X̂s)

)
ds,

Mt =

∫ t∧τK

0

(
σ(Xs)− σ̂(X̂s)

)
dWs,

so that ∆t = At +Mt and

sup
0≤r≤t

|∆r|2 ≤ 2 sup
0≤r≤t

|Ar|2 + 2 sup
0≤r≤t

|Mr|2.
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For s < τK we have Xs, X̂s ∈ K, so

|b(s,Xs)− b̂(s, X̂s)| ≤ |b(s,Xs)− b(s, X̂s)|
+ |b(s, X̂s)− b̂(s, X̂s)|

≤ L|∆s|+ α,

and

∥σ(Xs)− σ̂(X̂s)∥F ≤ ∥σ(Xs)− σ(X̂s)∥F
+ ∥σ(X̂s)− σ̂(X̂s)∥F

≤ L|∆s|+ β.

For the drift term, for every r ∈ [0, t],

|Ar| ≤
∫ r∧τK

0

∣∣b(s,Xs)− b̂(s, X̂s)
∣∣ ds

≤
∫ t∧τK

0

(
L|∆s|+ α

)
ds,

so by Cauchy–Schwarz,

sup
0≤r≤t

|Ar|2 ≤
(∫ t∧τK

0

(
L|∆s|+ α

)
ds
)2

≤ t

∫ t∧τK

0

(
L|∆s|+ α

)2
ds.

Taking expectations and using (a+ b)2 ≤ 2a2 +2b2 and
|∆s|2 ≤ sup0≤u≤s |∆u|2 gives

E
[

sup
0≤r≤t

|Ar|2
]
≤ t

∫ t

0

E
[
(L|∆s|+ α)2

]
ds

≤ t

∫ t

0

(
2L2F (s) + 2α2

)
ds

≤ 2TL2

∫ t

0

F (s) ds+ 2T 2α2.

For the martingale term, Doob’s L2 maximal inequality
and Itô isometry yield

E
[

sup
0≤r≤t

|Mr|2
]
≤ 4E|Mt|2

= 4E
∫ t∧τK

0

∥σ(Xs)− σ̂(X̂s)∥2F ds

≤ 4

∫ t

0

E
[
(L|∆s|+ β)2

]
ds

≤ 4

∫ t

0

(
2L2F (s) + 2β2

)
ds

≤ 8L2

∫ t

0

F (s) ds+ 8Tβ2.

Combining the two estimates, we get

F (t) = E
[

sup
0≤r≤t

|∆r|2
]

≤ 2E
[

sup
0≤r≤t

|Ar|2
]
+ 2E

[
sup

0≤r≤t
|Mr|2

]
≤ (4T + 16)L2

∫ t

0

F (s) ds+ 4T 2α2 + 16Tβ2

≤ (4T + 16)L2

∫ t

0

F (s) ds+ (4T 2 + 16T )(α+ β)2.

Gronwall’s inequality yields the bound on F (T ). Finally,
Markov’s inequality gives

P
(

sup
0≤t≤T∧τK

|Xt − X̂t| > ε
)

= P
(

sup
0≤r≤T

|∆r|2 > ε2
)
≤ F (T )

ε2
,

which yields the stated probability estimate.

3 Stochastic Port-Hamiltonian Neural Net-
works

We now formalize our proposed model: a class of neural
networks–based stochastic port-Hamiltonian systems
(SPHS), referred to as a stochastic port-Hamiltonian
neural networks (SPH-NNs). The key idea is to use a
neural network to parameterize the system’s Hamilto-
nian. This allows us to learn energy-consistent dynamics
directly from data while enforcing key port-Hamiltonian
structural constraints. Weak-passivity bounds in ex-
pectation follow under explicit generator inequalities
(Corollary 5).

Given a time series {Xt}Tt=0, sampled at intervals with
a step size ∆, we fit the drift

Ẋt ≈
[
J(Xt)−R(Xt)

]
∇Hθ(Xt) (11)

by minimizing the squared error between the model pre-
diction and a data-driven target for Ẋ. We consider two
targets:

(1) Increment-Based (IB):

̂̇XIB

t =
Xt+∆ −Xt

∆
, (12)

(2) Conditional Expectation (CE):

̂̇XCE

(x) ≈ E
[
Xt+∆ −Xt

∆

∣∣∣Xt = x

]
, (13)

7



estimated by local regression of increments against
state.

