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Underwater Sound Source Depth Estimation

by Single Receiver in Shallow Water
Matthias Ehrhardt, Sergey Pereselkov, Venedikt Kuz’kin, Sergey Tkachenko

Abstract—The paper proposes a passive acoustic method of
remote sensing in shallow water. The method allows to estimate
the depth of a sound source using a single receiver. The depth
estimation is based on the amplitude ratio data of the acoustic
modes of the sound source field at the receiver point. The
problem statement and the proposed method are described. The
efficiency of the method is analyzed. It is shown that the error
in the depth estimation is bounded by the structure of the
acoustic modes. The results of applying the method to numerical
modeling are presented. The method is verified using data from
the Yellow Sea experiment (2004). The results of numerical
simulation and experimental verification are in agreement with
the theoretical assumptions and confirm the effectiveness of the
proposed method.

Index Terms—Remote sensing, shallow water, passive method,
sound source, depth estimation, single receiver, acoustic modes

I. INTRODUCTION

THE passive acoustic methods of remote sensing for
localization of underwater sound source, in a shallow

water are a topic of great interest. At present, passive acoustic
methods based on matched field processing (MFP) [1], [2] and
matched mode processing (MMP) [3], [4] are most commonly
used for the localization of underwater sound sources in
shallow water. These MFP and MMP methods require detailed
knowledge of the propagation environment (water layer and
bottom parameters) and a vertical line array (VLA) [5].

The main drawbacks of these methods are (i) their sen-
sitivity to discrepancies between the model and the actual
waveguide properties [6], and (ii) their susceptibility to noise,
which can significantly reduce the accuracy of the results [7].
This problem is particularly important in practical applications.
It is especially critical in shallow water environments, where
there is a lack of reliable data on bottom characteristics, and
where time-varying processes in the water column can lead
to significant hydrological fluctuations, further complicating
the problem. Source localization by MFP and MMP typically
involves a simultaneous search for both the range and depth
of the source using the range-depth ambiguity function.

Often, an inaccurate estimate of one parameter (e.g., depth)
results from an inaccurate estimate of the other parameter
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(e.g., range), especially in the presence of high sidelobes.
The sidelobe problem becomes more pronounced when the
assumed environment differs from the actual one, a situation
known as the environmental mismatch problem. Estimating
the depth or range of the source is generally not reliable if the
estimation of one depends on the other.

For some applications, an approximate estimate of the
source depth is sufficient, even if the source range is not
known. This is known as the underwater source depth classi-
fication (discrimination) problem in remote sensing. There are
a variety of approaches to solving the source depth estimation
problem [8]: reliable acoustic path [9], arrival angle [9], and
time delay difference [10], and methods such as correlation
matching [11], [12] and frequency-dependent matching [13]–
[15]. Most of these depth estimation methods share common
drawbacks, such as complex theoretical derivations, extensive
computations, dependence on specific signal forms (as in time-
reversal methods), or the need for a high signal-to-noise ratio,
among others.

The aim of this paper is to propose a passive acoustic
method for remote sensing in shallow water. The proposed
method is simple and free from the mentioned drawbacks.
The method allows to estimate the depth of a sound source
using a single receiver. The depth estimation is based on the
amplitude ratio data of the acoustic modes of the sound source
field at the receiver point. The problem statement and the
proposed method are described. The efficiency of the method
is analyzed. It is shown that the error in the depth estimation
is bounded by the structure of the acoustic modes. The results
of applying the method to numerical modeling are presented.
The method is verified using data from the Yellow Sea exper-
iment. The results of numerical simulation and experimental
verification are in agreement with the theoretical assumptions
and confirm the effectiveness of the proposed method.

The paper is divided into seven sections. Section I provides
a comprehensive review of the papers on passive methods
of sound source depth estimation. Section II deals with the
problem statement of a method that allows to estimate the
depth of a sound source using a single receiver. Section III
describes the proposed method, which is based on the am-
plitude ratio data of the acoustic modes of the sound source
field at the receiver point. Section IV contains the results of
the application of the method in the framework of numerical
simulation. Section V presents the results of verification of the
proposed method using data from the Yellow Sea experiment.
Finally, Section VI summarizes the results of the research,
highlighting the main findings and contributions in passive
acoustic method of remote sensing in shallow water.



