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Abstract

We propose an extension of the anisotropic interaction model which allows for
collision avoidance in pairwise interactions by a rotation of forces [34] by including
the agents’ body size. The influence of the body size on the self-organization of
the agents in channel and crossing scenarios as well as the fundamental diagram
is studied. Since the model is stated as a coupled system of ordinary di [erkntial
equations, we are able to give a rigorous well-posedness analysis. Then we state a
parameter calibration problem that involves data from real experiments. We prove
the existence of a minimizer and derive the corresponding first-order optimality
conditions. With the help of these conditions we propose a gradient descent algorithm
based on mini-batches of the data set. We employ the proposed algorithm to fit the
parameter of the collision avoidance and the strength parameters of the interaction
forces to given real data from experiments. The results underpin the feasibility of
the method.

1 Introduction

Mathematical modelling of pedestrian dynamics is of practical benefit in civil engineering
[23, 26, 27] for example in the design of complex architectures, e.g., stadiums, city
centers, shopping malls, or for the management of large public events like festivals,
concerts, pilgrimages, or manifestations [I0]. Capturing both, the individual and collective
behaviours in pedestrian dynamics, is rather complex [2] [7]. Many different approaches
have been proposed in the literature: for example models based on magnetic forces
proposed by S. Okazaki and S. Matsushita in which pedestrians are modeled as magnetic
charges in a magnetic field [33]; the gas-kinetic model which treats pedestrians as molecules
in liquefied gas [22]; cellular automata [4, 5l [13]; models incorporating anticipative, rational
behaviour [T, 1), 12] and (smooth) sidestepping [15], 34]. Another group of pedestrian
models has emerged from the pioneering work on social forces [20] and can be classified
as force-based [9, [34] and the overview given in [§].

Most of these models share the property of being able to reproduce collective features
such as lane formation in counterflow scenarios and travelling waves in crossing flows.



Moreover, they can be used to study evacuation scenarios. On the other hand they
strongly differ in their description. Indeed, some models, for the example the class of
forces-based models have a sound mathematical description and allow for a statement
in terms of a closed system of ordinary or partial differential equations. Others have a
rather algorithmic structure because they require the solution of optimization problems
to estimate for example the time-to-collision in very iteration. For the latter, a rigorous
mathematical study of well-posedness is difficult.

Naturally, the modelling process is followed by an optimization or calibration procedure.
For pedestrian dynamics the optimization of buildings, evacuation routes and traffic safety
or the minimization of the occurence of high densities are of special interest [28, [37].
Moreover, with the collection of data from real world experiments grew the interest in
parameter fitting for the different pedestrian models [3] [17, [I§].

This work is in a similar spirit. First, we extend the anistropic model proposed in [34] by
incorporating a body size for the interacting agents. This induces another dimension of
volume exclusion in the model and aims at making the model more realistic. We study
the influence of the body size on the formation of lanes and travelling waves as well as the
fundamental diagram of the dynamics numerically and provide a rigorous study of the
well-posedness of the interaction dynamics with and without body size employing standard
ODE theory. The second part of the article is concerned with the rigorous derivation of
an gradient-based parameter calibration algorithm. We begin with the derivation of the
first-order optimality system and propose a mini-batch gradient-descent algorithm for the
calibration problem.

In more detail, the article is organized as follows: the anisotropic model for pedestrian
dynamics is extended by including the agents’ body size in Section [2l Moreover, we study
the influence of the body size on the collective behaviour and the fundamental diagram
in there. Section [3|is devoted to the parameter calibration problem. We begin with the
statement of the problem, investigate its well-posedness and derive the corresponding
first-order optimality conditions. Finally, the iterative gradient descent algorithm based
on mini-batches for the parameter calibration is proposed in Section [ where we show
results obtained with this algorithm. We conclude with a summary of the results and an
outlook on future projects.

2 Microscopic model with body size

We include the body size in the anisotropic model proposed in [34] as follows: let us
consider a second order equation of motion with N [N agents. Their positions and
velocities are denoted by X; : [0,T] - R? and v; : [0, T] - R?, i =1,...,N. Moreover, the
agents are assumed to have a body diameter d > 0. This leads to the following interaction
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dynamics
d
g% = v (1a)
d 1 X . oy ) -
avi = (Wi Vi) N M (Vi,Vj) K (d,Xi,Xj ,Vi,Vj), (1b)
j8i
xi(0) = xp; vi(0)= v i=1;:5N; (1c)

where K (d;xi;xj;vi;vj) : RP RP RP RP I RP is a pairwise interaction force
between the agents and j. The rotation matrix M (vi;v;) changes the direction of the
interaction force. It reads

| 8
. ! < Vivi .o, . .
M (Vi . V') — C(_)S ij sin o, = arcco kvi kk\J/j k’ if Vi 60; Vi 60; . (2)
' sin COS jj ' J . 0; else

In addition, the model includes a relaxation parameter > 0 which controls the adaption

of the current velocity v; towards the given desired velocityv; 2 C([0; T]; R?). The rotation

of the force vectors induced by the matriXM models a collision avoidance behaviour of the

agents. The direction of the collision avoidance is controlled by the sign of the parameter
. For > 0 agents move to the right, to avoid a collison, for < 0 the movement is

directed to the left. See[[34] for further details.