The corresponding SPH-NN objectives are

LIB(θ) =
1

T

T−1∑
t=0

∥∥∥ ̂̇XIB

t −
[
J(Xt)−R(Xt)

]
∇Hθ(Xt)

∥∥∥2,
(14)

LCE(θ) =

1

T

T−1∑
t=0

∥∥∥ ̂̇XCE

(Xt)−
[
J(Xt)−R(Xt)

]
∇Hθ(Xt)

∥∥∥2.
(15)

We also parameterize the diffusion Bθ(x) and train
it using the negative log-likelihood under an Euler-
Maruyama discretization. With an Euler-Maruyama
discretization, we obtain the discrete-time update

Xk+1 ≈ Xk+f(Xk)∆t+B(Xk)
√
∆t ξk, ξk ∼ N (0, I),

such that

∆Xk := Xk+1−Xk ∼ N
(
f(Xk)∆t, B(Xk)B(Xk)

⊤∆t
)
,

withmeanµθ(Xk) = f(Xk)∆t and covariance Σθ(Xk) =
Bθ(Xk)Bθ(Xk)

⊤∆t.

Given data (Xk, Xk+1), the network is trained by nega-
tive log-likelihood (NLL):

LNLL(θ) = −
∑
k

logN
(
∆Xk | µθ(Xk),Σθ(Xk)

)
. (16)

The NLL objective (16) is used to fit the full conditional
law of the increments ∆Xk by learning themean µθ(x) =
fθ(x)∆t and the covariance Σθ(x) = Bθ(x)Bθ(x)

⊤∆t
that best explain the data. Since the Gaussian model
arises from the Euler-Maruyama scheme, it should be
interpreted as an approximation of the continuous-time
transition density whose fidelity improves as ∆t → 0
(under standard regularity assumptions).

The SPH-NN architecture remains the same in all ex-
periments, except for the varying training objective. Ta-
ble 1 summarizes the three resulting variants and their
associated losses.

For all variants, the gradient of the loss function ∇Hθ,
or the derivative of the loss function with respect to the
parameters, is computed by automatic differentiation.
The parameters are then optimized with Adam. The sys-
tem state, x = [q, p] ∈ Rn, serves as the input to the

Variant Objective

SPH-NN-IB Increment-based loss LIB

SPH-NN-CE Conditional-expectation loss LCE

SPH-NN-NLL Euler-Maruyama neg. log-likelihood LNLL

Table 1
SPH-NN variants trained with three objectives.

network. Here, q and p represent the generalized posi-
tions and momenta, respectively. The network architec-
ture consists of two hidden layers, each with 64 neurons
and Tanh activation functions. These are followed by a
linear output layer that produces a scalar-valued Hamil-
tonian. The network is trained using the Adam optimizer
[12], with gradients computed via automatic differentia-
tion. In the benchmarks below, the structure-preserving
formulation improves long-horizon behavior relative to
an unconstrained MLP baseline.

In the stochastic setting with diffusion, individual tra-
jectories neither conserve energy nor satisfy strict pas-
sivity, because random perturbations can inject or re-
move energy. The evolution of energy is determined by
the balance between dissipation and noise-induced ef-
fects. The SPH-NN satisfies key properties similar to
those of port-Hamiltonian systems. When dissipation is
absent (R(x) = 0), the Itô correction can inject energy in
expectation. In Section 4 we report the empirical mean
energy over the rollout horizon [0, T ], where it remains
bounded.

4 Experimental Results

We evaluate the proposed structure-preserving learn-
ing approach using three stochastic port-Hamiltonian
benchmarks: a linear mass-spring oscillator, the Duffing
oscillator, and a stochastic Van der Pol (VDP) oscillator.
In Table 2, we compare a multilayer perceptron baseline
(Baseline) against the three SPH-NN variants: SPH-NN-
IB/CE/NLL. Unless otherwise stated, we fix the ana-
lytical interconnection matrix J (and g, when present).
For mass-spring and Duffing we learnHθ and compare it
against the analytic Hamiltonian. For Van der Pol, which
is not canonically Hamiltonian in 2D and for which the
choice of storage is non-unique, we fixH(Xt) =

1
2X

⊤
t IXt

(cf. [4]) and learn only the nonconservative term, report-
ing energy relative to this storage. When learning dissi-
pation, we parameterize Rθ = D⊤

θ Dθ. Trajectories are
generated by simulating the ground-truth SDEs using
the Euler-Maruyama method.