2

II. PROBLEM STATEMENT

Consider a shallow water waveguide (Fig. 1) of depth H
in coordinates (r, z). The signal emitted by the point source
S at frequency ω = 2πf at depth zs is received by the point
receiver Q at depth zq . The source S is placed at a horizontal
distance r from the receiver Q.

bottom 

mode 1 mode 2  mode 3  mode 4  mode 5 

𝑄 
water layer 

𝑧𝑞 

𝑧𝑠 

𝐳 

𝑆 

 𝐫 

Fig. 1. Problem statement. Shallow water waveguide model.

The sound field of a source S at receiver point Q is represented
as the sum of the propagating modes [16]:

p(r, zs, zq, ω) =

M∑
m=1

pm(r, zs, zq, ω)

=

M∑
m=1

Am(r, zs, zq, ω) exp
[
ihm(ω)r

]
,

(1)

where Am and hm are the amplitude and wavenumber of
the mode ϕm(z) with number m. Here M is the number of
propagating modes.

Let us consider a time dependence ζ(τ) of the received
signal from a source in the frequency band:

ω0 −∆ω/2 ≤ ω ≤ ω0 +∆ω/2. (2)

To define ζ(τ), we apply the Fourier transform (1) in the
frequency band (2):

ζ(τ) =

∫ ω0+∆ω/2

ω0−∆ω/2

p(r, zs, zq, ω) exp(−iωτ) dω

=
N∑

m=1

ζm(τ),

(3)

where ζm(τ) is the time dependence of the signal of mode
ϕm(z) with number m

ζm(τ) =

∫ ω0+∆ω/2

ω0−∆ω/2

pm(r, zs, zq, ω) exp(−iωτ) dω. (4)

We consider the amplitude Am as a slowly changing func-
tion compared to the phase, which makes it possible to remove
it from the integral for a value of ω = ω0. As a result, we
obtain the following expression for the time dependence of the
mode ζm(τ):

ζm(τ) = Am(r, zs, zq, ω0)∆ω exp
{
i[hm(ω0)r − ω0τ ]

}
×

sin
[
∆ω(τ − τm)/2

]
[∆ω(τ − τm)/2]

.
(5)

According to Equation (5), the position of the main maxi-
mum of the mode signal ζm(τ) has a value of τ = τm. Here
τm = r/um(f0) is the propagation time of the mth mode and

um = d(ω)/dhm is the group velocity. The expression (5) is
valid if the following conditions are satisfied.

1) The dispersion hm(ω) is linear:

|ω − ω0| ≪ 2

∣∣∣∣dhm(ω)

dω

/
d2hm(ω)

dω2

∣∣∣∣, (6)

2) The amplitude Am(ω) is a slowly changing:∣∣∣∣∂Am(ω)

∂ω

∣∣∣∣ ≪ ∣∣∣∣Am(ω)r
dhm(ω)

dω

∣∣∣∣, (7)

The conditions (6) and (7) mean that the mode signal ζm(τ)
can be considered as a quasi-monochromatic wave.

It can be seen that ζ(τ) is the sum of the modes signals
ζm(τ). Let us use the Rayleigh criterion [17] of resolvability
of modes signals, as follows from (5). The neighboring mode
signals are isolated if the following condition is satisfied:

τm+1 − τm ≥ 2π

∆ω
. (8)

When resolving modes signals, the modulus of the expres-
sion for the signal from the source has the form:

|ζ(τ)| ≈
M∑

m=1

|ζm(τ)|, (9)

i.e., the envelope of the received signal is approximately equal
to the sum of the envelopes of the mode pulses.
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Fig. 2. Problem statement. Time dependence |ζ(τ)| of the received signal.