For notational convenience, the solution of the system is expresses by the vectors

X(t) = (x2(t); XN (1) 2 RNP and v(t) = (va(t); 5 vn (1) 2 RNP fort 2 [0; T]:

Remark 1. We can easily include obstacles or walls in the model, by describing them as
arti cal agents with xed positions and xed velocities and adding an additional interaction
term similar to the interaction of the agents in(Lb).

2.1 Well-posedness

In this section we study the well-posedness of the dynamics given(fi). We make the

Assumption 1. The interaction forcesK (d;x;; X;j;Vi;V;) are locally Lipschitz and globally
bounded w.r.t. the positions;; x; and the velocitiesv;;v; .

Assumption 2. The gradients of interaction forces K (d; xi; Xj;vi;Vj) exist, are locally
Lipschitz and globally bounded w.r.t. the positions; x; and the velocitiesv;; v; .

Remark 2. Note that the rst assumption is necessary to show to well-posedness(Df
while we need the second assumption later on to obtain the well-posedness of the calibration
problem.

A key step to derive the well-posedness of the system is to establish the Lipschitz property
of the right-hand side. In particular, the rotation of the force vector is of interest.
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Lemma 1. For the rotation of the force term withv;; v;; vi; v 2 R2andd Ot holds
IM (vi; v))K (ds Xis X5 vis Vi) M (Vi v) K (s X X5 Vi V) |
Laj(vi;vi) (Ve v)i+ Laj(Xisx;)  (Xk;x)j
for some Lipschitz constantd. ,;L, > O:
Proof. We introduce the short hand notation
VE=(Viiv); V= (Vo) X = (X)) X2 = (XusXe):

In the following we omit the dependence od. Hence we rewrite the left-hand side of the
Lipschitz condition as

M (VDK (xhvh) - M (VK (X2 v2)] 3)
j KOV M) M()j+ M (V)je JK(x5vh) - K (X% V)

We estimate the rst term on the right-hand side of (3) as

z 1
MY M )i r M2+ s(vi v?))ds v v?; (4)
0
where !
M 1 — e l .
r M(v7) ( ) dv, V)
with
|
dM sin cos d
dv ~ cos sin dv;’
8
diz < p(kvikkvjk)Zhvi;vjiz v h VisVil e if visv 60_
dv o else

Analogously, we derived®. Each element ofr M (v + s(v!  v?)) is bounded, for a
detailed proof of the boundedness see Append Note that K is globally bounded
by Assumption 1. Moreover,K is locally Lipschitz by Assumption 1 which allows us
to estimate the second term on the right-hand side df3). Altogether, this proves the
existence of the Lipschitz constants ; and L, as desired. O

Theorem 1 (Existence and Uniqueness)Let Assumption 1 hold. Further we assume
w; 2C([0;T];R?);i=1;:::;N andA;R 0;a;r>0and 2[ 1;1].
Then system (1) admlts a unlque solutiom 2 C([0; T]; R™N); v 2 CY([0; T]; R?N):

Proof. On the basis of Assumption 1 and Lemma 1, the result can be directly obtained
with the help of Picard-Lindel6f theorem.
O
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2.1.1 Body size

In the previous discussion the body size is an abstract parameter. To give more details,
we consider a variation of the Morse potential [14] leading to the interaction potential

. . d Kxi Xik d Kxi Xjk
uldjxi xj)=R e 7 A e =

leading to the forcesK given by

|
A d kXi Xjk R d kXi Xjk. Xi Xi
K (d:jx; MN= — e - v =t 4. 5
Remark 3. Note that the forces depending on the body size as given(5ih satisfy the
assumptions of Theorem 1. Hence, we have existence and uniqueness of solutions for the

case with body sizéel > 0 as well.