4.1 Mass-spring oscillator

Consider the mass–spring system

mẍ = −kx+ F,
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Table 2
One-step drift error (True-MSE) and mean absolute rollout errors on the deterministic mean dynamics over t ∈ [0, 20] from
(q0, p0) = (1, 0). The energy error uses the ground-truth Hamiltonian H.

System Model True-MSE Mean |∆q| Mean |∆p| Mean |∆H|

Mass-spring Baseline 3.63× 10−3 0.259 0.269 0.557

Mass-spring SPH-NN-IB 2.68× 10−3 0.065 0.049 0.065

Mass-spring SPH-NN-CE 1.14× 10−3 0.059 0.057 0.011

Mass-spring SPH-NN-NLL 2.65× 10−3 0.065 0.052 0.055

Duffing Baseline 5.67× 10−3 0.331 0.393 0.083

Duffing SPH-NN-IB 2.60× 10−3 0.018 0.017 0.005

Duffing SPH-NN-CE 3.23× 10−3 0.030 0.022 0.011

Duffing SPH-NN-NLL 2.76× 10−3 0.020 0.039 0.007

Van der Pol Baseline 2.53× 10−3 0.247 0.330 0.349

Van der Pol SPH-NN-IB 2.87× 10−5 0.037 0.051 0.053

Van der Pol SPH-NN-CE 2.20× 10−4 0.011 0.017 0.018

Van der Pol SPH-NN-NLL 1.50× 10−4 0.015 0.020 0.023

where x is the position of the system, m its mass, F the
applied force and k the stiffness of the spring. Defining
p = mẋ as the momentum and q = x. X = (p, q) defines
a PHS with respect to the energy

H(p, q) =
1

2
kq2 +

1

2

p2

m
,

of the form {
Ẋ = J∂xH(X) + gF,

y = g⊤∂xH(X),

with

J =

(
0 1

−1 0

)
, g =

(
0

1

)
, ∂xH(X) =

(
kq
p
m

)
.

We can generalize the system to a SPHS in Itô form

(
dqt

dpt

)
=

(
pt

m − kqt
2m

−kqt − k
2mpt + F

)
dt+

(
pt

m

−kqt

)
dWt,

where Wt is a standard Brownian motion, and qt and
pt denote respectively the position and the momentum.
In what follows we consider F = 0 which yields an un-
damped mass-spring oscillator.

Figure 1 shows that the baseline drift accumulates phase
error and yields a large energymismatch on long rollouts,
while all SPH variants remain close to the invariant orbit.

Fig. 1. Phase space - Mass spring oscillator.

4.2 Duffing oscillator

Consider the undamped Duffing system

q̈ = q − q3 + F,

where q is the position and F the applied force. Defining
p = q̇ as the momentum and X = (q, p), X defines a
PHS with respect to the energy

H(q, p) =
1

2
p2 − 1

2
q2 +

1

4
q4,

of the form {
Ẋ = J∂xH(X) + gF,

y = g⊤∂xH(X)
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Fig. 2. Mean squared error of the rollout - Mass-spring oscil-
lator: the baseline error grows quickly, while the SPH meth-
ods keep the error low and stable.

Fig. 3. Energy error - Mass-spring oscillator: SPH-NNmodels
significantly reduce energy error compared to the baseline,
with the CE loss achieving the most accurate and stable
energy behavior over time.

Fig. 4. Energy evolution - Mass-spring oscillator: the baseline
loses energy steadily, while SPH models keep energy close to
the true constant value.

Fig. 5. Position and momentum time evolution - Mass-spring
oscillator: the baseline drifts and loses amplitude, while SPH
methods track the true oscillation and keep errors much
smaller.

with

J =

(
0 1

−1 0

)
, g =

(
0

1

)
, ∂xH(X) =

(
−q + q3

p

)
.