In Fig. 2 the time dependence |ζ(τ)| of the received signal
from a source described by (5) is shown, if the condition (8)
is fulfilled. In this case it is possible to estimate the value of
the amplitudes Am of the mode signals |ζm(τ)|. These values
of the mode amplitudes Am, determined from the received
signal |ζ(τ)|, are used as input data within the framework of
the proposed method for underwater source depth estimation.

III. PROPOSED METHOD

Consider the ratio of the amplitudes of two neighboring
modes Am(r, zs, zq, f) and An(r, zs, zq, f):

χ(ex)
mn (zs, zq, f) = Am(r, zs, zq, f)/An(r, zs, zq, f). (10)

According to the mode description of the sound field [16], the
experimental value of the ratio χ

(ex)
mn is equal to:

χ(ex)
mn (zs, zq, f) =

∣∣∣∣ϕ(ex)
m (zs, f)ϕ

(ex)
m (zq, f)

ϕ
(ex)
n (zs, f)ϕ

(ex)
n (zq, f)

∣∣∣∣. (11)

Here ’(ex)’ means the experimental result. In the mode
description of the source field, the information about its source
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depth zs is contained in the modes ϕm(zs, f), where f is the
reference frequency of the considered frequency band. The
depth z of the source is estimated by solving the equation:

ϕ
(ex)
m (z, f)

ϕ
(ex)
n (z, f)

= χ(ex)
mn (zs, zq, f)

ϕ
(ex)
n (zq, f)

ϕ
(ex)
m (zq, f)

. (12)

The equation (12) represents the main idea of the proposed
method.

Let us introduce the function Θmn(z) as the difference
between theoretical χ(th)

mn and experimental χ(ex)
mn values:

Θmn(z) =
∣∣χ(th)

mn (z, zq, f)− χ(ex)
mn (zs, zq, f)

∣∣, (13)

where

χ(th)
mn (z, zq, f) =

ϕ
(th)
m (z, f)ϕ

(th)
m (zq, f)

ϕ
(th)
n (z, f)ϕ

(th)
n (zq, f)

. (14)

The proposed method is based on the equations (10)–(14). The
estimation of the source depth is the value z = z′, for which
the expression (13) becomes zero:

Θmn(z
′) = 0. (15)

However, the solution is multi-valued, meaning that there
are multiple possible values of z′ for a given pair of modes
ϕm(z) and ϕn(z). To resolve this ambiguity and determine
the true value, depth estimation should be performed using
multiple mode pairs or different frequency bands for a given
mode pair. For different mode pairs, the solution set of (15)
contains only the correct matching solution, which provides an
accurate estimate of the source depth. All other non-matching
solutions are incorrect estimates. Thus, the estimated source
depth should be chosen as the value z∗s = z′ that is common
to all mode pairs.

IV. NUMERICAL SIMULATION

Let us consider the results of the source depth estimation
within the framework of the numerical simulation of the
received signal in the shallow water waveguide. The results
of numerical simulations are shown in Figs. 3 – 6.

We assumed that the parameters of the numerical modeling
are similar to the parameters of the experimental waveguide
of Section V. Depth of the water layer H = 53m. Sound
speed of water layer is constant c = 1474ms−1. Sound speed
of the bottom layer is c = 1700ms−1. Density of the bottom
layer is ρ = 1.8 gcm−3. Bottom absorption parameter is α =
0.01. Distance between source and receiver is r = 10 km. The
received signal is considered in the frequency band ∆f =
120−160Hz. The modes ϕm(z) are determined by numerical
solutions of the Sturm-Liouville problem with corresponding
boundary conditions. The receiver depth is zq = 52m. Two
cases of source depth are considered: zs = 15m and zs =
28m. The results in Figs. 3 and 4 correspond to zs = 15m.
The results in Figs. 5 and 6 correspond to zs = 28m.

Fig. 3. Numerical simulation. Time dependence |ζ(τ)| of the received signal,
cf. (3). zs = 15m, zq = 52m. ∆f = 120− 160Hz.