2.2 Numerical studies

For the numerical studies of the model we draw random initial positions with uniform
distribution in the domain and set initial velocities with respect of the desired direction
of motion. We set the initial velocity to the desired velocity. Then we solvel) with a
variant of the leap frog scheme34]. Indeed, the relaxation terms are solved implicitly
and the interaction is solved explicitly as given by

0 t 0
xK = xt+ —vk; VE = (vE+ w1+ 1)
2
0 1X 0o 0 o 0 0 t )
V= v+t N _M(Vikiij) K (X3 x); X:(+1:Xil(+7Vil(+li|:1;312;N;

j6i

where, t denotes the step size of the time discretization.

2.2.1 Inuence of the body size

In the following we provide some numerical results showing the in uence of the body
size on lane formation in the corridor and crossing scenario, respectively. The rst
experiment simulates the movement of two oncoming streams of pedestrians along a
spacious corridor. The group of blue agents moves from left to right with desired velocity
Wpe = (0:7;0)7, wereas the red group of agents moves from right to left with desired
velocity Weq = (- 0:7;0)". We considerNp,e blue andN,eq red agents. Hence, the total
number of pedestrians in the corridor iSN = Ny + Neg. The initial positions of the
pedestriansx(0) = X and their initial velocities v(0) = vq are illustrated in Figure 1a.

To assure that the pedestrians do not leave the scenario, we add re ective and periodic
boundary conditions. In the corridor case the black lines (top and bottom) in Figure
la show re ective boundaries. We model the avoidance of wall contact, by re ecting
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the velocity vector of an agent that would step outside of the domain in the next time
step. The behavior of re ection from the wall is the same as irBfi]. The light blue lines
illustrate periodic boundaries. Blue agents leaving the domain at the boundary on the
right, enter again from the left. Analogously for the red agents.

(a) Corridor

(b) Crossing

Figure 1: Initial positions and initial velocity vectors for the two scenarios with parameters
N =80; Npue =40; Nigg=40,d=0:2:

In the second scenario we consider two groups of pedestrians at a crossing. Here, the blue
group of pedestrians moves from left to right with desired velocitywy,e = (0:7;0)", and

red group of pedestrians moves from bottom to top with desired velocity,eq = (0;0:7)".

In total, there are N = Npjue + Nieg pedestrians. The initial positions and initial velocity
vectors are presented in Figure 1b. There, light blue and green lines represent periodic
boundaries for blue and red agents respectively. The bottom and top green lines are in ow
and out ow for red agents, left and right blue lines are in ow and out ow for blue agents.
Altogether, this results in Algorithm 1 for the state system (1).

Algorithm 1: state system
Input: initial positions xo and velocitiesvy of pedestrians, model parameters
whilet<T do

update the positions and velocities of the agents using (6)

check re ective boundary condition: if an agent is about to leave through a
re ective border, its velocity is changed in the direction pointing inwards

check periodic boundary condition: if an agent leaves through a periodic
boundary, its position is adjusted due to the periodic boundary conditions

t=t+ t

end

Result: trajectories and velocities at the time steps
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2.2.2 Study for di erent body sizes

To analyse the simulation results for di erent body sizes, we x values for the force
parameters, and desired velocities of each pedestrian. The parameters are chosen to
satisfy the stability ranges of the interaction force discussed ii4]. In fact, in the range
R=A > 1 and r=a < 1 the interaction forceK is repulsive in a short-range and attractive

in a long-range. This allows the distance between pedestrians to be maintained. Even if
we include body size into the interaction force, it remains attractive in a short-range and
repulsive in a long-range.

(a) Body diameter d = 0:4 (b) Body diameter d = 0:46

(c) Body diameter d = 0:5 (d) Body diameterd =0:6

Figure 2: Simulation results in the corridor by di erent body size of pedestrians at time T = 35.
On each simulation we x parameters: A =5;R =20;a=2;r =0:5; =0:25. Desired velocities
for red and blue agents arew,eq = ( 0:7;0)"T and wye = (0:7;0)T respectively. Time step in
the Leap-Frog Scheme is t = 0:00625

Figure 2 shows simulation results of the corridor scenario for di erent body sizes. The
results indicate a relation between the body size and the number of lanes formed. The
smaller the body size, the more lanes are obtained. The parameters used for the simulation
are reported in the caption of the gure. Similar results are found for the crossing scenario
in Figure 3. Again, the smaller the body size, the more lanes are formed.