We can generalize the system to a SPHS in Itô form

(
dqt

dpt

)
=

(
pt

qt − q3t + F

)
dt+ σ dWt,
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where Wt is a standard two dimensional Brownian mo-
tion.

Figure 6 shows that SPH variants preserve the correct
phase-space geometry and reduce long-horizon error
growth. Table 2 indicates that SPH-NN-IB is the most
accurate in this benchmark, reducing mean rollout er-
rors by more than an order of magnitude relative to the
baseline and reducing mean energy error from 0.083 to
0.005.

Fig. 6. Phase space - Duffing oscillator: the baseline spirals
inward, while SPH methods stay close to the true closed
trajectory.

Fig. 7. Mean squared error of the rollout - Duffing oscillator.

4.3 Van der Pol oscillator

In its standard 2D form, the Van der Pol oscillator is not
conservative (hence not canonical Hamiltonian), but it
can be written in a (stochastic) port-Hamiltonian form
by choosing an energy-like storage function H and en-
coding the nonconservative dynamics in the dissipation

Fig. 8. Energy error - Duffing oscillator.

Fig. 9. Energy evolution - Duffing oscillator.

term R. Consider a stochastic Van der Pol oscillator [4]
dx1(t) = x2(t) dt

dx2(t) =
(
µ
(
1− x1(t)

2
)
x2(t)− x1(t)

+ 1
2ξ(x2(t))ξ

′(x2(t))
)
dt+ ξ(x2(t)) dWt.

Here x(t) = (x1(t), x2(t))
⊤ ∈ R2 is the state, t ≥ 0 is

time, µ ∈ R is the van der Pol parameter, Wt is a one-
dimensional Brownian motion, ξ : R → R is the diffu-
sion coefficient (noise amplitude) acting on the second
component.

Since the Van der Pol oscillator is neither conservative
nor canonically Hamiltonian in two dimensions, the stor-
age function used in the port-Hamiltonian representa-
tion is not uniquely defined. Following [4], we fix:

H(Xt) =
1

2
X⊤

t IXt,

where Xt is the state variable and I is the 2× 2 identity
matrix.

Figure 11 shows that the SPH variant learns the limit
cycle and reduces long-horizon mismatch, whereas the
baseline has phase and amplitude errors.

11



Fig. 10. Position and momentum evolution - Duffing oscilla-
tor.

5 Universal Approximation Theorem of SPHS

In this section, we prove an approximation theorem on
compact domains and finite horizons. More precisely, for
any compact set K and T > 0, the SPH-NN parameteri-
zation can approximate the coefficients of a given SPHS
uniformly on K (including C2-accuracy of the Hamil-
tonian). Moreover, under a natural coupling driven by
the same Brownian motion, the corresponding solution
processes remain close up to the joint exit time from K
(Theorem 4). We then derive weak-passivity bounds in
expectation via generator inequalities (Corollary 5).

Theorem 4 (UAT for SPHS) Fix T > 0. Let K ⊂

Fig. 11. Phase space - Van der Pol.

Fig. 12. Mean squared error of the rollout - Van der Pol: the
baseline error explodes with large spikes, while SPHmethods
keep the error low and stable across the rollout.

Rn and U ⊂ Rm be compact, and let u ∈ C([0, T ], U). Let
g : Rn → Rn×m be continuous, locally Lipschitz and as-
sumed known. Let J,R : Rn → Rn×n and σ : Rn → Rn×d

be continuous, locally Lipschitz, and let H ∈ C2(Rn).

Assume that for all x ∈ K,

J(x) = −J(x)⊤, R(x) = R(x)⊤ ⪰ 0,

and assume there exist r ∈ N and a continuous map
D : K → Rr×n such that R(x) = D(x)⊤D(x) for all
x ∈ K. Assume the activation G is l-finite in the sense
of [9] for some l ∈ N with l > 2.

12



Fig. 13. Energy error - Van der Pol oscillator.

Fig. 14. Energy evolution - Van der Pol oscillator: SPHmeth-
ods match the true energy oscillations closely, while the base-
line slowly drifts and becomes misaligned.