(a) (b) (c)

Fig. 4. Numerical simulation of Θmn(z). zs = 15m, zq = 52m. ∆f =
120− 160Hz. (a) m = 1, n = 2. (b) m = 3, n = 2. (c) m = 4, n = 3.

Fig. 5. Numerical simulation. Time dependence ζ(τ) of the received signal.
zs = 28m, zq = 52m. ∆f = 120− 160Hz.

(a) (b) (c)

Fig. 6. Numerical simulation of Θmn(z). zs = 28m, zq = 52m. ∆f =
120− 160Hz. (a) m = 1, n = 2. (b) m = 3, n = 2. (c) m = 4, n = 3.

The normalized time dependence of |ζ(τ)| of the received
signal for case: zs = 15m is shown in Fig. 3. The received
signal contains four modes: A1 = 0.54, A2 = 1.0, A3 = 0.6,
A4 = 0.05. The function Θmn(z) calculated for these values
of Am (Eq. (13)) is shown in Fig. 4 for different pairs of
modes: (a) m = 1, n = 2. (b) m = 3, n = 2. (c)
m = 4, n = 3. You can see that Θ12(z) has only one zero at
z = 15m. Θ32(z) has two zeros at z = 15, 40m. Θ43(z)
has tree zeros at z = 15, 30, 45m. The estimated source
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depth is a common value for all mode pairs z∗s = 15m. The
normalized time dependence of |ζ(τ)| of the received signal
for another case: zs = 28m is shown in Fig. 5. The signal
consists of four modes signals |ζm(τ)|: A1 = 1.0, A2 = 0.7,
A3 = 0.96, A4 = 0.55. The function Θmn(z) calculated for
these values of Am is shown in Fig. 6 for different pairs
of modes: (a) m = 1, n = 2. (b) m = 3, n = 2. (c)
m = 4, n = 3. It can be seen that Θ12(z) has only one
zero at z = 28m. In contrast to the previous case in Fig. 4(b),
Θ32(z) has only one zero at z = 28m. Θ43(z) has tree zeros at
z = 11, 28, 44m. As a result, the common value for all mode
pairs is z∗s = 28m. This is the estimated source depth for the
second case of the numerical simulation. It should be noted
that in the numerical simulation we obtained accurate values
for the source depth in both cases (z∗s = 15m and z∗s = 28m),
since we assumed that ”experimental” and ”theoretical” modes
are the same: ϕ

(th)
n (z) = ϕ

(ex)
n (z) = ϕn(z). In practice,

the experimental modes may be known only approximately:
ϕ
(th)
n (z) ≈ ϕ

(ex)
n (z). Therefore, the depth estimate (z∗s ) ob-

tained in the experiment may differ from the true value of the
source depth (zs).

V. EXPERIMENTAL RESULTS

We consider the experimental verification of the proposed
source depth estimation method in real shallow water condi-
tions. We briefly describe the experimental setting. The experi-
ment was conducted in 2004 on the Pacific Shelf (Yellow Sea).
The depth of the water layer is H = 53m. The experimental
data on water layer stratification and bottom parameters are
close to those described in Section IV. The receiver depth
is zq = 52m. The airgun source was used as a broadband
sound source and the sound source with depth zs ≈ 15m was
towed by a research vessel with speed v ≈ 1.7ms−1. The
airgun source produced broadband pulses, separated by a time
interval of T = 30 s, which consistently exhibited repeatable
spectra in the range of ∆f ≈ 0 − 250Hz. As part of the
experimental verification, we use the airgun pulse when the
distance between the source and receiver is r = 10 km.

The received signal is shown in Fig. 7. The normalized
time dependence of the received signal ζ(τ), in the frequency
band ∆f = 0− 250Hz is shown in Fig. 7(a). The normalized
spectrogram of the received signal, in the frequency band
∆f = 0 − 200Hz is shown in Fig. 7(b). The normalized
time dependence of |ζ(τ)|, ∆f = 120 − 160Hz is shown in
Fig. 7(c). It can be seen that the experimental |ζ(τ)| is close
to the modeling signal Fig. 3 in Section IV. The received
signal contains four modes: A1 = 0.57, A2 = 1.0, A3 = 0.54,
A4 = 0.07.