In all simulations we see the formation of so-called tra c lanes. This formation seems to
be independent of the choice of the random initial positions and velocities. It is interesting
to note that even though every pedestrian is guided by simple rules for movement and
interaction, phenomena arise that go beyond the behaviour of single pedestrians. Such
phenomena of the self-organization are manifested in many multi-agent systerh§][ They
were reported in many articles concerning the movement of pedestrian ow&l] 36|, which
speaks in favour of the proposed model. Moreover, we want to emphasize that not only
the body size can in uence the number of lanes. In fact, the choice of the width of the
corridor, number of agents and attraction and repulsion force parameters can change the
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(a) Body diameter d =0:4 (b) Body diameter d = 0:46 (c) Body diameterd=0:5

Figure 3: Simulation results at the crossing by di erent body size of pedestrians at timeT = 35.
On each simulation we x parameters: A=5;R =20;a=2;r =0:5; =0:25. Desired velocities
for red and blue agents areweq = (0;0:7)" and wyue = (0:7;0)" respectively. Time step in the
Leap-Frog Scheme is t = 0:00625

formation of lanes as well. For the force parameters this is shown exemplarily in Figure 4.

(@ A=3;R=15;a=2;r=0:5, =0:25 (b) A=5;R=25;a=1:2r=0:3; =0:25

(c)A=4;R=26;a=2;r=0:5 =0:25 (d A=5;R=25;a=2:4r=0:6;, =0:25

Figure 4. Simulation results in the corridor by di erent force parameters at time T =35. On
each simulation body diameter of the agents are xed:d = 0:5. Time step in the Leap-Frog
Scheme is t =0:00625

As the body size, ratio of repulsion and attraction amplitudes, and size of the corridor
have similar e ects in terms of volume exclusion, we suspect from these studies that the
volume exclusion is the main driver of the lane formation process.

2.2.3 Fundamental diagram

Often fundamental diagrams are employed to analyse crowd motion mode?s,[36]. Main
objective is the relationship of speed and density®9, 32, 36] which we study for the
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bi-directional ow simulated with the model described in Section 2 on the corridor with

Figure 5: Bi-directional pedestrian ow attime T =0 and T =5s.

17m length and 4m width, see Figure 5 for an illustration. The density approximation is
realized with the help of Voronoi diagrams as proposed i6,[32]. Initially, agents move
with their desired walking speed until they slow down (or speed up) due to interaction

forces. Most interactions take place in the centre of the domain, it is therefore the focus
of our interest.

(a) Voronoi diagram (b) Bounded Voronoi diagram =[ 2;2] [0;4]

Figure 6: Voronoi diagrams of bi-directional pedestrian ow at T =5s.

To approximate the density we construct Voronoi cells based on the positions of agents.
The Voronoi diagram allows separating the area into computational grids (polygons) based
on the triangulation of the computational area, in particular, the Delaunay triangulation
[30). Every point on the Voronoi diagram has a region that is closer to it than any other
[32). In Figure 6a we see Voronoi cells of all agents. Figure 6b shows the same cells, but
only the ones in the region of interest=[ 2;2] [0;4]: Outside of the domain agents

are involved in less interactions and walk approximately with their desired velocities. The
model parameters in these simulation are set=0:07, A=0:2, R=2,a=1,r =0:1.

We employ the method proposed in [6, 32] to compute the density as follows

= FAO Ty 2 A0,

0 else

where Ai(t) gives the Voronoi cell area for agent, and ,, is the density distribution of
the space. Voronoi cells are computed using the Python, Scipy module, with the Voronoi
and ConvexHull methods. Note that the velocities are given by the integration of (1).

In Figure 7 we illustrate the relationship of density and speed at di erent time points.
At the beginning, the agents move with the desired speed in regions with lower density
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(@ d=0:>5 (b) d=0:6

Figure 7: Fundamental Diagrams of bi-directional pedestrian ow.

leading to weak interaction forces. When the two groups meet, we see that as the density
increases and at the same time the speed decreases as expected. The body size seems to
have minor in uence on this e ect.

This ends our analysis and numerical study of the model. In the following sections we
are concerned with its parameter calibration based on real data [25]. We begin with the
statement of the calibration problem and analyse its well-posedness.

3 Analysis of the parameter calibration problem

In this section, we state the parameter calibation problem and analyse the existence of
minimizers. Then we lay the theoretical ground for the formulation of a gradient-descent
method by deriving the rst-order optimality conditions, the existence of adjoint states
and nally the identi cation of the gradient of the reduced cost functional. This prepares
the formulation of a gradient descent-based calibration algorithm that will be employed
in the numerical section to t the parameters to real data from the BaSiGo experiment
carried out in Dusseldorf in 2013 [6, 25] in the next section.