Let X be a strong solution on [0, T ] of

dXt =
([

J(Xt)−R(Xt)
]
∇H(Xt) + g(Xt)ut

)
dt

+ σ(Xt) dWt, X0 = x0 ∈ K.

Then, for any ε > 0 and δ > 0 there exist feedforward
neural networks

Â : Rn → Rn×n, D̂ : Rn → Rr×n,

Ĥ : Rn → R, σ̂ : Rn → Rn×d,

and defining

N J
θ (x) = Â(x)− Â(x)⊤, NR

θ (x) = D̂(x)⊤D̂(x),

NH
θ (x) = Ĥ(x), N σ

θ (x) = σ̂(x).

The following hold:

(1) N J
θ (x) = −(N J

θ (x))
⊤ and NR

θ (x) ⪰ 0 for all x ∈

Fig. 15. Position and momentum evolution - Van der Pol
oscillator.

Rn, and

sup
x∈K

(
∥N J

θ (x)− J(x)∥+ ∥NR
θ (x)−R(x)∥

+ ∥N σ
θ (x)− σ(x)∥

)
+ ∥NH

θ −H∥C2(K) ≤ ε.

(2) Let X̂ be a strong solution on [0, T ] of

dX̂t =
(
(N J

θ (X̂t)−NR
θ (X̂t))∇NH

θ (X̂t) + g(X̂t)ut

)
dt

+N σ
θ (X̂t) dWt, X̂0 = x0,
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driven by the same W , and define

τK = inf{t ≥ 0: Xt /∈ K or X̂t /∈ K}.

Then we have

P
(

sup
0≤t≤T∧τK

|Xt − X̂t| ≤ ε
)
≥ 1− δ.

PROOF. Choose η > 0 such that η ≤ ε and η ≤ 1
(specified below). Apply Lemma 2 on K with tolerance η

to (J,D, σ,H) to obtain networks Â, D̂, Ĥ, σ̂ such that
item (1) holds with η in place of ε, hence with ε since
η ≤ ε.

Define

b(t, x) = (J(x)−R(x))∇H(x) + g(x)ut,

b̂(t, x) = (N J
θ (x)−NR

θ (x))∇NH
θ (x) + g(x)ut.

(Here ∥ · ∥ denotes the operator norm and ∥ · ∥F denotes
the Frobenius norm.)

Since J , R, g, σ are locally Lipschitz and ∇H is locally
Lipschitz, their restrictions to the compact set K are
Lipschitz and bounded. Since u is bounded on [0, T ],
there exists L < ∞ such that for all x, y ∈ K and t ∈
[0, T ],

|b(t, x)− b(t, y)|+ ∥σ(x)− σ(y)∥F ≤ L|x− y|.

Set

α = sup
t∈[0,T ]

sup
x∈K

|b(t, x)−b̂(t, x)|, β = sup
x∈K

∥σ(x)−N σ
θ (x)∥F .

Let

MJR = sup
x∈K

∥J(x)−R(x)∥, M1 = sup
x∈K

∥∇H(x)∥.

For x ∈ K, we obtain

|b(t, x)− b̂(t, x)| ≤ ∥J(x)−R(x)∥∥∇H(x)−∇NH
θ (x)∥

+
(
∥N J

θ (x)− J(x)∥+ ∥NR
θ (x)−R(x)∥

)
× ∥∇NH

θ (x)∥.

By Lemma 2 (with tolerance η), on K we have

∥∇H(x)−∇NH
θ (x)∥ ≤ η,

∥N J
θ (x)− J(x)∥+ ∥NR

θ (x)−R(x)∥ ≤ η.

Also, using Lemma 2 and η ≤ 1 gives ∥∇NH
θ (x)∥ ≤

∥∇H(x)∥+ η ≤ M1 + 1, and hence

α ≤ (MJR +M1 + 1)η.

Moreover, Lemma 2 gives ∥σ(x) − N σ
θ (x)∥ ≤ η on K,

and ∥A∥F ≤
√
d∥A∥ for A ∈ Rn×d, so β ≤

√
dη. Let

C1 = MJR +M1 + 1 +
√
d,

so α+ β ≤ C1η.