The task of determining the theoretical modes ϕ
(th)
n (z) =

ϕn(z) is solved as in Section IV by using numerical solutions
of the Sturm-Liouville problem with corresponding boundary
conditions. In this case, however, we know the theoretical
modes only approximately: ϕ

(th)
n (z) ≈ ϕ

(ex)
n (z). So the

function Θmn(z) is calculated approximately.
In Fig. 8 the function Θmn(z) for the mentioned values

of Am (Eq. (13)) is shown for different pairs of modes: (a)
m = 1, n = 2. (b) m = 3, n = 2. (c) m = 4, n = 3.

It can be seen that Θ12(z) has only one zero at z = 16.5m.
Θ32(z) has two zeros at z = 16.0, 41m. Θ43(z) has tree zeros
at z = 15, 30, 45m. The estimated source depth is a common
value for all mode pairs z∗s ≈ 15.8m. It can be seen that
the depth estimate (z∗s ≈ 15.8m) obtained in the considered
experiment may differ from the true value of the source depth
(zs = 15m). The difference is less than 1 meter. The reason
for this discrepancy is the difference in the mode functions
ϕ
(th)
n (z) ≈ ϕ

(ex)
n (z).

(a)

(b)

(c)
Fig. 7. Experimental results. (a) Normalized time dependence of received
signal ζ(τ), ∆f = 0 − 250Hz. (b) Normalized spectrogram of received
signal, ∆f = 0− 200Hz. (c) Normalized time dependence of |ζ(τ)|, ∆f =
120− 160Hz.

(a) (b) (c)

Fig. 8. Experimental results. Function Θmn(z). ∆f = 120 − 160Hz. (a)
m = 1, n = 2. (b) m = 3, n = 2. (c) m = 4, n = 3.

It should be noted that the estimation of the source depth
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becomes more accurate as we move from pairs of lower modes
to pairs of higher modes. Thus, it can be stated that the
proposed source depth estimation method will provide a more
accurate estimate as the frequency range increases. At the same
time, an increase in frequency will lead to a denser filling
of the mode set. This, in turn, will make it more difficult
to separate the modes, which is necessary to determine the
amplitudes of the mode signals. Thus, it can be concluded that
there is an optimal frequency range for the given distance, in
which the use of the proposed source depth estimation method
is most effective.

VI. CONCLUSION

The paper proposes a passive acoustic remote sensing tech-
nique designed for shallow water environments. This method
allows the estimation of the depth of a sound source using
only a single hydrophone. The approach is based on the
analysis of the amplitude ratios of the acoustic modes present
in the sound field generated by the source at the receiver
location. The amplitude ratios of these modes serve as key
indicators for estimating the source depth. By exploiting the
modal structure of the acoustic field, the method provides a
way to infer the source depth without the need for complex
array configurations or active sensing systems.

The efficiency and accuracy of the method are thoroughly
analyzed. It is shown that the error in depth estimation is
inherently limited by the structure of the acoustic modes,
which are determined by the environmental parameters and
the frequency band.

The simulation results are presented, showing that the
method performs well under different environmental config-
urations: source depth values. In addition, the method is
tested using experimental data collected during the Yellow
Sea experiment (2004). The experimental results are close
to the true value (mismatch less than 1 m), confirming the
effectiveness and robustness of the method under real-world
conditions.

In conclusion, the proposed passive acoustic method offers
a promising solution for remote depth estimation in shallow
water environments for applications in underwater acoustics,
oceanography, and marine resource exploration. The agree-
ment between numerical, experimental, and theoretical results
underscores the reliability and potential of this approach for
practical use.

In our future work, we plan to perform a more thorough
experimental verification of the proposed source depth esti-
mation method. In addition, we intend to develop a method
that combines the approach described in this paper with the
holographic signal processing proposed in our previous work
[18], [19].
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