Let us begin with the statement of the parameter calibration problem. Table 1 shows
all model parameters. For the calibration we focus on the scaling factorinvolved in
the collision avoidance process and the force strengthAsand R: For xed 1 > 0, we
de ne the set of admissible parameters

Uaw= (GAR)2[ 1+ ;1 ] [0Ama] [0 Rmax]
and we want to nd u:=( ;A;R ) 2 Uy such that the model trajectories t the real
trajectories best. We thus consider the cost functional

N
A e M TOR O " dt + 2k Uk
i=1
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with x92 given trajectory data from experiments. The rst term measures the distance
of the trajectories resulting from the model to the real trajectories from the data. The
second term of the cost functional penalizes the distance of the parameters to some given
reference parametersic. In case there are no reference values available, we sgt 0:

Table 1: Model parameters

scaling factor (collision angle) relaxation parameter (desired velocity)
A | attractive force amplitude R | repulsive force amplitude
a | attractive force range r | repulsive force range
w | desired velocity d | body size of pedestrian

To study the well-posedness we use the following notion of optimality:

De nition 1. We callu 2 U,y optimal, if it is a solution to the optimization problem

AT (y;u)  subject to(1): (P)

Note that the calibration problem is constrained by the ODE system without boundary
conditions. The boundary conditions are only incorporated in the numerical simulations
to re ext the domain of the experiments appropriately.

In the following we consider the space¥ and U given by
Y =[HY(O; TLR™)  HY(O;TLR™™); U=[ L1 R R

Note that both, Y and U are Hilbert spaces andJ,g U is closed. For notational
convenience we de ne the state vectoy = (x;v) 2 Y and the state operator

. . e oY F(y;u)!.
e:Y U! Z; e(y;u) = dy(o) v (7)

whereF (y; u) is the vector containing the right-hand side of 1a) and (1b), respectively.

3.1 Well-posedness of the parameter calibration problem

The proof of the existence of an optimal parameter set for the calibration problem will
be based on the following to Lemmata which are concerned with the boundedness of
the states with respect to the control parameters and the weak continuity of the state
operator e.

hold and suppose the interaction forces are given ). For given u 2 U,y there exists
C > 0 depending only on the body siz&and

w = max sup jw;(t)j;
I t2[0:T]
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such that the solutiony 2 Y with e(y;u) =0 satis es
kyk, C(1+ juj):

Proof. We begin with the estimate forkyk, ».t.gz) : It holds

Z t z t
X7 2xo?+2  jv(s)i*ds;  jv(D)i*  2vi*+2 jw(s) Vv(s)i*+ Celuj’ds:
0 0

Hence, using Gronwall Lemma we obtaify(t)j?> j uj?e“t and integration over[0; T] yields
kyK 2¢..r2y  Cajuj: For the time derivatives, we nd

.d P . .d : , . L
O D V)G GV 2w(s) V()i + 2Ceui*:
Integration over [0; T] leads to %y L20:TRY) C(1 + juj): The two estimates together
give the result. - ]
Lemma 3. The state operator
|
d m)
e:Y U! Z; e(y;u) = xy FOiu

y©) VYo
is weakly continuous.

Proof. We need to show thate(yg; ux) *e (¢;0) ask!1 , which can be reformulated as
follows.
For any given test function' 2 CZ1(Z), we need to obtain the following convergence

property Z Z
Jim-he(yi u); idt! he(9;0);" idt:

We estimate

Z " #
li t d d F(yy: + F(;0) 'dt
Jim . a"yk a? (Yk; Uk) (9;0)

4t dd "
= lim e g9 Y P ML (WKar (diX) MA(WK ga(din)

2 d d
=lim v gt 9t

Zih

i
+|I(i!rln . M (V) Ma(V) Kar(d;X) + Ma(v) Kar (dix)  Kgp(dix) 'dt

Clearly, the rst integral tends to zero fork ! 1 by the weak convergence of 2 Y: The
rst term in the second integral tends to zero by continuity of the map 7! M (v) and
the second term of the second integral tends to zero by the continuity of the interaction
force with respect toA and R. Altogether, this yields the desired result.

O
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Theorem 2. There exists at least one solutioy ;u )2 Y Uy to (P).

Proof. The cost functionalJ is bounded from below and the state system is well-posed,
so there exists

m = J(y;u):
Let (ux) 2 Uyg be a minimizing sequence. The sequenf®) Uy is bounded and by
re exivity of U it has a weakly convergent subsequence (not relabeled) with limit By
Lemma 2 we obtain the boundedness ¢¥x) and, again by re exivity, the existence ofy
such that

inf
(Ysu)2Y  Ugq

Uc* 0inUy and yc* ¢inY ask!1l (8)

The weak continuity of g(y; u) shown in Lemma 3 implies
ke(y; 0)k Iiminf ke(yk; u)k =0:

Hencey is the solution to the state equation with parametersd: By the weak lower
semicontinuity of the norm, we obtain

J(9:0)  liminf J(yi; u) = m;

which allows us to conclude that($; @) is a minimizer of (P). m

Remark 4. Because of the nonlinearity of the state equation we cannot expect uniqueness
of the optimal control.