We apply Proposition 3 to get

P
(

sup
0≤t≤T∧τK

|Xt − X̂t| > ε
)

≤ (4T 2 + 16T ) exp((4T + 16)L2T )

ε2
× (C1η)

2.

Choose η > 0 such that η ≤ ε, η ≤ 1, and

(4T 2 + 16T ) exp((4T + 16)L2T )(C1η)
2 ≤ δε2.

Then the probability above is at most δ, which gives item
(2).

Corollary 5 (Localized weak passivity) Assume
the hypotheses of Theorem 4. Define

y(x) = g(x)⊤∇H(x)

and assume there exists c0 ≥ 0 such that for all x ∈ K,

r(x) =

1

2
Tr(σ(x)σ(x)⊤∇2H(x))−∇H(x)⊤R(x)∇H(x) ≤ c0.

Fix ε > 0 and choose the networks from Theorem 4 with
a coefficient tolerance η > 0 small enough. Next, define

ŷ(x) = g(x)⊤∇NH
θ (x),

r̂(x) =
1

2
Tr
(
N σ

θ (x)(N σ
θ (x))

⊤∇2NH
θ (x)

)
−∇NH

θ (x)⊤NR
θ (x) ×∇NH

θ (x).

Then:

(1) r̂(x) ≤ c0 + ε for all x ∈ K.

(2) Let X̂ be the learned solution from Theorem 4 and
let

τ X̂K = inf{t ≥ 0: X̂t /∈ K}.
Then for all t ∈ [0, T ],

E
[
NH

θ (X̂
t∧τX̂

K

)
]
≤ NH

θ (x0) + E
∫ t∧τX̂

K

0

u⊤
s ŷ(X̂s) ds

+ (c0 + ε)t.

14



PROOF. Let η be the coefficient tolerance on K from
Theorem 4, so on K,

∥N σ
θ − σ∥ ≤ η, ∥NR

θ −R∥ ≤ η,

∥∇NH
θ −∇H∥ ≤ η, ∥∇2NH

θ −∇2H∥ ≤ η.

Define the finite constants

Mσ = sup
x∈K

∥σ(x)∥, MR = sup
x∈K

∥R(x)∥,

M1 = sup
x∈K

∥∇H(x)∥, M2 = sup
x∈K

∥∇2H(x)∥.

Then on K,

∥N σ
θ ∥ ≤ Mσ + η, ∥NR

θ ∥ ≤ MR + η,

∥∇NH
θ ∥ ≤ M1 + η, ∥∇2NH

θ ∥ ≤ M2 + η.

Moreover,

∥N σ
θ (N σ

θ )
⊤ − σσ⊤∥ ≤ (∥N σ

θ ∥+ ∥σ∥)∥N σ
θ − σ∥

≤ (2Mσ + η)η on K.

Using |Tr(AB)| ≤ n∥A∥∥B∥, for x ∈ K,

|r̂(x)− r(x)| ≤ 1

2

∣∣∣Tr ((N σ
θ (N σ

θ )
⊤ − σσ⊤)∇2NH

θ

)∣∣∣
+

1

2

∣∣∣Tr (σσ⊤(∇2NH
θ −∇2H)

)∣∣∣
+
∣∣∣∇NH

θ
⊤NR

θ ∇NH
θ −∇H⊤R∇H

∣∣∣.
Also, on K,∣∣∣∇NH

θ
⊤NR

θ ∇NH
θ −∇H⊤R∇H

∣∣∣
≤ η∥∇NH

θ ∥2 + ∥R∥∥∇NH
θ −∇H∥∥∇NH

θ +∇H∥.

Combining these bounds and using ∥∇NH
θ ∥ ≤ M1 + η

and ∥∇2NH
θ ∥ ≤ M2 + η yields

sup
x∈K

|r̂(x)− r(x)| ≤ C2η,

for some finite constant C2 depending only on n, Mσ,
MR, M1, M2. Choose η small enough so that C2η ≤ ε.
Since r(x) ≤ c0 on K, we get r̂(x) ≤ c0+ε on K, proving
item (1).