Having the existence of an optimal solution, we proceed with the derivation of the
rst-order necessary conditions, which will form the basis of the identi cation algorithm.

3.2 First-order necessary conditions

We introduce the dual pairing

Z !

. d '
e(y;u): (G )izz = gy FOiw o dt+(y(0) Yo 9)
where ; are the Lagrange multipliers in the Banach space

Z =[L([0; T RP)  L*([0; T;RPY) RV RYP]

that represent the space of the adjoint states. Here,=( «; v); =( x; v)and(; )2 Z.
The space of statey¥ and the set of controlsU are de ned at the beginning of in Section 3.
We formally derive the rst-order optimality system with the help of the Lagrangian
corresponding to the constrained parameter calibration problem given by

L:Y U Z! R Lyiu; )=Jd(u)+ he(y;u); (5 )iy, - (10)
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3.2.1 Derivation of the adjoint system and the optimality condition

SolvingdL (y;u; ; ) =0 vyields the rst-order optimality condition [ 21]. We begin with
the computation of the directional derivatives of(10) with respect to the statey: For
notational convenience we consides and v separately.
First, we obtain Gateaux derivatives of the objective function
Zt
d Iyl = i () xFRO)hg(dt dy I(y;u)[hy] = 0:

Now we derive the directional derivatives w.r.t. the positions of agents for the second part
of Lagrange functional

X
dy, he(y;u); (; )ilhg]=dy he(y;u);(; )il [+ de hg(ysu); (5 )ji[hy]:
j=1

J:

i6i
Using integration by parts, we obtain
. 2T 1, W T
o Pe(y; u); (5 )il = hy O+ Ghe MV K (Xiix)) - 2i(t)dt (11)
I3
Z+ 1N .
+ hy, N M (vj;vi)dyx, K (X5 %)] 25 (1)dt + hy (0) ;i
i6i

SinceM (vi;v;) = M (vj; Vi) is symmetric anddy, K (Xi;Xj) =  dy, K(Xj;X;) by the radial
symmetry of K, we obtain

dXi i'e(y, U)"; ( ; )l [hxi] = hx;i (O) L
Z+ . 1 W Py #
o O O+ ha()y MMVoK&EX) (i) 2i(1) dt
i3
Similarly, we obtain the derivative in direction [h,,]: Indeed, by using integration by parts
we nd

: : X :
dy he(y;u); (5 )ifhy]= dy heiy;u); (5 it [hv ]+ dy he(y;u); (5 )ii[hy] (12)
e
To simplify the notation we introduce the operatord,, M (v;;V;) resulting from matrix
reformulations, see Appendix A for more details. We get

Z
B 03 (NI = (@) 2t G 2i(®) By 50+ By (0
z " #
T 1 X X
+ hy, — dM (vi;v))K(Xi;Xj) 2i()+ —  dyM (vj;vi)K(X;; Xi) 25 (t) dt:
0 N j=1 N i=1

j6i i6i
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Moreover, the directional derivatives w.r.t. the control are given by
du:J (y, u)[hu] = Z(U Uref )hu; (13)

dy he(y;u); (; )i [hy] = . hy  [duF(yi;u)] 2i(t)dt (14)

Remark 5. For the speci c choice(5), as we choose the interaction forces for the numerical
results, the derivatives read

8 0 1
1P @ sin COS jj 5 Wy L . .
N arccos——— K (xi;x;); forv;v. 60;
dF(MU)_g Njei cos j sin ki K (XiiXg) iV, |
d B g :
% 3 else
dF(yi; u) 1 d ka xkoox X;
— A — M i a
dA a N i6i (iivy) e kxi  xjk’
dF(y;; u) 1 X o ka ko X
= M [ T
dR TN, ) e k«i xjk

3.2.2 Existence of adjoint states

The proof of the existence of adjoint states is based on Corollary 1.3 @], which we
give in Appendix C for completeness.

andu 2 U,y be an optimal solution of Problem (P) and ley 2 Y such thate(y ;u ) =0.
Then there exist an adjoint statep = ( ; ) 2 Z such that the following optimality
conditions hold

he(y ;u)ipizz =0 8p27Z;
hLy(y ;u;p)ihiy v =0 8h2Y ;
U 2 Uy hLy(y;usp)u uigu 0 8u 2 Uyg:

Proof. We check requirements given in Assumpion 3:
(Al) Ug=[ 1+ ;1 ] [0;Anax] [0;Rmax] U is nonempty, convex and closed.

(A2) We rst note that U;Y;Z are Banach spaces. Further] is of tracking type and
therefore Fréchet di erentiable B5]. We are left to show Fréchet di erentiability of
the state operatore(y;u): Y U! Z:

In Section 3.2.1 we computed the rst variations of(y; u) with w.r.t. y and u by

d Fey; I ()i =lim Thely+ hyiu) eyiu)i (G )i
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and obtained(11) and (12). There, continuity of linear terms follows directly from
the de nition. We show the continuity for nonlinear terms:

Let, the sequencey := (Xk;Vk) Y have the limit y, such thatx, ! xandvg! v
ask!1 . Using Assumption 2 we show continuity of nonlinear terms if11).
Indeed, for thei-th component, it holds

Z11 N by
thi . M (Vki ; ij )dXi K (in ; ij ) M (Vi ; Vj )dXi K (Xi ; Xj ) ( 2;i 2 ) dt
lsi |
Z1 1N '
I—1 L2 . ﬁ kai Vv k + ij Vi + kai Xi k + ij X; k 2 2 k dt
5
Zy

L, L> . Ky, VYikK 2i  2;kdt;

wherelL 1; L, are Lipschitz constants. Analogously, we show the continuity for the
nonlinear terms of (12) using Assumption 1 and Appendix B. These, yields to the
continuity of the state operator e(y;u) w.r.t. y. The continuity w.r.t. u, can be
concluded from the continuity of the 7! M; and the linearity of the force term
w.r.t A and R: Altogether, this proves the continuity of e as desired.

(A3) By Theorem 1 the state systenme(y; u) = 0 has an unique solutiony = y(u) 2 Y for
allu2V U a neighbourhood ofUy:

(A4) We have to show thate,(y(u);u) 2 L (Y;Z) has a bounded inverse for all 2 V
Uaq. We can write dye(y; u)[h] in general form

dyely I = (D) + & F (y;h(t)

where dyF (y; u) is integrable int over every nite interval | [0; T] thanks to
Assumption 2.

We considerdye(y; u)[h] = r for arbitrary r 2 Z : By Carathéodory's existence
theorem, we get for every 2 Z a unique solution [L6], namely h = dye(y;u) [r].
Using dye(y(u); u), we obtain

Zt . !
kh(t)k k h(0)k + kr(s)kds+ Cexp kh(s)kds ; t2[0;T]
0 0

and with the help of Gronwall's Lemma we get the boundedness of the inverse of

dye(y(u); u).

Altogether, the requirements of Assumption 3 are satis ed, and thus the Proposition 1
(see Appendix C) yields the existence of an adjoint state. H
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Remark 6. Note that assuming more regularity of the adjoint states, for instancé = Y,
we may establish the strong formulation of the adjoint system given by

Pt

0 X
(1) = 1 (1) xf’a‘a(t))+§ M (Vi v ) e KOG x) - (ait) 25 (0);
j=1

0 1 X
2= O+ 2() G WM (VK EX) 20 (1)
&
X
N G M (v O viO)K (0 xi (1) 2 (1) (15)

j=1
j8i

supplemented with the terminal conditions,i(T) =0; 2i(T)=0: The strong form will
be employed for the numerical results in Section 4.

3.2.3 Gradient of the reduced cost functional

To minimize the objective function we aim to apply gradient descent algorithm. In order to
determine the gradient we de ne the control-to-state operatoF : U ! Y, and introduce
the reduced cost functional asi'(u) := J(F (u); u). Using e(y;u) = 0, we obtain

0 = dye(F (u); w)[dF (u)] + dye(F (u); u)):
Taking the derivative of the Lagrangian with respect to the statey, we get
dye(y;u) = dyJ(y;u):

With these, we can compute the Gateaux derivative of the reduced cost functional in the
direction h, 2 U, and obtain

df(u)lhy] = hdyJ (y; u); dF (u)[hy]i + hdyJ (y; u); hyi

= hdye(y; u) ;hyi + hdyJ(y;u); hei = dyL(y; u; )[hy]:

Note that we have already computedi,J(y; u) in Section 3.2.1. This allows us to identify
the gradient of the reduced cost functional as
Z1x .
rfU)= (U Uper) ,  [dFiwl 2s(tde (16)

4 Calibration algorithm and results

To calibrate the control parameters we use real data from the BaSiGo experiment carried
out in Dusseldorf in 2013 ¢, 25. In the following we denote the trajectories from
experimental data byx%® : [0; T]! RP;i =1:::N: For the corridor case, the data we
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take from le "bi_corr_400_a 02.txt"in [ 25. These show the positions of the pedestrians
inthe domain =[ 6;6] [0;4:2]; overtimet 2 [0; 150]seconds. For the crossing case, the
data we take from le "CROSSING_90 E 2.txt" in [ 25]. This le provides the positions

of the pedestrians in the crossing corridors= ([ 5;5] [ 152D\ ( 122] [ 559));
over timet 2 [0; 283]seconds. However, for the calibration procedure, we use only 8-second
intervals for both scenarios.