Let b̂(t, x) = (N J
θ (x) − NR

θ (x))∇NH
θ (x) + g(x)ut. For

x ∈ K, the generator applied to NH
θ is given by

(L̂t[NH
θ ])(x) = ∇NH

θ (x)⊤b̂(t, x)

+
1

2
Tr
(
N σ

θ (x)(N σ
θ (x))

⊤∇2NH
θ (x)

)
= ∇NH

θ (x)⊤(N J
θ (x)−NR

θ (x))∇NH
θ (x)

+ u⊤
t ŷ(x) +

1

2
Tr
(
N σ

θ (x)(N σ
θ (x))

⊤∇2NH
θ (x)

)
.

Since N J
θ (x) is skew-symmetric, we have

∇NH
θ (x)⊤N J

θ (x)∇NH
θ (x) = 0,

hence

(L̂t[NH
θ ])(x) = u⊤

t ŷ(x)+r̂(x) ≤ u⊤
t ŷ(x)+c0+ε for x ∈ K.

Apply Itô’s formula to NH
θ (X̂

t∧τX̂
K

). Since the process

is stopped on K and the coefficients are continuous, the
stochastic integral has zero expectation. Taking expec-
tations gives

E[NH
θ (X̂

t∧τX̂
K

)] = NH
θ (x0) +E

∫ t∧τX̂
K

0

(L̂s[NH
θ ])(X̂s) ds.

For s < τ X̂K , X̂s ∈ K, so (L̂s[NH
θ ])(X̂s) ≤ u⊤

s ŷ(X̂s) +

c0 + ε. Since t ∧ τ X̂K ≤ t, we obtain item (2).

Remark 6 Corollary 5 is a localized statement: it ap-

plies to the stopped process X̂
t∧τX̂

K

and includes the addi-

tive term (c0 + ε)t, which accumulates linearly in time.
It provides an a priori energy/passivity control on a pre-
scribed finite horizon and within the region K where the
model is required to operate.

Corollary 7 Assume the hypotheses of Theorem 4 and
use the notation of Corollary 5. Assume that there exists
δ > 0 such that for all x ∈ K,

r(x) =
1

2
Tr(σσ⊤∇2H)(x)−∇H(x)⊤R(x)∇H(x) ≤ −δ.

Choose the networks from Theorem 4 with tolerance η >

0 small enough so that supx∈K |r̂(x) − r(x)| ≤ δ
2 (for

example C2η ≤ δ
2 with C2 as in the proof of Corollary 5).

Then r̂(x) ≤ 0 on K and, for all t ∈ [0, T ],

E[NH
θ (X̂

t∧τX̂
K

)] ≤ NH
θ (x0) + E

∫ t∧τX̂
K

0

u⊤
s ŷ(X̂s) ds.

In particular, the learned SPHS is weakly passive on K
(up to the exit time) in the sense of Definition 1.
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PROOF. By Theorem 4 and the estimate in the proof
of Corollary 5, choose η > 0 such that supx∈K |r̂(x) −
r(x)| ≤ δ

2 . Since r(x) ≤ −δ onK, we obtain r̂(x) ≤ − δ
2 ≤

0 for all x ∈ K. Apply Itô’s formula to NH
θ (X̂

t∧τX̂
K

).

As in Corollary 5, the local martingale term has zero
expectation, hence

E
[
NH

θ (X̂
t∧τX̂

K

)
]
= NH

θ (x0) + E
∫ t∧τX̂

K

0

u⊤
s ŷ(X̂s) ds

+ E
∫ t∧τX̂

K

0

r̂(X̂s) ds.

For s ≤ τ X̂K we have X̂s ∈ K, hence r̂(X̂s) ≤ 0 and
therefore the last term is ≤ 0. Dropping it proves the
claim.

Proposition 8 Assume the hypotheses of Theorem 4

and let X̂ denote the corresponding learned SPHS solu-
tion on [0, T ] with deterministic initial condition x0. Let

ŷ(x) := g(x)⊤∇NH
θ (x),

r̂(x) := 1
2 Tr

(
N σ

θ (x)
(
N σ

θ (x)
)⊤∇2NH

θ (x)
)

−∇NH
θ (x)⊤NR

θ (x)∇NH
θ (x)

Assume that NH
θ ∈ C2(Rn) and that the following two

conditions hold:

(i) r̂(x) ≤ 0 for all x ∈ Rn.
(ii) For every t ∈ [0, T ],

 E
∫ t

0

∥∥∥(∇NH
θ (X̂s)

)⊤N σ
θ (X̂s)

∥∥∥2 ds < ∞,

E
∫ t

0

∣∣u⊤
s ŷ(X̂s)

∣∣ ds < ∞,

and E
[
|NH

θ (X̂t)|
]
< ∞.

Then, for all t ∈ [0, T ],

E
[
NH

θ (X̂t)
]
≤ NH

θ (x0) + E
∫ t

0

u⊤
s ŷ(X̂s) ds.

In particular, the learned SPHS is weakly passive without
localization (on [0, T ]) in the sense of Definition 1 (with
storage NH

θ and output ŷ). If the assumptions hold for
every finite horizon T > 0, then the same inequality holds
for all t ≥ 0.

PROOF. By Itô’s formula and the SPHS structure,

NH
θ (X̂t) = NH

θ (x0)+

∫ t

0

u⊤
s ŷ(X̂s) ds+

∫ t

0

r̂(X̂s) ds+Mt,

where

Mt =

∫ t

0

(
∇NH

θ (X̂s)
)⊤N σ

θ (X̂s) dWs.

Assumption (ii) implies that Mt is a square-integrable

martingale, hence E[Mt] = 0 and E[|Mt|] ≤ (E[M2
t ])

1
2 <

∞. Moreover, by (ii), E
∫ t

0
|u⊤

s ŷ(X̂s)| ds < ∞ and

E[|NH
θ (X̂t)|] < ∞, so

E
[∣∣∣ ∫ t

0

r̂(X̂s) ds
∣∣∣] ≤ E[|NH

θ (X̂t)|] + |NH
θ (x0)|

+ E
∫ t

0

|u⊤
s ŷ(X̂s)| ds+ E[|Mt|] < ∞.

Taking expectations in the Itô identity yields

E[NH
θ (X̂t)] = NH

θ (x0)+E
∫ t

0

u⊤
s ŷ(X̂s) ds+E

∫ t

0

r̂(X̂s) ds.

Using (i) we have r̂(X̂s) ≤ 0 a.s. for all s, hence∫ t

0
r̂(X̂s) ds ≤ 0 a.s. and therefore E

∫ t

0
r̂(X̂s) ds ≤ 0.

Discarding this non-positive term yields the claim.

6 Discussion

Numerical evidence indicates that incorporating the
complete port-Hamiltonian structure into the learn-
ing architecture provides clear practical benefits. Over
extended periods, energy remains within one order of
magnitude of the actual value, phase-space trajecto-
ries remain on the correct invariant manifold, and the
model is less susceptible to noise than an unconstrained
multilayer perceptron baseline.

However, several challenges remain. Training costs in-
crease disproportionately with state dimension because
each iteration requires Hessian-vector products. Scal-
able parameterizations or sparsity priors are necessary
for high-dimensional systems. Additionally, the present
work assumes full-state observations. Extending the for-
mulation to partial and irregular data will likely necessi-
tate a latent SDE approach. Finally, although the model
is less fragile than unconstrained baselines, careful tun-
ing of learning rates and loss weights is still necessary.
This suggests that automatic hyperparameter schedul-
ing is a promising area for future research.

7 Conclusion

This paper introduces a unified framework for stochas-
tic port-Hamiltonian neural networks, combining data-
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driven learning with a structure-preserving parameter-
ization of stochastic port-Hamiltonian systems. The
Hamiltonian, interconnection, dissipation, and diffusion
components can, in principle, be learned from data. In
our experiments, we fix the analytical interconnection J
(and g, if applicable) and focus on learning Hθ, though
the theory covers the general case in which all coeffi-
cients are learned. A universal approximation theorem
demonstrates the expressive power of the architecture.
Experiments on noisy mass-spring, Duffing, and Van
der Pol oscillators demonstrate an order-of-magnitude
improvement in long-term accuracy compared to a
baseline multilayer perceptron.

These results suggest that combining geometric struc-
ture with neural function approximation is a viable ap-
proach for creating reliable, data-driven models of com-
plex physical systems subject to uncertainty. These re-
sults also motivate future work on scalable variants,
partial-observation settings, and integration with feed-
back control.
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