4.1 Numerical schemes and steepest descent algorithm

In general, the nonlinearities make it rather di cult to solve the optimality system all at
one. We therefore opt for an iterative approach to compute the gradient of the calibration
problem. Indeed, we rst solve the state systenfl) as considered in Section 2.1.1. Then,
we integrate the adjoint system(15) with the help of a second-order Runge-Kutta method
backward in time. Here, we use the same time steps as for the state problem and transform
the timevias= T t to recover an initial value problem. With the state solution and the
adjoint solution, we calculate the gradient using16), where the integral is approximated
with the trapezoidal rule.

We apply a steepest descent algorithm to update the control parameters in every iteration

Ut = uk o J() (17)

where u¥ denotes the control on current time step, and J(u) denotes the descent
direction and 2 R? is a positive scaling vector. The complete optimization procedure
is summarized in Algorithm 2.

Since we cannot assume that the data and the model are a perfect match, we employ a
stochastic gradient descent approach using mini-batche24]. To obtain the mini-batches
from the data trajectories with are given on the interval[0; T] we split the interval into

M mini-batches, each of siz, b  [t};t5];i =1 :::m. Then we randomly selecm < M
mini-batches for each of the gradient steps.

In more detail, at each iteration we compute the gradients for all the time intervals
b; i =1:::m, and approximate the gradient using the average

xn

r S(u) = ; r Ji (u)
1

to update the control via (17). The stopping criterion of the calibration algorithm is based
on the relative error between the previous and current cost function value denoted by:
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Algorithm 2: Steepest Descent Algorithm

Input: Initial data (xo, vo) of the pedestrians and all parameter values, initial
guess for the parameters Ug
while L4 > 1072 do
Solve state system (1);
Solve adjoint system (15);
Calculate gradient of the reduced cost functional (16);
Update control parameters (17);
end
Result: calibrated controls U, trajectories (X, V) and their cost J(y, Q).

4.2 Numerical results

In this section we discuss numerical results generated with Algorithm 2 using experimental
data from the Pedestrian Dynamics Data Archive [25]. In particular, we retrieve the
trajectories from video recordings showing bi-directional and cross-directional flows.

We fix the pedestrian body size d = 0.5, the velocity scaling T = 1, attractive potential
range a = 1, repulsive potential range r = 0.3, number of pedestrians N = 84, and desired
velocity of agents that go from right to left and from left to right are respectively Wyeg =
(—=0.7,0)T and Wpje = (0.7,0)7. The value 0.7 is the average velocity which we extracted
from the experimental data. The desired velocities for the crossing scenario are again
estimated from the experimental data and set to Wreg = (0, 1.2)T and Wpue = (1.2,0)7.
The time step in the Leap Frog scheme and second order Runge-Kutta method is set to
At = 0.00625. Simulations are done in the time interval t []0, 8]. The gradient calculated
with m = 50 mini-batches of length |b;j] = At.

The initial positions of the agents Xq coincide with the initial positions of the experimental
data, which are distributed in the domain [—6, 6] % [0, 4.2]. As the initial velocity of the
pedestrians, we set the average velocity from the experimental data. We probably induce
some error here, as we do not have the exact values from the data.

As initial guess of the control parameters we take ug = (0, 0, 40) for both experiments. We
set the regularisation parameters in the cost functional to 0; = 1 and 0, = 0, we therefore
do not need to choose reference values for the control. In this setting we perform 100
iterations with Algorithm [2] The step size parameter is set to Bx = (20,4000,4000) to
account for the different ranges of the control values.

Figure [8a]illustrates the decrease of the cost functional for the corridor case. It starts from
approximately 6.51 in the first iteration and terminates around 5.11 in the last iteration.
In Figure [8b| we see the evolution of the cost for the crossing scenario from 9.03 to 7.34.
We note that the cost values of the corridor are smaller than the ones of the crossing case.
This indicates that the proposed model captures effects of counter-flow better than effects
of crossing flow. In addition, we detect that the evolution of the cost is smoother for the
crossing case. This could be for the same reason.

The parameters of the calibration procedure reached to optimal values A = —0.17, A = 5.56,
and R = 29.23 for the simulation in the corridor. For simulation at the crossing optimal
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